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Abstract

We formulate the Malthus-Hardin tragedy of the commons as a special case of dynamic
game between "tribes”. At each date a member of a tribe desires more newborns of her/his type
and more current consumption, harvested from the commons. Equilibrium in the dynamic game
yields steady state level of per capita consumption for each person and a steady population level
for each tribe (births equal deaths). We obtain four outcomes, depending on our assumptions
about the discount rates of members of a tribe and about the mode of ooq.awonmo_— for "large
populations” for each tribe. We 8:68& Nash open loop »:m Nash feedback solutions with a
quadratic current utility function and observe a larger population under the feedback solution.
The classic tragedy of the commons solution obtains as a special case of the open loop solution,

one with an infinite rate of discount for players.
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Appendix III: The value of ¥B around e=1.

From (27) in the text we have

FBp _ H a \-oK-okl 2894
2(1-cK)+BA wI.,\M

where Z = (280A + 40 + Br)? - 126%(1-¢)

and K = (2B0A + 40 + Br -/Z)/60*

Now
d 3B «oZ? | -2 ; 60°K2BA
= {}+[1+["]+ ———
de  2(1-0K)+pA|(2(1-0K)+pA) (Br+yZy
We make use of the fact that .
&K _ 70 and 27 _1zmpe
de de 2

Note that dK/de and dZ'?/de have the same sign at £=1 and ¢ = 0.99999 and ¢ = 1.00001.
Also d™B/de does not change sign at £=1 and does not exhibit jumps. Since K=0 at =1 and

Z'? = (2BoA+40+r), we obtain

maw_ ag 2 0(2+pA)

= +

de ! (2+pA)2PoA+4a+Pr) 1- 2+pA  Ppr+pAo+2c

afoA
(2+BA)Y(BoA+20+pr)

>0
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makers. This is the topic of this paper. We cast the decision of a pair of parents of type i to
have a family of size B; as a game on the commons involving parents of type j. Current
population size aggregated over different types of people determines per capita living standards.
><Q,umo product declines with a larger total population (strong diminishing returns). Game
theory allows us to incorporate alternative assumptions about anticipations by players. The
Malthus-Hardin view becomes a special case -very myopic. The alternative static view is the
Cournot case in which each player treats the current family size of her "opponent” as exogenous.
We then turn to explicitly intertemporal theory and consider two dynamic differential game
formulations - Nash open loop and Nash feedback. This latter builds in the property of sub-game
perfection and we find that the steady state is "more noavommi.. n_ua is the nodd%o:&:m open
loop case - more competitive in the sense .Em" each player vamnoow a larger family in the steady
state than in the open loop case.

The "price” of an extra child becomes its value today to the parents relative to its "cost"
in the future in terms of lower living standards. In oncEcn_.i current benefits to the parents
equal current costs assessed in terms of future lower living standards for the future generations.
The mode of competition among "opposing" parents implies a distinct price per newborn. Thus,
broadly speaking, it is the parents attitude to the living standards of future generations and to
the actions, current and future, of "rival" parents which determines the current sizes of families.
Market "prices” for newborns reflect attitudes to the current state and the future. w»nr
generation inherits current world population and per capita living standards; each player controls
current family size, preferring more of their own children to less. There is an exogenously given

death rate for adults. In a steady state births form all players equal deaths in each "period”. We
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Appenidix I: The dynamics of P(t) in the open loop solution

We differentiate (3) with respect to time to obtain

P+ oB +0B,+ AP=0 or P+20B+AP=0.

Differentiate (6) to get -oth; = BB; - P. Then from (6) and (7) we obtain 8B, - P = oB, -
om,(r+04) - oxP. Use (6) to eliminate m; and (3) to eliminate each B;. Then

20B, = [-20°1-30*A-201-0ABr-0*A*B)(P/B) + [0-Br-BoAl(P/B) + [o+B(r+0A)](ca/B)
Substituting above yields the second order linear differential equation

P + ¢P + QP = -[0+B(r+04)](0a/B)
where ¢ = [AB+0-Br-BoA)/B
and Q = [-207-30A-2r-ABr-A%Blo/p
The particular solution to our differential equation is

-[o+B(r+0A)(oa/B)/.
which is °LP in the text. The homogenous part has the characteristic equation x*+¢x+Q=0.
Since 2<0, both roots X,x are real and there will be no cycles in P(t). Also convergence

requires x<0. Hence

;- —o-/e’-4Q
2

is the required root to the quadratic and for P(0) to converge to °'P.

15

(The extra births represent infants who fail to reach adulthood. With explicit uncertainty and risk
aversion on the part of parents, one could have a perpetually growing population given some
exogenous rate of infant mortality.) We make no explicit use of the particular specification of

s and it can be taken as unity below. The combining of (1) and (2) yields
P = -As{B+B;] + »melw_ or

P = 0{a-B,-B,-AP] ©)

where o = As, @ = SA/s, and A = 8/As. It follows that « = AA. In a steady state, P=0 and
more births imply a lower per capita consumption. A central result of this paper is that in the
feedback solution, B, + B, is larger than in the open loop solution. Hence steady state per capita
consumption is lower in the feedback solution. o

The current utility of parents of type 1 is increasing in newborns B, and per capita
consumption P. Tractability invites us to make current utility nﬁmgn in B;and P as in

U, = PB, - .w! - .W.uw _ @)

where 7 and B are positive parameters. A necessary condition for U/dB; > 0 and dU/dP >
0is 78 < 1. We assume xf < 1. We return to this condition below. Clearly 9°U/d’B; < O and
8?U/dP? < 0. There is diminishing marginal utility to more newborns and a higher consumption
standard. We are endeavoring to treat current family size and material well-being of adults as
relatively symmetric. One could imagine =0 and x8=1. This would imply a higher weight
on per capita consumption relative to current family size, B;.

It makes most sense to view U; as the aggregate utility of a generation of like people or

of a tribe. The members of the tribe wish for more of their own type in the future, a higher B;
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Figure 1.

Figure 1

\

_ —~ E(=m8B)

This result implies that the feedback solution is more competitive in the sense that each tribe
maintains a higher birth level than it does in the open loop case. This conforms with our
intuition. A priori, the feedback solution captures the effect of intense competition between
players at every date into the future whereas the open loop case models competition as intense

at date t, but as "stand pat" at future dates, given the policies at t,.

Concluding Remarks

We have seen that the classic tragedy of the commons is a special case of a general game
of intertemporal competition among "players" keen at each date on per capita consumption and
more children (offspring). In the classic tragedy of the commons, each player slights the effect
its offspring have on the next generation’s per capita consumption. Players exhibit very high

discount rates. With no discounting, the birth levels end up lower in the steady state and per

13

- wmm = m() - rmp) or - m() = B, - m(r+aA)-nP  i=12 ()

Substitute for B; in (7) from (6) and we obtain
-, == - = - m(r+aA) - P 5 ®

Given transversality conditions
i m@P® -0 (=12)

we can solve (8) as

m = b.%éqa..vﬁw - mPEds (=12) ©

This implies my(t) = m,(t) and hence B,(t) = B,(t). The solution is symmetric in the players’
actions. Thus in the steady state we have 2B = a-AP where B = B, = B,. From (6) we obtain
m; =(P-BB)/¢. Substitution in (8) yields :

B = [(Br + Boa - 6)/B] B - [(r + 20A + 70)/BIP + aol/B | (10)
and

P = oa - 2Bo- 0AP =0 (11)
In the steady state B=0 in (10). (The dynamics of P(t) are reported on in Appendix 1.) We then

solve for
o

A(o+Bpr+aAp) (12)
gA+om+r

Ohm =

2+

It follows that °'P = (a-2B)/A.

Two mvgm& cases merit attention here.
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P and on those constituting the constant in (19) must be zero. This gives us six equations in X,
K,, E,, E; and g, and g,. We proceed to solve for E, and K, which will yield a value for B, for
the steady state.
From (19), the coefficient on P? set equal to zero yields

K>+ (20K, - 2B0A - 40 -BDK, + (1-B7) =0 (20)
Also

K2 + (20K, - 2B0A - 4o - B1)K, + (1-B7) =0 (21)
Equation (21) follows from the "companion" equation to (19) with i=2. From (20) and (21) we
observe that

X, -K) {K, + K)o? - 280A + 40 + fr)} = o 22)
From (22) we have either K; = K, or

X, + K = 2B0A + 40 + fr (23)
We can show that (23) cannot hold for our model (i.e. K,=K, must be true). Our proof is by
contradiction (and draws on the argument in Kamien and Schwartz [1990; p.279]). From (16)

and (18) we have
_ (1-0K)P+0oE,;

Wm
p

i=12

and from (3) and (23)

P = ola - E_ + [2BoA+20+Pr]P/B

p

Clearly if P is to converge from P(0), the coefficient on P must be negative which it is not,

given (23). Hence by contradiction, we rule out (23) and infer K, = K,.
Given K, = K, in the solution of (19), we proceed to solve for K in (20) for K = K, =

K,. That is, we have

KX = [2poA+40+Brsy/(2Bod +4a+pry - 126%(1-p) |/60? e2)

11

population is very close to the sustainable population with P = 0. 8 small can be associated with
a low cost of having children. Thus for 8 small, the tragedy of the commons population is
approximately at its maximum level. We have implicitly treated subsistence per capita
monmcavmoa as zero in this discussion. If there is an exogenous P for subsistence, then the
maximum sustainable population would be (A - mV\? At this population a steady state involves
8/2\ 3.@ births per period for each tribe. Malthus’ notion was that parents would choose to
have newborns in excess of the above steady state level and this would require premature deaths
as numbers of people pushed consumption levels below P. We have not built an explicit
subsistence level of consumption into our model. In our classical tragedy of the commons
solution, in the steady state, parents choose numbers of newborns which yield steady state
population levels above N = A/\ i:ono.wuo. We have also obtained the result that 2\ must
exceed 0 in order that the population for the classical tragedy of the commons solution remains
positive.
ii) No Discounting Case

Consider again steady states, but now each tribe treats the other’s level of newborns as
parametric. Again P = (a - B, - By)/A. U, is maximized by choice of B;, with B; treated as

parametric. That is

dau; dP dP
—L=pP+BS_ - 2P Z_ _pB =0 i=1
a5, - Piag ~ ™ ag, P =12
In this case wg . B, - B, n~ o
2+ A(— .
+ AC n+A ) (15)

Observe that this corresponds to the open loop case for r=0. Since 1 + BA > 78 + BA, ©®B

> TB. It also follows that °®“B < ZB because
1464 _ _Pr+o+oAp
Br+BA Br+opr+ocAP
8
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