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I. Introduction.

It is very difficult to believe that the market’s perception of the fun-
damental value of the Dow Jones stocks plummeted so sharply on one day
as to cause the stock market crash of 1987. Yet if a change in fundamen-
tals did not cause the crash, must this be taken as evidence that traders
are not rational? The pathbreaking work of Tirole [1982], Milgrom and
Stokey [1982], and Sebenius and Geanakoplos [1983] is commonly inter-
preted as showing that if all traders are perfectly rational and have the
same prior beliefs, then, even if they receive different information, assets
must be priced according to fundamentals in equilibrium. In other words,
bubbles — divergences in asset prices from fundamentals — are impossible
with rational traders. These results would seem to force us to conclude ei-
ther that the 1987 crash was simply a major one-day change in the market’s
perception of fundamentals or that it proved that traders are not rational
(or have different priors). On a less dramatic note, it is difficult to rec-
oncile the view that prices are determined by fundamentals with observed
trading in “fundamental-less” assets such as stamps, coins, baseball cards,
or wine. What market fundamentals make an undrinkable 1804 Chateau
Lafite worth $25,0007!

Various authors have constructed models in which bubbles do occur.
For example, it is well-known that bubbles can occur with myopic traders as
in Blanchard [1979] or with infinitely many traders as in Tirole [1985], Weil
[1987], or Jackson and Peck [1991]. Allen and Gorton [1988] showed that
bubbles can occur because of the preferences that agency problems induce

for portfolio managers. Also, Dow, Madrigal, and Werlang [1990] have

1 See the wine column in the 12/15/91 New York Times which also contains the

following: “Wine collectors love to tell the story about the traders who keep selling each
other the same consignment of canned herring. Finally, one of them opens a can. ‘Why,
this is terrible stuff,” he tells the chap who just sold it to him. The other fellow smiles.

‘Herring,’ he says, ‘is for trading, not for eating.””
3 g g
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he requires ez ante optimality, while we require interim optimality. In
our model, each trader is optimal conditional on his initial information
(which includes his equilibrium truncation date) — that is, each is interim
optimal. (Each is also sequentially rational in the sense of Kreps and Wilson
[1982].) Since each trader knows his initial information before any decisions
must be made, this would seem to be the relevant definition of optimality.
However, unconditional expected profits are not defined, so that one cannot
say whether the traders are ez ante optimal.? (They are ez ante optimal
in the weak sense that there is no strategy which is ez ante better — but
there is no strategy which is ez ante worse either.) While there are strong
philosophical arguments in favor of the consistency of beliefs imposed by
common priors (see Aumann [1987], for example), we see no such arguments

in favor of the consistency imposed by existence of the ez ante expectation.

The second important difference is the modeling of price determination:
Tirole uses rational expectations equilibria, while we analyze a demand sub-
mission game. As we explain in Section III, our approach to constructing
equilibrium bubbles does not work with rational expectations equilibrium,
not because of rationality considerations, but because of price-taking. We
conjecture that our approach could be adapted to other models with im-
perfectly competitive price determination, such as Kyle [1985] or Glosten
and Milgrom [1985], to generate bubbles.

This paper is organized as follows. In Section II, we explain the model
with extrinsic uncertainty. In Section III, we analyze the model and show
that a very large class of bubbles are possible. We then explain the intuition
for the difference between our result and Tirole’s in the context of a simple
example. In Section IV, we show that similar results can be generated with

uncertainty about intrinsically relevant variables. Since these equilibria are

2 Aswe explain in Section IV, the fact that expectations are undefined is related to Nale-
buff’s [1989] demonstration that expected payoffs in the “envelope switching problem”

must be infinite to generate the paradox.



1414

: "ge-1 dd
‘2861 Areniqaq ‘soswouodq fo ppuinop fuaguond)  ‘Aurouody suorjerd
-uar) Sutddefrea() we ut £3UOTA JO an[eA 3}y SY) pue DUIPYUO),, “d ‘TPM

"(8281-6671
‘dd ‘ggel Iaquiaao) :suoroairod) OOTI-1.01 ‘dd ‘ggeT Ioquraydag
‘Dorugououody ‘suoryersuar) Surddepaa) pue sojqqng 3essy, f ‘O[oiy,

. “I1ST1-6911 "dd ‘g861 Ioquiajdag ‘potupawouodsy
tsuoryejpadxy reuotjey] Jspun uoryemoadg jo L3qiqissod Y3 uQ,, “'f ‘do1r],

"6L6-996 "dd ‘6861 1513
-ny ‘fwouodg ppospsjog fo jpusnop ‘;Aressada) sjodsung a1y, g ‘readg

"92¥—¥gy "dd ‘86T ‘gL ‘uonioos
-S| 1DI11531DIS UDIUIWY YR fo (pusnopL ‘UOIJRULION] JLIPOWUIASY pUe
sjuewaa1dy JuaSurjuo)) :9] uo jag 3,uo(d,, ‘sojdoxeuesn) ‘r pue ‘*[ ‘snIUaqag

"¥26-606 "dd ‘1661 A[ ‘6 ‘orow
-ouo0ay ‘A109YJ, surer) jo uotye}a1diou] a3 UO SIUSWWOY),, ‘Y ‘UldIsUIqNY

*8961 ‘0D Surgsqng werudey :JI0X MIN ‘steAppuy oy “H ‘usphoy

*6861 ‘1oded Sunjiom fyisiearup) [[puro) ‘eBuqumbsg jo amy
-OnIG PUe S0ULNSIXY :dWeD) NI YL, ‘Teads °§ pue ‘TaYS I “f “Pad

“I1ST-T21 "dd ‘6861 129utpp ‘g ‘saanpoadsia g twouodqg fo ppusnop
[10u3a1n) shem[y st adopauy suosiag 1943Q 9YJ, :s9[zznd,, ‘g ‘PnqereN

111 “dd ‘G861 ‘9g oy suouodg fo rusnop ‘o3pe
-[mouy] wowrwio) pue ‘opei], ‘uorjeurioju], ‘Aeyojs °N pue “d ‘woIdpN

'eg6-L1¢ "dd ‘6861 Anr ‘og ‘rarpmag dswouoogy
Jo mawnay  ‘uonrjeduro)) jospradur] gy uolyemoadg pamopuy, v ‘o1A)

"gee1-¢1¢T "dd ‘gg6T 1aquidnoN
‘eq ‘vowugowoucdy ‘Surpel], I9PISU] PUR SUOPNY SNONUNIUO)), “V ‘B[AY

‘$68-£98 dd ‘Z861

*astre jou saop wafqoxd siqy ‘pur wirf 3Y3 YAy ‘A[qRIOA®] 13A3I0] Y110} pue }youq
Ie[jop e BurBueydxa mara p{nom yoea aduis dns wi ay3 Isn s13peI1 Y30q JI S3[qQQNQq 1uyur

19n115005 03 Asea st 9] d1simissad, are s1apes) ay3 jey3 sedjuerend jur wi ayy Fursp ¢

reusts ayJ, Teudis & saalesqo A[eyeaurd : 1opeI) Yoes ‘7 potrad yoes uy

*a8papmouy uowurod are
sooua1ajard oY, *s1S1Xa sfemre jrur] 343 os ‘a3tuy st L3qiqeqod aarjisod qym
soper} jo aousnbas L10a9 ‘ozd[eue om euqIInbs oyj [ ur ' = Jr sraym

=1

(1z - izpd_ qur g
£
st yofed s 2

uayy ‘{*d} st seouad jo souanbas ayy pue {{z} st jesse ayy jo sJurpioq s: jo
aouanbas ayyy g1 ‘st yey], "2ousnbas oY} 1940 Yj[eam pajenUMOdE STY JO (ISTXD
JOU S20Pp IWI] 3y} JU Jururr Io) Iy 3y} £q uaaId snl st soper) jo souanb

-3s Ijuyul 10 YUYy Iwos uaAld yoked sIoper; e ‘aswaid azowr aq of,

*SmIN}ax
aInjny JuUMOSIp jou op sispely, -auwry ut sjutod Auew L[qejunoo jye aoerd
aye} A[uo wed sper) a1aym nq ([8861] uUolIOn pue US[y ul se) SwIr} Y
Jnq snonurjuod ut 29e[d Junye) se [spowt 3y} jerdIsjur wed su(Q) " ‘g1 =1
‘sayep Je 20 Aewr apel], "19A3 SpUSpIAIp ou sfed jasse a3 Jey)} oa3pajmouy
TowrwIod St 3] ‘0 < T JWINSSE 9M IYM ‘}9sSe I} JO JusMOpUd d3eIorITe
a3y} 9j0wap '3 ' = Z 397 'YI[EOM JO JUSUIMOPUS [erjrut s,z £J0ads 03 psou
J0U Op Os pue A[SS3[}SOD PUS| PUR MO1I10q URD SISPRI} ey} SWMSSE am ‘A
UO0ag [IJU[) 19SS Y} JO Sareys () < ' SI JUSWIMOPUS [RI}IUL §,2 J9pei],
. I[e4A,, I0  Aouour, pue jasse UR JO Sareys are AUIOU0dd 3y} Ul spool

oM} 9YJ, TeIINoU JSU [re ‘7¢°* ‘1 = 1 ‘sIopei} JO 39S I)MUY ® ST I,
TPPON 4L 'II

“xrpuaddy sy} ur paurejuod are sjooid [[y ‘A UOI}09G UL S)Iewal urpnouod

SUIOS 190 9p\ ‘SIaPEI} OM3 JO 3sed [eroads 9y} 10} SIY} Op am ‘Xo[duwIod dr0W



BIBLIOGRAPHY

Allen, F., and G. Gorton, “Rational Finite Bubbles,” Wharton School,
University of Pennsylvania working paper, 1988.

Allen, F., and A. Postlewaite, “Rational Expectations and Stock Market
Bubbles,” University of Pennsylvania working paper, 1991.

Aumann, R., “Correlated Equilibrium as an Expression of Bayesian Ratio-
nality,” Econometrica, January 1987, pp. 1-18.

Aumann, R., and A. Brandenburger, “Epistemic Conditions for Nash Equi-
librium,” Harvard Business School working paper, 1991.

Bertocchi, G., “Bubbles and Inefficiencies,” Brown University working pa-
per, 1988.

Blanchard, O., “Speculative Bubbles, Crashes, and Rational Expectations,”
Economics Letters, 1979. pp. 387-389.

Brams, S. and D. Kilgour, “The Box Problem: To Switch or Not to Switch,”
New York University, Department of Politics, working paper, 1991.

Brams, S., D. Kilgour, and M. Davis, “Unraveling in Games of Sharing
and Exchange,” New York University, Department of Politics, working
. paper, 1991.

Dow, J., V. Madrigal, and S. Werlang, “Preferences, Common Knowledge,
and Speculative Trade,” working paper, 1990.

Fishburn, P., Nonlinear Preference and Utility Theory, Baltimore: Johns
Hopkins University Press, 1988.

Glosten, L., and P. Milgrom, “Bid, Ask and Transaction Prices in a Spe-
cialist Market with Heterogeneously Informed Traders,” Journal of Fi-
nancial Economics, 14, 1985, pp. 71-100.

Jackson, M., “Equilibrium, Price Formation, and the Value of Private In-
formation,” Review of Financial Studies, 4, Number 1, 1991, pp. 1-16.

Jackson, M., and J. Peck, “Speculation and Price Fluctuations with Private,
Extrinsic Signals,” Journal of Economic Theory, 55, December 1991,
pp- 274-295.

Kreps, D., and R. Wilson, “Sequential Equilibria,” Econometrica, 50, July

44

is the realization of a random variable 5i. These signals are observed before
any trading decisions at date t. We use si to denote a generic realization
of 5. (This notational device of removing a tilde from a random variable
to denote a generic realization will be used throughout.) For simplicity,
we also assume that each trader observes a signal 3} before date 1. (The
signals 5 and 5} can be joined together at the cost of more complex nota-
tion.) Let 3; = (3},...,3]). The stochastic process {3;}$2, is defined on a
probability space (0,7, u) which is known to all agents. In particular, all
agents use the same prior p in forming beliefs about the signals received
by others. For notational brevity, we let S denote the stochastic process
{5.} and the underlying probability space (©,7,u). For each i and t, let
S denote the support of the random variable (3},...,5!). Since there is
no “intrinsically relevant” uncertainty (i.e., uncertainty about preferences,

endowments, asset returns, etc.), these signals are sunspots.

The sequence of trades and prices is determined by a demand sub-
mission game similar to that studied by Kyle [1989], Jackson [1991], and
Peck, Shell, and Spear [1989]. At each date ¢, all traders submit demand
functions yi : R4 — R, where yi(p) is interpreted as the quantity of the
asset trader i demands to hold at price p. Note that yi(p) may be negative,
so short sales are allowed. If there is a unique p such that Y, yi(p) = z,
then trade takes place at that price. In this case, p; = p and trader i’s new
position is zi = yi(p). Our results do not depend on what happens if there
is more than one such p. Because it economizes on notation, we assume
that if there are multiple such p but only one which involves exchange (i.e.,
changes in traders’ holdings), this p is chosen. If there are multiple p which
involve exchange, we assume that no trade takes place, so that zi = zi_,.
Since there is no trade in this event, no trader’s utility is affected by the
price so we adopt the convention that p; = 0 in this case. Finally, if no
market clearing price exists, no trade occurs, so that zi = zi_, and p; = 0.
Let Y denote the set of functions y : R4 — R — that is, the set of demand

functions a trader could submit.
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Now consider any other history. If the bubble has already burst, an
analogous argument to the above implies that following the canonical strate-
gies is optimal. So suppose the bubble has not burst yet. Recall that each
trader knows his initial wealth and knows that, given that the opponent
follows the canonical strategies, he will be unable to trade past the pe-
riod in which z2p4; or —z2, (depending on the trader) exceeds his initial
wealth. Since initial wealth is finite with probability 1 and each of these
sequences goes to infinity, there is necessarily a finite date past which the
trader knows he will not trade. Hence, just as in the proof of Theorem 2,
the conditional expected payoff to following the canonical strategy or any
deviation from it is well-defined.

It is not hard to see that if i is supposed to sell in the current period, it
is optimal for him to submit a demand function with yi(p}) = 0. Otherwise,
his continuation profits are certainly zero. If he does submit such a demand
function, his expected continuation profit is at least pf(1 — €;) > 0 as he

can always submit a demand function of 0 at every p in every future date.

If 7 is supposed to buy in period ¢t and his accumulated wealth as of
period t is less than p}, he cannot purchase the asset at this price. Hence
given that the other trader follows his equilibrium strategy, i may as well
follow the canonical strategy. Suppose i’s accumulated wealth is at least p}
then. Then if he demands the asset at p; and submits a demand function
with yi,,(p!;;) = 0 in the next period and zero demands thereafter, his
expected continuation profits are (1 — €r41)p;,; — p; 2 0. Hence certainly
submitting a demand with yi(p}) = 1 is weakly better than not doing so.
Therefore, following the canonical strategy is optimal. |

Proof of Theorem 4.

Suppose F; and F; are priors such that the canonical strategies gen-
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Any strategies o together with the stochastic process for signals S
generates a stochastic process on signals, prices, and trades. This, in turn,
generates a stochastic process on private histories for each trader. Let
Yi(ys,...,yi_;,0™",S) denote the induced distribution on []; H} when the
sequence of demand submissions by ¢ is yi,...,yi_, and the strategies of the
other traders are o™'. Let Hi(y!,...,vi_;,0™,S) denote the support of 1}
projected onto Hj. An equilibrium is a pair (7, §) satisfying the following
two conditions. First, for every t > 1, for every hi, Gi(hi) is a best reply to
&~ given 8i(hi). Second, for every hi € Hi(yi,...,vi_,,5™*,S) such that
yi,...,yi_, is the sequence of demand submissions in hf, &; (h?) is generated
from ¥i(yi,...,yi_;,8™,S) by Bayes’ Rule. Notice that the first condition
requires strategies to be optimal conditional on each history. That is, there
is no requirement that the strategies be optimal unconditionally — i.e.,
optimal on the basis of ez ante expectations. The importance of this point

will be seen in the next section.
III. Equilibria with Sunspots.

While our model is very similar to Tirole’s, our results are dramatically
different. Bubbles are impossible in his model in the sense that the only
equilibrium price process has p, = 0 for all {. Here the opposite is true:
not only are other processes supportable in equilibrium, but a plethora of
bubbles are supportable. To state this precisely, we first note that any
strategies o together with the stochastic processes for signals S induces a
stochastic process {p:} on prices. Let P(o,S) denote this mapping. We say
that a given stochastic process on prices, say {p¢}, is rationalizable if there
exists § and an equilibrium (o, §) such that P(e,S) = {p:}.

We say that a stochastic process on prices {p;} is nice if it satisfies the

following:

(1) For all ¢, supp(p:) is a finite subset of R4 where supp(f1) # {0}.
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where z_, and zy are defined to be 0.

Any very nice stochastic process must have p,, > p;. Hence z2n41 >
0 and —z2, > 0. Furthermore, note that

T2n+1—T2n-1 = %ma.—.nlﬁm: 2 ﬁma.ful.c.'m»a.:.vmum:.?n = mn=+~ﬁm=+u 2 mﬁw.

Hence z3,41 is strictly increasing in n and goes to infinity as n — co0. A

similar argument applies to —z2y.

If the process is canonically rationalizable, there are distribution func-
tions for wealths such that the probabilities generated by the canonical
strategies match the sequence of €;’s. In other words, we must find priors

satisfying
Pr{w; > z2p-1]

1—-6€p1=
2=l Pr{w; > z2q-3]’

n=12,..

and
Pr{w; > —z2q)

1- = — e = cee o
2 Prlws > —Zzmd]’ 12,

For ease of notation, redefine variables as follows. For n = 1,2,..., let
Hjn—y = Pr{w; > z3,—1) and let G2, = Pr[w; > —z3,]. Then we can write

these equations as
Hzp-1 = (1 - €e2n-1)Hzp-3, n=12,...
and
Gan = (1 — €20)G2n-2, n=1,2,..

This gives us a pair of difference equations. The initial value for the first
difference equation is H_; = Pr{w; > 0] = 1. Similarly, the initial value for
the second equation, Gy, must be 1. Solving the difference equations with

these initial conditions yields:

(20a) Hppo1 = [J(1 - e221), n=1,2,...
k=
and
n
(20b) Gan=[J(1-en), n=1,2,..
k=1

40

In other words, the bubble bursts in finite time with probability 1. In fact,
one can show that (5) implies that the expected duration of the bubble is
finite.

One important and nontrivial implication of these conditions is the
following. Given a stochastic process {5}, let p denote the random variable
giving the last strictly positive price (where we define the realization to be
zero if py = 0). Then

Theorem 1. For any stochastic process {p:} satisfying (1) through (4)
and (6), E(5) = co.

Since (6) is weaker than (5), the same holds for all nice stochastic processes.

Our main result is:
Theorem 2. Every nice stochastic process {p:} is rationalizable.

We prove this theorem by fixing an arbitrary nice stochastic process.
We then construct stochastic processes for signals and an equilibrium given
these processes which generate the given process for prices. The way the
construction is carried out is that trader ’s initial signal, 5}, gives him a
finite “truncation date” — that is, a finite upper bound on the number of
periods he will trade. Given this finite truncation, it is not difficult to use
backward induction to show that each trader wishes to engage in the trades

we construct for him.

To see this construction and the importance of the finite truncation
device more concretely, consider the following example. Let I =2, ¢; = 1,
and e; = 0. Fix any z > 1 and define a stochastic process for prices as

follows. Let
. _ [z, with probability 1/z;
= 0, otherwise.

9
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* Essentially regular histories.

Terminal histories. For any terminal h} € H},(t), every trader j # i
submits a constant demand of zJ_, at period ¢ and in all future periods.
Hence i’s continuation profits are zero whatever he does, so he may as well
follow o} (h}).

Nonterminal histories. Since h} is essentially regular, i believes with
probability one that all traders j # i are using the strategies o/. Hence if he
follows o*, the rest of the stochastic process {f;} will be generated. Recall,
though, that trader i’s initial signal, 5}, is constructed so that i knows
that the bubble will burst — i.e., prices will converge to zero permanently
— no later than period sj. Hence the expected payoff to continuing to
follow o* is necessarily well-defined since it is the sum of finitely many
random variables, each with a finite support. Furthermore, as we explain
in more detail below, the expected payoff to any form of deviation is also
well-defined. As a result, ’s best reply is also well-defined.

First, suppose that : € A and ¢ is odd or i € B and t is even, so that ¢
is supposed to sell at period ¢. Given the signal si, i knows that

i z for p = s§;
WU.. vi(p) = A z— zi_;, Oarwgmm.“.,
If i demands 0 at price si, then the price will be si and he will sell his
holdings. Otherwise, the market will not clear (or will clear at a price other
than si with all traders maintaining their current positions). Since this
creates a history which is obviously not regular, there will be no subsequent
trade in this case. Hence if i does not demand 0 at price si, his continuation
profits are zero. If he does demand 0, he can always refuse to engage in
any trade from period ¢ 4+ 1 on and will thus earn continuation profits of at

least sizi_, > 0. Hence it is optimal for him to follow oj(hj).

Finally, consider the case where: € A and tisevenor: € B and t is

odd. In this case, zi_; = 0 and i is supposed to buy at t. Let z% denote
38

for every k < t, z2_, = 0, and t < s3, then trader 2 submits the following

demand function:

2,y _ |1, forp=2t
v (p) = A 0, otherwise.

That is, he wishes to purchase the one unit of the asset at price 2* and
none at any other price. Otherwise, trader 2 submits the demand function
y2(p) = z2_, for all p. In any even period ¢, if z7_, = 1 and pj = z* for all
k < t, trader 2 submits

2, _ |0, forp=2zt
% (p) = A 1, otherwise.
Otherwise, he submits y2(p) = z?_, for all p. If px = 2z* for all k < ¢,

z!_; =0, and t < s}, trader 1 submits

1,00 _ f1, forp=2t
v (p) = Ac. otherwise.

If any of these three conditions is violated, he submits y} (p) = z}_, for all

D.

Consider the stochastic process induced by these strategies. In period
1, trader 1 owns the one unit of the asset. Hence he will offer to sell it for
2. If s2 = 1, trader 2 refuses to buy the asset at any price. In this event,
by convention, p; = 0 and no trade occurs. If s2 > 3, he demands one
unit of the asset at a price of z, so trade occurs at p; = z. The probability
that p; = z, then, is just 1 — Pr[32 = 1] = (1/2). If trade does not occur
at this period, it will not occur ever again and so the price will remain
zero. If trade occurs, we move on to period 2 with p; = z, z} = 0, and
z? = 1. At this point, trade will occur at price 22 iff s§ > 4, which occurs
with probability 1/z. At the next period, trade only occurs if s? > 5.

Conditional on s? > 3, the probability of this event is again 1/z, etc. This

is precisely the stochastic process we sought to rationalize.

Do these strategies form an equilibrium? Suppose trader i expects

trader j to follow his part of this proposed equilibrium. Consider any

11
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have probability zero according to Yi(yi,... .S.Ttaz..,.m ). Therefore, we
can assign any (feasible) beliefs for i on this history.

We will assume that for any such history, trader ¢ infers that the other
deviators are his “trading partners.” If i € A, he infers that trader j = g(1)
deviated as well as the other traders in g~1(j). If i € B, he infers that
the traders in g~1(i) deviated. In both cases, i infers that no other trader
deviated. It is easy to see that any trader who did not deviate will be
unaware that a deviation has occurred. For any such history for i, say

i, oi(h}) is the constant function z{_, for all p. (Hence, in particular, i
believes his trading partners will also submit constant demands equal to

their current holdings.)

Let 6 be any beliefs satisfying these conditions and which are consistent
with o and Bayes’ Rule. As discussed above, it is easy to see that if o is

played, the induced stochastic process for prices is {p:}.
Completing the Proof.

We now show that (o, §) is an equilibrium. Fix any i and suppose that
all traders j # i follow strategy o/. We show that it is optimal for i to
follow o' at each possible history.

Obviously not regular histories. Fix any h} that is obviously not a regular
history for i. For any such history, &i(h{) must put probability one on
ﬂ. being obviously not regular for j for every j. Hence i knows that every
trader j will submit the constant function u“..; at t and at all future periods.
Hence regardless of the demand function i submits, he cannot make any

trades at ¢ or any future period. Hence he may as well follow o}(h}).
Other not regular histories. Consider any other hi ¢ H: (t). By assump-

tion, i believes that the deviators are he and his trading partners and that

no other traders are aware that a deviation has occurred. Furthermore, :

36

[1982], Milgrom and Stokey [1982], and Sebenius and Geanakoplos [1983]7

To see what breaks down, let us attempt to imitate the proof of Ti-
role’s Proposition 1. Adapting his notation and terminology to the example
above, his argument runs as follows. Let hi(s}, s3) denote the profits earned
by trader i as a function of the two initial signals in this equilibrium and let
G; denote the distribution function for i’s initial signal. As argued above,
the martingale property implies that the expected continuation profits for
a buyer are always zero, so that trader 1’s expected profits for the game

are just the expected profits on the very first sale. Hence

() Byl(sh ) k1= [ ha(sh#)dGa() = Blp) =1, ¥s}
5

Similarly, since trader 2 is supposed to buy at period 1,

®  Eaah ) A= [ mEDaaEh =0, v,

But for any pair of initial signals, the profits earned by one trader is exactly
equal to the loss earned by the other. That is, ha(s),s2) = —hi(sg,s3)-
Substituting into (8),

9  Eglh(s)| 6= \ ha(8h, $2)dGa(s3) = 0, Vsl

But equations (7) and (9) are inconsistent. If we multiply the integral in

(7) by dG,(5}) and integrate over 3, we see that

Epp salha(5h,32)) = \ \ ha(83, 2) dG1 (33) dG (32) = 1.

However, if we multiply the integral in (9) by dG2(53) and integrate over

5%, we obtain a contradiction:

mmo.%:: (35,35)] I.\ \ h1(80,83) dG1(53) dG2(55) = 0

This is precisely how Tirole proves that all traders must have expected

profits of zero. How is this paradox resolved?

13
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s{ (which is equal to the realization of f; for all i) and refuse to buy or sell
any quantity at any other price. The traders in set B each offer to buy the
endowment of their “trading partner” in set A plus retain their own initial
endowment, refusing to buy or sell at any other price. For every even period,
the same occurs with the roles of A and B reversed. When #A > #B, the
only change is that a given i € B may have more than one “partner” in A.
These “partners” then split i’s endowment when they buy. If all traders
follow these strategies, then the price sequence generated will match the
sequence of signals. Since these were chosen to match the stochastic process
for prices we wanted to rationalize, the generated stochastic process will be
the desired one. However, the & strategies may not be an equilibrium.
Our construction works by having the traders follow these strategies unless
there has been some deviation from them in the past and letting the bubble
collapse if deviation occurs. To define this precisely, we must first define

equilibrium histories given these strategies.

The set of ¢ length histories for trader ¢ which will be his equilibrium
path histories will be denoted H(t) and referred to as the regular ¢ length
histories for i. H! will be the collection of these histories for i. We define
H} recursively. Let Hi(1) = Hji. (Recall that Hi = S — that is, the
support of (5},3}). Hence all these histories may occur in equilibrium.)
Given Hi(t — 1), let Hi(t) denote the ¢ length histories

" = AMA..:@“*. .. g.w“..@m.g.. .,Qulu.ﬂuq...qﬂulu.ﬁ:. .. wmzluv € N.Nu.
such that the following conditions hold. First, the projection of A} onto

i_1» say hi_,, is an element of Hi(t —1). Second, pr—y = si_, and

yi_y = &{_,(hi_,). Finally, if hi_, is nonterminal,

. ei + eg(i), iftisodd and i € 4;
(19)  ziy =1 ei+(1/#97(1)) Lje,-1(s) &i» iftisevenandi€ B;
0, otherwise.

Finally, let H} = U2, Hi(t). For every i and every hi € Hi(t), let oi(hi) =
5i(hi).
34

This also clarifies why the ez ante expectation does not exist while
the conditional expectation always exists. When trader 1 conditions on his
initial signal, he truncates the sum at a finite date since he knows that he
will not trade past that date. For any finite T, of course, Mw.ﬂ%luv“t
is perfectly well-defined and, as a result, so is trader 1’s expected profit.
Difficulties arise only when we ask for the ez ente expectation and hence

cannot truncate.

It is important to note that the fact that the ez ante expectation does
not exist is entirely due to this phenomenon. This nonexistence of the
expectation has nothing to do with how traders evaluate infinite sequences
of trades — i.e., what the utility of a trader is if he and the other trader swap
$1 back and forth forever has nothing to do with this calculation. Every
sequence of trades with positive probability is finite in length. It is only
when we try to compute the expectation over these infinitely many finite—
length sequences that problems arise. Furthermore, the nonexistence has
nothing to do with poorly defined probability distributions. In particular,
the traders know and agree on the ez ante probability distribution over the
time path of prices. In fact, each trader’s conditional expected profits are
even common knowledge, since trader i’s conditional expected profits are

independent of sj.

The real question, then, is what, if anything, the nonexistence of the ez
ante expectation means in economic terms.* Is existence a technical nicety

or a meaningful and important restriction?

There is no obvious answer to this question, but we think a strong case

can be made for the former view. The traders in the model “live” in the

4 One implication it certainly has is that we must define equilibrium as we did above.
It is standard to require that strategies be €T ante optimal, but, of course, we cannot

evaluate this. This is why our definition of equilibrium only requires interim optimality.

15
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Finally, we construct the joint distribution. To do so, we assume that
n,4 and np are conditionally independent in the sense that for any W € W,
any N4y € Ny, and any Np € Np,
W,N4,Np
an  HESETD) 5 W] | T watn W)

nEN, n€ENp
This assumption, together with those above, completely specifies the joint
distribution. Given any measurable set T' € T, (17) defines the measure of
T as a function of the conditional distributions. Equations (15) and (16)
completely define the conditional distributions as functions of the marginals
given in (13) and (14).

One of the most important aspects of this construction is summarized

by the following lemma. The proof of this lemma is available on request.

Lemma. For any even (odd)t, any i € A (i € B), any s} € supp(3}), and
(P1,.--,pt) € supp(pn, ..., Pr),

(18) Elpr41 | 56 = s5,p] = Elpes1 | o]

where p = (p1,...,pt)-

To understand the meaning of this lemma, consider t = 2, : € A, and
si = 4. Recall that the initial signals give an upper bound on the date
at which the bubble bursts. Hence given this initial signal, trader : knows
that the price will be 0 from period 4 on. Suppose, though, that it is period
2, he has seen the period 2 signal, and the price is still strictly positive.
Should he buy at price p;? Clearly, this depends on the expectation of p3
conditional on his information. His information at this point consists of his
initial signal plus the observation of p; and p;. (Recall that his period 1
and 2 signals, in equilibrium will just equal these prices and so will convey
no additional information.) The lemma simply says that his initial signal
does not affect this expectation. As we will see, this fact will guarantee

that trader i purchases the asset in this situation.

32

bubbles has been long known. This is precisely the reason why bubbles are
possible with myopic traders. As Tirole [1982] notes, it is easy to construct
bubbles where traders are optimal across any two periods. However, in these
examples, expected lifetime profits are not defined so that one cannot say
whether the traders are dynamically optimal. In our model, precisely the
same difficulty arises, except that it is ez ante expected profits, not lifetime
expected profits that are not well defined. As we argued above, we believe
that a strong case can be made for the view that ez ante optimality does
not add anything economically meaningful to the requirement of interim
rationality. One could certainly not say the same about dynamic versus
myopic optimality. Another way of truncating the horizon without violating
the rationality of agents is by the use of overlapping generations economies.
In these cases, agents only live two periods, so optimality across any two
periods is equivalent to dynamic optimality. However, unlike our model,

these models require infinitely many agents.

Our emphasis on interim versus ez ante optimality should not lead the
reader to infer that this is the only important difference between our model
and Tirole’s. With this change alone, Tirole’s results, we believe, still hold.
The other important change is our assumption that agents are not price
takers. If agents were price takers, our finite truncation device could not
generate bubbles. To see why, suppose that there are two traders, where
trader 1 is endowed with one unit of the asset and trader 2 with none as
in the example above, but now suppose the market is competitive. More
precisely, each trader views prices as a stochastic process which he has

information about but cannot affect by his trading choices.

The price-taking assumption implies that any trader for whom the
expected value of the next period’s price is strictly higher than the current
price will buy as much as possible in the current period — an infinite
quantity, if allowed. To deal with such unbounded demands, constraints on
holdings are often imposed. Regardless of whether maximum or minimum

position constraints are imposed, certainly it is true no trader who expects

17
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One can show by induction on N that

N
(13) > kaln) =1- 244,

n=1

(The proof of this claim is available on request from the authors.) In light
of this,

N
lim Y pa(n)=1iff lim Zy=0

Zloooa"u N—oo
or
NPT > 2j +1]
m J] 2222100 .
N—eo o Pr(T > 2j]
Note that
Pr{T > 2j +1] Y .
e = T Pl > 2 +1|T22j]=1-e;.
PeT > 2] fT>2j+1|T 22j] €2;

By condition (5), 1 — €2 <1 — €. Hence

N -~
A Pr[T > 25
im EA lim C.lnvZHc.

218.«."& Hun_HHta > M.l ~ N—oo

Therefore, the marginal on N4 is well-defined and puts probability 1 on

ny < oo.

The marginal on Np is defined analogously. More specifically,

(19) up(n) =

Pr[T = 2n — 1] .m Pr(T > 2j]

Pr{T > 2n 1] e Pr{T >2j-1]

Analogously to the above, one can show that

N
MU pB(n)=1- N%i
n=1
where
n—-1 - .
Pr[T > 25 - 1]

=1
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The requirement that the price be a submartingale is used in our con-
struction to guarantee that traders are willing to buy when we need them
to. However, the assumption of a nonnegative price is similarly used to
get traders to sell when we need them to. Hence the same intuition which
suggests that negative prices are possible suggests that we can also relax

this assumption to some extent.

The condition that zero prices is an absorbing state is also not neces-
sary. It is straightforward to construct examples in which a new bubble may
start once the old one has burst. Condition (4), that the probability of the
bubble bursting at period t is independent of the sequence of past prices,
is also certainly not necessary. A general proof without this assumption is

difficult, but examples without it are easy to construct.

Similarly, condition (5), that the probability the bubble bursts at ¢
given that it hasn’t already burst is uniformly bounded away from zero,
is also not necessary. In fact, it is straightforward to replace this condi-
tion with weaker but less intuitive assumptions. On the other hand, one
implication of this assumption — that prices collapse to fundamentals in
finite time with probability 1 — may, perhaps in some weakened form, be
necessary. It certainly is necessary given the way we use finite truncation

dates for each trader to construct equilibrium bubbles.
IV. Wealth Uncertainty.

Theorem 2 shows that uncertainty about intrinsically irrelevant phe-
nomena (i.e., sunspots) can generate a huge class of bubbles. The advan-
tage of focusing on this kind of uncertainty is that we can isolate the role of
strategic uncertainty (that is, uncertainty about what others will do) from
uncertainty about intrinsically relevant variables like dividend streams. On

the other hand, it does seem to us that uncertainty regarding variables of

19
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T, then, is the date at which the bubble bursts. By condition (5), T is
finite with probability 1. For each T, let

Wr={we|T(w)=T)}.

(Note that each Wz € W.) Also, let

0= |J Wan

n=1
and -
E = | W3,

n=1
These are just the sets of states in which the bubble bursts at an odd or
even date respectively. Note that Prlw € O] > 0 and Pr[w € E] > 0.

The state space for the signals is taken to be © = @ x N x N where
N = {1,2,...}. A generic element of this set will be denoted (w,n4,n5).
For clarity, we will refer to the first N as N4 and the second as Np. The
o-algebra for © will be denoted T and is the direct product of W, the
power set of N4, and the power set of Np. The stochastic process for the
signals is defined as follows. For every ¢t > 1 and for all ¢,

§i(w,na,nB) = pe(w).

In words, prior to the submission of demands at period t, each trader
observes a common signal revealing what the period ¢ price is “supposed”
to be. The initial signals will give upper bounds on T, the date at which the
bubble bursts. To define the initial signals, we partition the set of traders
into two nonempty sets A and B. This can be done in any fashion which
satisfies 3 ;¢ 4 €i > 0 and #A > #B. Then foralli € Aandeveryw € E,

5o(w,na,np) = T(w).
Analogously, for every i € B and every w € O,

§(wyna,ng) = T(w).
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returns as unbounded.”

The preference assumptions are exactly as in the previous section.
Again, it is common knowledge that the asset never pays any dividends,
traders are risk neutral, and do not discount the future. Trade is mod-
eled exactly as before with one change. Now we assume that the exchange
agreed upon occurs at the date of agreement. Hence when a trade takes
place, the traders’ wealths adjust accordingly. We now assume, in addi-
tion, that there is no outside source for loans, so that trades where one
player gives up more than the amount of wealth he has at that date are not

feasible.

Strategies are defined analogously to the definitions given in Section
II with two changes. First, there are no signals observed, so that strategies
depend only on initial wealth and the history of trades and prices. Second,
as noted above, a strategy which calls for spending more than one’s current
wealth is not feasible and hence is excluded from the strategy set. More
precisely, if the history of prices and i's positions is given by p1,...,pt-1
and zi,...,zi_,, then the demand function i submits in period ¢, vi(p),
must satisfy:

t—-1

plyi(p) — zioy] Swi =) pelek — zhoa), VP
k=1

where z; = e;.

As in the previous section, we show that a large class of stochastic

Even with this interpretation, the unboundedness may seem unrealistic — after all,
shouldn’t each trader recognize that the other trader does not and never will have more
dollars than, say, the number of protons in the known universe (believed to be about
chnavw On the other hand, as argued by Rubinstein [1991) for example, the key issue is
not what the real world is like but how it is viewed by the agents of the model. If neither
agent thinks about a finite upper bound for the possible wealth levels of the other agent,

then the assumption of unbounded supports is appropriate.
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Appendix
Proof of Theorem 1.
For a stochastic process {f;} satisfying (1) through (4) and (6),
©o
E(5) = Y Elpt | pe # 0,pe+1 = O] Prffe # 0, fr41 = 0].
t=1

For any p' € supp(f) with p’ # 0,

Prlpe+1 =0 | pte = p'| Prlpe = p']
Prpe+1 = 0| pe # 0] Prfpe # 0] °

By condition (4), Pr[pe+1 = 0 | pr = p'] = €41 for all p’ # 0 and hence
Pr[pe+1 = 0 | pr # 0] = €141 as well. Therefore, the right-hand side is
Pr[p; = p']/ Pr[p: # 0]. Hence

Pr[pe =p' | pt # 0,pe41 = 0] =

- E[p]
E =0 = —%4 __
?n _N-n * ogﬁn.?u cu vn.?n * OH.
Substituting this into the first equation and using the submartingale prop-

erty,

= Prlpe # 0, fesr = 0]
E[p] > E[p ! .
?_ = Tv__ m Hun—m.m. * 8
By property (4) again,
[~
E[p] > E[p1] Mumiu.
t=1
Since (1) implies E[p;] > 0, we see that E[f] = 0o if }_, €¢41 = 00.
Suppose that this is not true — that Y o, & < co. Since ¢ < 1 for

all ¢, this implies
[~ <]
MU mw < o
t=1

for all k > 1. In particular, for any finite K,

L

.

Theorem 3. Every very nice stochastic process is canonically rationaliz-
able.

Theorem 3 says that there are distribution functions for initial wealth
which rationalize the process, but does not say much about the properties
of these distributions. The definition of canonical rationalizability requires
these distributions to put probability one on initial wealth being finite.
However, the next result says that we cannot strengthen this requirement

very much. In particular, the supports cannot be bounded.

Theorem 4. Suppose {p;} is a very nice stochastic process. For any in-
dependent priors on w; and w; such that the canonical strategies together

with these priors generate {p;}, E(w;) = oo fori =1,2.

In other words, even ignoring the issue of the optimality of the canonical
strategies, if some priors can generate a very nice stochastic process, ex-
pected initial wealths must be infinite. This property is clearly related to
Theorem 1 which showed that for a class of stochastic processes including

all nice and hence all very nice processes, E(p) = co.

Theorem 4 provides the key linking our work with the “envelope switch-
ing problem” discussed by Nalebuff [1989]. (See also Brams and Kilgour
[1991] and Brams, Kilgour, and Davis [1991].) The problem, essentially, is
the following. A number is drawn at random from the set {1,2,4,8,...}.
Let z denote the number drawn. We flip a coin. If it comes up heads, we put
z dollars in envelope 1 and 2z dollars in envelope 2. Otherwise, we put z in
envelope 2 and 2z in envelope 1. Player i is then given envelope i. He looks
inside and is asked if he would like to trade with the other player. There are
well-defined probability distributions such that each player would answer
this question affirmatively no matter how much money is in his envelope.
This seems quite unintuitive since the symmetry of the situation suggests

that neither should “envy” the other. Nalebuff resolves this paradox by
23



gc

‘saouanboasuod juejrodurt A[Sursudins sey eusjtn Lyewndo jo
201072 9} ‘moys am sy “Ajreunrydo wiLrajur Jo Juouraxmba a[qeuosear azow
37} SB 998 9M JeUM UeY} J9Yjel paimbar usaq Areisusd sey Lyewrnydo sjus
22 ‘opurod A[resrd4y euLyLd omy oY) soulg Ajewrdo wiLjuL pue puv
9 UsaM}dq UOIOUYSIP Y} UO ‘gSnous A[Fuisudins ‘sefury ss[qqnq wnuqi
-mba [euorjes JoNIISUO0D 0} A3N[Iqe Y} ‘PuU0ddg "siaxe} 3otd jou Sre s1vper)
(owos 3sea] je) jey} sexmbal woONISUOd MO ‘ysIy “Ylomeurel (zg61]
s,a[o11], woj samjredop om) axmbaz 9py ‘siourd TOWWOD 3ARY OYM SISPRI}

reuorjer ium a[qissod are sa|qqnq ey} WMOYS ABY 9m ‘SPN[IU0D O,

euqrmba re[rus 5je1susd pmom YRIYM STOHNIYSUL
Suryjes—20ud oarjeussje Luem A[urejsd ore 219y} ‘A[eutj -saoqe wox
papunoqum are suonouny A31i3n 9y} se Juo[ se sI1oper) 95194 YSLI JO ISBD oY}
03 papuojxa A[eAryejenb aq wes symsax a3 ‘xo1dwod s1o0u st 3 YSnoyy ‘os[y
‘sygoad aarjisod A[3oL13s soyewI 19401q 3Y}) pUe Ipel) 0} Ysim [[1S SISpeI) [[e
‘gSnous [Tewrs are worpowswel} 1ad s59§ s, 1901q Y} J] , I90Iq,, B SB SIPRI}
asoy} dn sjos ogm £jred apisyno we Ioj ofox ® §3s983ns sryy ‘A[Furysesayuy
‘ope1} woxy sured aarpsod £[pouys joadxa siopesy [[e jey) ana} aq wed 3t
‘suoyypuod urersd Sutkjsiyes speSurirewqns OIS Aue JZI[EUONRI URD IM

sours ‘opdurexs 104 ‘3[qissod are [popowr a3 jo suotjeIajpe s[duts Auepy
‘suoISNduo) A

*2197]}
[ o3 swads stsaqjodAy snosjsuowr, oN ‘03 spuodsaliod plIom [eal 37}
yeym ‘A{qenSre ‘st OIYm ‘PlIOM WILISUT 3Y3} UL PIUYSP-[[oM aIe suorjejdoad
-X2 JURA9[al [[e ‘arounaymy ‘pajerardde A[my useq jou aaey suorydumsse

asa1} Jo suoryeordurt 9Y3 Jo swos YInoy3 UsAS ‘arnge1ayy ag3 ut suondumsse

o

¥e

[ensnun jou are sa[qqnq Mofe yorym suorpdwmsse ay3 ‘Ajyusiaytp jutod ayy
Suryyng “£)Mun pspunoqun SmMo[e 3t YSnoyj uaad ‘uorydwmsse [ensnun ue
oY1 sweas A[pIeq £}[e1nau ysu ‘puey 1ayjo 3y} u() (‘s[rejap s1ouz 10§ 886 1]
uInqystJ 29G) ‘suoryejoadxa pauyepun Io djuyul 0} anp swd[qoid 19Yj0
10 sanyiqeredwoouou jo Ajmiqissod ay3 03 sped] AN papunoqun Isned
-aq Apswaid ‘papunoq st £ jeyy A(dunt £qiyn pajoadxa Jo sUOIyRALIID
oryewrorxe Auewr ey} Surjou yjiom st 9] “A[yn pagoadxa sjmuyut Jo  stsayjod

-Ay snoxsuou, 9y} Iopun xopered ® A[uo st 9197} sapNPUOd ynqareN

*JSIX2 J0U S0P ['x]F ey} uaas aaey Apeaife am ng

"00— SI pUR pauygap-[[om St uorje3dadxa ayy) ‘st yeyy — co— = [*x]g Surfdux
co— = ['mlg  [tx + 'mlg

‘sygoad Surpery umugqimba ajouap 'z Furyjay
‘woyJ, ejIuUYUI jou St morye3dadxa suyy jeyy ssoddns og 1 LAyMiqeqoid gim
aanyeSauuou are sygoxd snid yjpeam ‘aaey Layy ueyy Lsuowr arouw puads 03
PAMO[[e jOU 9Ie SI9PRI} UG “}SIXd jsnux daryedoutou sAemre st YOIYMm 3[qe
-LreA wIopuel AUe Jo UOIe30adxXa 9y} 3sN©BIAQ ANI} ST SIYT, (00 ST uotjedIdxa
aq3 yeq) Lymiqssod ay3 Surpnpour) jsixe jsnux sgoxd snid yiream reryrut jo
uoryejoadxa 2Y3 yeq) 230U ‘sIy} 33 O, *djruyut st — ynqareN £q payndwoo
se £3un pajoadxs o3 19y Sorewe ajeudordde oy} — sjygoid Surpern) pue
qi[eoM [eT}IUl Jo Ums 3Y} Jo uotyejoadxo a3 yeyy sarjdut sIy) jey) moys o3
£seo SI 31 “j0®} U] "9)TUGUL ST YI[eaM [eljIUL pajoadxa ‘pamoys § WRI0a], se
‘fjure}190un Yj[eeM YImM [SPOW IY} UL ‘I9AomOf] -uostredwod ajeudordde
e JoNIISUOD 0} PIemIo)jySres)s Jou St J1 30UIY pure [9POU 3} 0 JURAI[ILIT ST
Yj[eam [eryUI ‘] TOWOSS UL "YI[eas [UY [8303 JO AN Sy se Lyqun souy
-op gnqe[eN ‘syusBe oy} Jo A3rerinau Ysu oy3 weald uonruyep ajeudordde
ue — sjgoid Sutpeay se AN pauPop am jey) [[eoeYy “Surpea|siw st s ynq
-9[e)] pUe UOISN[IUOD ST} UDMIIq JSRIFUOD JYJ, '9HUYUL jou ‘paugopun st
[opou 1o ut A1piyn pagoadxs 3puv z3 Jey) PApPN[PUOD aM ‘I[] UOI0AG Ul

"ayuyut st Jured
stqy Suikerd, jo Ayqun pajoadxa Ju sestre A[uo ws[qoid a2y} jeyy Surmoys



