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I. INTRODUCTION

A widely held view, aided by the powers of hindsight,
is that a great deal of unnecessaby confusion has been created

by attempts to treat economic events occurring over time (e.qg.

--accumulation processes) in Hicks-period-type models, A
basic confusion arises trom the need to convert all "flow”
variables to stock dimensions, and from the iﬁc!usion of
such "flow” variables and "genuine” stock variables in the
single budget constraint inherent in the period-type formula-
tion. Evidence that the period-type models cive rise to
ser ious stock-flow confusions is provided by Archibald and
Lipsey’s (A-L) criticism of Patinkin’s first edition.l

Given these inherent problems, combined with the
modern emphasis on problems related to economic growth, it
is not surprising that the period-type models have given way
to continuous time models as the most trequently employed
framework tor macroeconomic analysis, However, certain con-
fusions derivative trom this heritage ot period analysis still
persist in current macro-model formulations, and 1t would
seem useful to spell out exactly what changes in specifica-
tion are necessitated in the transition from discrete to
continuous time models,

In a noteworthy recent article, Josef May has attempted

Just that~-in particular he makes clear the distinction between

-

. See especial]y the first section of A-L.
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stock and flow concepts inherent in a continuous time model,
emphasising the distinction between the stock (or wealth)
constraint and the flow (or dynamic budget) constraint, both
of which are present in such a model,

Important as that contribution is, it is deficient
in that it fails to specify carefully which stock variables
can change instantaneously and which must change over time,
Such a specification is obviously of interest in any analysis
concerned with short-run macroeconomic phenomena; i.e., in
virtually any analysis ultimately concerned with the formula-
tion of macroeconomic policy. An immediate manifestation of
the above deficiency is the ftailure of most models to dis-
tinguish between various concepts of asset demands, While
most writers (e.g. May, p. 2) recognize the need for any such
demand to be defined by two time indices--the decision date
and the objective date; few indicate how the actual asset
demand specifications are affected by such considerations.

At the risk of belaboring the obvious, it may be worth
elaborating on this point. Consider an individual in “full
stock equilibrium” with respect to his holdings of a single
asset, say real balances, He holds static expectations over
all future values of all refevant variables and fully expects
his current actual stock to equal his tuture desired stock.
Now consider some unanticipated parametric change at time to

which causes his desired stock to rise, (say from M¥ to M3

e -

2. See below,pp.5=6; also Sidrausk: (1967).
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in Figure 1) for all future times, but that some costs (e.q.
foregone consumption) are invoive& in changing his actual
stock instantaneously, lle will then change his holdinqgs of
real balances along some optimal path such as the dashed line

in Figure |, achieving tull stock equilibrium at time ¢,
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Then at time tg there exists an infinite number of “demands
tor real balances”; Mto,l; corresponding to each point of
time, ), in the tutures Most current analyses consider only
the ultimate demand M¥* or alternatively only the instan-
taneous demand M, ty | argue that in order for the formula-
tion to be usefuyl for short-run analysis, it is necessary to
carefully specify and distinguish between at least both of
the above; i;e., the instantaneous demand (Mtoto) and the
ultimate demand (Mtofq where t| is the time at which full

stock equilibrium is achieved),

aa. Dol that o wiaded ) ifeckon puas epfw'w'zwi1 bheimon ‘—f“xd/fan(;é Solutdron
%nh-wu.(m.l-&. 0t deseid oaud (u.!l-mr f atl P—w«-’l”t/t mafw
[P\M avth a maded . ’
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It is the purpose of the present paper to consider,
in the context of a continuous time macroeconomic model,
how the explicit consideration of the existence of adjustment
costs (inciuding toregone conSumption) which preclude in-
stantaneous changes in the level| of certain stock variables
modifies our interpretation of the 'conventional’ macro-
economic analysis. In the tollowing section of the paper we
cons ider the interpretations of asset demand functions and
of the traditional stock coﬁstraint. Attention is given to
the implications of different possible specifications of ad-
jﬁstment costs-~in particular, two specifications which might
be thought to correspond to the theory of the individual
asset holder and to the theory of the economy as a whole
will be treated. The distinction is drawn between positions
of short run, or transitory, equilibrium characterized by
flow equilibrium 1n assets, and poSttions of long run, or
tull, equilibrium characterized in addition by (long-run)
stock equilibrium.3 Implications for the specification of
asset demand functions are considered. Finally, implications

for the dynamics of adjustment trom one position of tull equi-

librium to another will be derived.

3. Michael Mussa makes a similar distinction, and draws
the analogy between the short-run and long-run distinction made
here, and the Marshallian distinction between short-and fong-
run supply. The "differences” between May and Patinkin as out-
lined in Fn. 8 on page 5 in May, can be easily attributed to the
failure to distinguish between the long~ and short-run asset
demands, lhe confusions become even more apparent when we recog-
nize that Patinkin’s use of his asset demands as only short-run
demands led to the A-L criticism whereas May criticizes him for
essentially only considering (the same functions)} as long-run
demands,
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fl. ADJUSTMENT COSTS AND THE SIOCK UCONSTRAINT

The Basic Model

Following May, we note the period model has the

tol lowing Budget Constraint:
T+8+7V+rBeat=L+8B+C, (1)

i.e., consumption during the period, C, plus asset holdings
at the end of the period, L and B, are constrained by the
initial value of assets, T and B plus 1ncome received during
the period, Y + rBAt. Hence the budget constraint contains
both ‘“genuine” stock variables such as M, B and moaified
flow variables such as Y and C which represent the integral
of a flow over the poriod.s We can approximate these by
assuming the actual tlows to be constant over the period,

~ so {|) becomes
T+ B + yeat + rBat = L + B + cat. (2)

Taking the limit as At goes to zero and rearrangtng
yields
(T-L) + (B-B) = O, (3)

the stock constraint, or what might be termed Walras’ Law
for stocks. It 1s immediately obvious that in terms of our

earlier discussion it is the instantaneous demands LtOtO and

4. 1ihe static part of the model derives primarily from
that used by May. Where possible, | use May's notation, where
an upper case letter denotes a stock, a lower case a flow, and
a bar over a variables indicates that i1ts value is given at a

point in _time, and where the mMn¢monics are fairly obvious,
5. 1he value of the flow variables of course changes
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Begtg (henceforth simply L and B) which are constrained by
+he stock constraint. Equation (3) simply tells ns how a
given stock of wealth can be allocated between the various
assets at-g moment in time, |

Another interpretation of equation (2) can be achieved

by collecting terms involving At and dividing by At, yielding

L-L , B-B  ~ ‘
E€~ +'K- =y + pB = cC (4)

Upon taking the limit as At goes to zero, we now have

diL dB - '
dt + 3k - Yy +rB - c, (5)

or the dynamic budget constraint which tells us that desired
saving (g% + %%) must equal egpected income l|ess desired con-
sumption. This then tells us how wealth can move over time--
In a one asset woéld this describes the time path of M in
tigure |,

We write the long-run asset demands as tollows, re-
taining the restrictive assumption of static expectations over
the level of income, the rate of inflation (=0) and the rate
of interest in order to focus attention on the stock-adjustment
mechanism central to the argument. Denoting the current level
of real income by y and‘the interest rate by r, we have the
long-run demand for a stock of real balances as

L = £(y,r), (6)

e e i

with the length of the period. The following analysis suggests
that L and B might also.
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and the long-run demand for real bonds as
B’ = q(y,r). (7)

As is well known, these cannot be specified independentily, but
must satisfy the constraint imposed by the long-run demand

6
tor wealth,

A = h3,r). (8)

It is perhaps worthwhite to stop at this point in
order to compare our model with the more common ones (e.q.,
May, toley and Sidrauski) which inctfude actual wealth along
with expected income and interest rates as an argument in
the asset demand functions., Our model has the adding-up

teatures that

and

whereas the usual formulations constrain the sums on the left haud
sife of the aboue cquations to

zero (wealth now being held constant in the partial deriva-

tive). That result, | contend, is more appropriate tor the

y et

6. Alternatively, we could write (6) and (7) as
L = L(3,r,A"), (6’)

and o~ :
B’ = B(y,r,A%). (77)

where the interdependence ot (6') and (7°) s implicit in the
inctusion of A’ as an argument in the asset demands and the
identity A’ = L"+B’,
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instantaneous asset demands L and H.7 Indeed, that is surely
the way the above authors intend them to be interpreted--
except tﬁey fail to make the distinction between L and L',
R and B’. As we will argue below, some ot the above partial
derivatives on L and B become meaningless under some speci -~
fications ot the model when the instantaneous demand functions
are explicitly introduéed.

Tﬁe dynamic side of the model includes a tlow demand

for commodities,

c = ‘c(?,r,A',A), (())

where it is the ditference (A’-R), the (lona-run) excess
demand tor wealth which becomes important for our analysis.
In particular, an increase in the excess demand tor wealth
leads to increased savings and hence reduced consumption,

8

1.€e. < 0. Completion ot the specification of the

Ja- -3
3(A’-R)
dynamic part of the model would involve flow demands tor

assets and reference to the dynamic budget (tlow) constraint
derived previously. Explicit specitication of the tlow side

is presented below for the special cases considered.

It is obviously of interest how the difference (AZA)

et st o .

——— ———

7. |f an increase in ; causes the instantaneous de-
sired stock of real baltances to rise, 3L .4 then the theory
a" r

e~

Yy

imposes a negative sign on 28 . Note also that the asset de-
mands functions used by both May and by Foley and Sidrauski,
by including actual wealth as an argument, correspond more
closely to our instantaneous demands L and B. Md M

‘8. Compare to A-L where (A'-W) becomes (F)'_(F)‘
| heve also used a similar tormulation recently in a paper
attempting to resolve the controversy between Kevnes-Wickse !
and Neo-Classical Approaches to money and growth.
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moves over time, and it is to this end that explicit recog-
nition of adjustment costs is made.9 As seems to be qenerally
recognized, but seldom explicitly stated, there are two dis-
tincf aspects of adjustment costs relevant here--the costs of
changing the level of wealth and that of changing the com-
position of a given level of wealth.IO

There seem to be two important cases, Case |, which
might be thought of as pertaining to the individual asset
holder, is when the former cost (i.e., foregone consumption)
is a binding constraint while-the fatter is not. The indi=-
vidual asset holder acts as a price taker In asset markets,
and thus might be considered as beihg able to (or at least,
perceiving that he is able to) rearrange his portfolio cost-
lessly at constant prices. Case 2, when both costs are

operative, would then correspond to a theory of the economy

as a whole,

Case |~-The Individgal Asset Holder

Consider the implications of a divergence between

actual and desired wealth positions, recognizing that it takes

time to change the level of wealth. Given current real income

9, For most of our results, we need only preciude any
infinite rate of change of any asset~-any change must involve
tima. We assume smooth, continuous adjustment which implies
convex adjustment costs, For discussions of other specifica-

tions of adjustment costs see Mussa. In particular, discrete
time might be one method of introducing "adjustment costs”
into the model. pesirhle

10. For example, May recognizes the{existence of both
types of adjustment costs, but (p.3, tn. 5) chooses to ignore
the latter, and fails to incorporate the tormer fully into
his analysis,
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v , and the interest rate r, both of which are then expected
to prevail indefinitely in the tfuture, equation (8) gives the
individual’s long-run desired wealth position, A’, and the
equilibrium composition of A’ determines the jong-run asset
demands L’ and B’, given by equations (6) and (7).

However, given the assumed costs of changing wealth,
there exists a second concept of desired wealth, that of the
instantaneous desired wealth position. Given ?Iand r, given
actual wealth, A, which differs from long-run desired wealth
A’ , and given the costs of changing K: there is a level of
wealth that the asset holder will desire to hold at point in
time, This we call the instantaneous demand for wealth, A;
and its equilibrium composition determinesﬂgaé“?;gggﬁi;neous
asset demands L and B,

" Consistent with this instantaneous stock demand for
wealth there is a flow demand for wealth, or savings rela-
tionship., That is, in this mode!, savings are related to the
stock disequilibrium in wealth holdings, A’-A as implied by
equation (9). Following Friedman, the instantaneous demand
at time t, Atﬁigﬂld depend upon the rate of change of A,

Formally, letting D be the operator d/dt, we have

At =°<(;'f‘ rDA) ’

Ly = WAy, r.Ay) (10)

Bt = X(;,P,At)-

The latter then correspond closely to May’s demand functiens,

®a. FOFMG.”\/’ e S'ﬁgc;‘x{ that tha rafe OFC‘\M?(’ Dﬂ\ d&geﬁds on Hee asset
diseguelihrum, or DA= 'T‘(q‘.a)='i"(|,\(_i‘a~).ﬁ]l~
Tovertung, we get T [D38)= A (G, FY-7 Uw,lu’ %;M'ﬁt =d <o

, C dven Gomg ]
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especially when we recognize below that A = K{.

These considerations have implications tor the usual
treatment of the stock constraint facing the individual,

From the .definitions of A and A, we can write
(L -L) + (B’-B) = AT-A (11)

where the usual procedure might be to set the right-hand side

of (11) identically equal to zero, yielding one version of
Walras’ Law for stocks--that the sum of the excess demends
for assets equals zero. However, this procedure implies that
whereas the individual can change the level of his wealth
costlessly [{A’-R) = 0], he faces costs in adjusting the
composition of his portfolio such that at any point in time
his individual asset excess demands are not constrained to
zero--precisely the opposite of the specification argued for
in this paper. |f one accepts the present specification,
then (A’-A) will not be treated as identically zero, and (1)
telis us only the obvious: that the sum of the excess demands
for assets equais the excess demand for wealth. Current
wealth is not an effective constraint on long-run asset de-
mands.

As argued above, it is obvious that at any point in
time, it is A, not A’ which is constrained by A, so that we

may write

(L-0) + (B-B) = A-A , (12)

where it is now true that at any point in time the right-
— P -1
om kd: sotoiqs s A k(g - T (DA)
s oL (GEDAY
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hand side of (6) is identically equal to zero. However, since
there are no costs to changing the composition of A, both
.individual asset excess demands on the left hand side of (12)
also are identically zero. In fact, for the individual,
given A (and A), it is L and B which at any point in time
determine L and B. Thus the stock constraint, whether inter-
preted in terms of (10) or (11), does not yield us any striking
information about the individual asset holder: interpreted
in terms of long~run asset demands "Walras’ Law” becomes an
equilibrium condition and is not an identity : interpreted in
terms of instantaneous demands it becomes trivial. From the
former we can at least determine whether or not the individual
has an excess demand for wealth, but of course this can always
be determined directly from savings behaviour.

Thus, in terms of equation (5) above, given expecta-
tions and given K, the individual at time ty chooses ¢
[according to equation (9)] and this serves to determine the
R.H.S. of equation (5); the L.H.S. is thus also determined but
there is no determination of the individual components of the
L.H.S. The tlow demands for the individual assets are inde-

11
terminate.

—— et e —— S B

1t, Mussa algso presents an excellent treatment of a
mode| similar to our Case | in which one of the striking re-

sults is that the flow demands for each individual asset are
indeterminate. Since the asset holder can ”"later” rearrange
his portfolio costlessly, he is not concerned with what form
growth in the portfolio takes, but only with changes in total
wealth, This corresponds closely to our results,
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Case 2--The Aggregate Economy

Case 2, where both types of adjustment costs are con-

sidered to be operative, also has implications for our inter-
pretations of the asset demands and the stock constraint.
Again, given y and r, equations (6) to (3) determine the
Jong-run equilibrium values L', B’, and A’; any two de-
termining the third., And egain, the distinction between
[ong-run demands and instantaneous demands is paramount--
however, the added feature of costs to rearranging a portfofio
changes our'previous analysis somewhat.

Since there are now these costs associated with
chahging the composition of a given level of wealth, insofar
as specification of the instantaneous stock asset demands and
flow demands are concerned, the current position is no longer
adequately described by current Qealth X. The individual
asset flow demands will now be determinant ana will vary,
civen A, with the composition of K. Similarily, the instan-
taneous stock demands, L and B, will vary, for civen A, with
the composition of A. Hence knowledge of the current posi-
tion requires knowledge of L and B (actually, any two of
A 1., and B are sufficient). Then, given y and r, and hence

1 L4

the long-run demands A’, L’, and B’; and given L and R and the
assumed costs of changing T and B, we can determine the in-
stantaneous asset demands L and B, aend the resulting instan-
taneous demand ftor wealth A, A = L+B,

Note that in Case 2 there will be an effective in-

stantaneous demand for each asset, and & corresponding effec-
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tive flow demand for each individual asset at each instant,
with the flow demand for wealth, or.aavings tfunction, equal
to the sum of the two individual flow demands., This implies

. . . . |
a more general formulation of the consumption function.
¢ = c(y,r,L’,1,8,8). | (97)

That is, given L and B, there exists a time path of
desired holdings of each assot--thé‘desifed rates of ad-
justing. Once these rates are detarﬁined there is nothing
inherent 1n the mode| to prevent them from belng attained--
the flow demands now become eFFect:ve demands +hat serve to
determine the endogenous variablee in the system,

Hence, at any point in time, the actual stocks will

be changing at the (eFFective)rdosired>rates, and so actual

stocks will equal short-run (instantdﬁeous)-des?red stocks.
Flow equilibrium implies short-run stock equilibrium, and the
flow demands wil! equal the time derivatives of the actual

stocks, or alternatively, of the instantaneous stock>demandsi
Again, we can refer to equation (3) to examine the
traditional stock constraint, and again, if we interpret this
as applying to long-run asset demands, we find only that the
sum of the excess demands for assets equals the excess demand
for wealth. The special case, sometimes inappropriately
referred to a Walras’ lLaw, that requires that sum to be ident-

ically zero ia a result of ihe unwarranted assumption that the

B AT g el N N A g I A S A N = Il g Al Nt e e . i A T e s it i i

, 12, This is essentially the formulation | used in
Short-Run Adjustment in Models of Money and Growth,” op, cit,
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. . 13
desired long-run level of wealth always obtains, Inter-
preted in terms of long-run demands, “Walras’ Law” is acain
an equifibrium condition, not an identity.
Again, we can recognize that it is the instantaneous
demands that are constrained by current asset holdings,

so reproducing equation (12)
(L-D) + (B-F) = (r-F), (12)

-where now it is the case that, by definition, the two indi-
vidual excess demands on L.H.S. of (12) identically equal
zero: that their sum also equals zero 1s as much a result

of the model as a restriction on it. Again, in a position
characterized by long-run stock disequilibrium, consideration
of the stock constraing does not yield us any important
information helpful in analysing the behaviour of the economy
over time,

This is not to say that the values of the various
stock variables are not important, only that the stock con-
straint is not a binding one in the adjustment process, It is
perhaps worthwhile exploring the relationships between the
|nstan£aneous stock demands and the tlow demands in some de-
tail.

Assuming the simplest possible case of constant stock
adjustment, the flow demands tor money and bondé, respectively,

are given by equations (13),

e

e e S e

oy

13. Such an assumption characterizes the Neo-~(|assjcal
model of money and gnowth.p ﬁor an analysis of the implications

of relaxina that assumption in that context see Purvis, op, cit.
130, T+ S0 nbuilig do encpane Ko nsulte fo Khsne
otkamsad by Donald Tucku .
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19,0 D) =1G.0,D,

-and (13)
d —~ "~ —
b a'12(8'8) = b(y,r,B);

and the respective flow supplies are

1% = -Tn,

and | (14)
| b® = DB = DK ,

where the adjustment coetficients \; and Ay have dimensions

time’l, m 18 the rate of change of pricés, and K is the
. : 14

(value of the) capital stock, identically equal to R,

g gt

14. Under our assumptions, m ¥ 0 only out of equi-
{ibrium, and ¢ = 0,

Bonds in the present model represent & claim on
a real income stream, i.e., they are equities, and represent
claims on the capital stock. This allows us to inciude the
value of bonds i1n our definition of aggregate wealth. In the
ensuing analysis, no attempt will be made to distinguish be-
tween the capital stock itself and the tinancial assets
giving claims to ownership of that capital stock,

May erroneocusly retains the value of bonds in his
wealth concept when he aggregates from his model of the indi-
vidual to his model of the economy, failing to note_the netting
out effect of the inside bonds of his mode| [i.e., B in the
stock constraint and rB in the tlow constraint both go to zero
with aggregation. B then is the net excess demand tor bonds.]
in his model, then, we are |eft with the unsatisfactory detin-
ition of wealth as only outside money--there seems to be no
capital stock underlying the given output y. Hence our use
of equity bonds seems more satisfactory.
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A more general formulation would have each flow demand de-
pending upon both stock excess demands. The present case is
adhered to for éimplicity--a more complete analysis incor-
-ﬁorating optimizing behavior is presented in the appendix.
Flow equilibriuh in the assets markets requires the
respective equality of the tlow demands and supplies given
in (13) and (14) sbove, so we have two equations
19@3,r,0) = -Tr
and g _ (15)
b (¥,r,B) = DK,

1n two unknowns, 7 and DK. lhat is, at & moment aﬁ time the’
capital stock and the rate of interest are given, snd Tlow
equil ibrium serves to determine the rate of inflation (i.e.,
the rate of change of actual real balances) and the rate of
change of the cepital stock.'5

Alternatively, we could have looked at the instantan-

eous markets for stocks. From our stock-flow postulates (see

also Friedman) we could write

L = T(3,r,00); 31/3DT <o,

and N (16)
B = B(V.";DB): BBIBDB(O.

- ————

I5. By assumption, p, = I; 80 K = B = (s/p.r) where
s 1s the number of equities oltstanding and p is the price
level., Hence the flow supply of bonds conld also be repre-
sented as b® = B(n-ﬁ~DPlr? where r 18 the rate of change of s,
and n-m is then rate of change ot real income streams, and
acain we have two equations in two unknowns, n and Dr, given
some determination of n,
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ihat is, given the discrepancy between the actual and ultimate
desired stock, the traster the real stock is growing, the
smailer 1s the actual stock the asset holder may be willing
to hold at that instant. lhe long-run asset demands qiven
by equations (6) and (7) then may be treated as special ceases
ot the above instantaneous demand tunctions arising when
DU = DR = 0, i.e., arising 1n positions of long-run asset
equilibrium,

Instantaneous stock equilibrium gives rise to the

tollowino conditions:

) L = v/(')’-,",-l-“)
and (17)
B = ¥(¥,r,DK) ,

where we have substituted tor DL and DB. Again, treating r

as given at an instant of time, we have two equations in the

two unknowns, 1w and DK,

However, from our previous analysis of the ftlow aspects
of the market, and from our simple stock-flow relationships
contained in (13), we might write the instantaneous asset

demands as

and (18)

However, now analysis of the instantaneous demands
does not lead to any solutions to the mode! as there are no

unknowns involved., |In addition, the usual addina up properties
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. ~3 - 2 .
as applied to the short-run demands, i.e., ALf3y + aBfay are
no longer interesting--those partial derivatives now refer to

+he change in the instantaneous demand for some asset due to

a change in the expected level of income--holding the actual

asset holdings constant.

Concluding Remarks on the Stock Constraint

When consideration of stock disequilibrium such that
assets adjust To their long~run desired levels over time is
i ntroduced 1nto the analysis, we have seen that 1n positions
of other than full equilibrium that the stock constraint s
not & binding constraint in the usual sense. Iinstead, the
tlow constraint given by (19) becomes the binding constraint

on the wealth holders:|6
gd o194+ pd =7 +rB -c (19)

where sd is total planned savings and ¢ 1s consumption.
in case I, that corresponding to the individual, only the total

flow demand teor wealth given by 8 is determinate, whereas in

16. m® = 0, so R.i.S. of (19) is the excess of expected
income over planned consumption, and it is this which constrains
planned asset accumulation. Uf course, the exposticconstraint

says that actual asset accumulation equal ied the excess of
actual income, y * rB - 1L, over actual consumption, C.

[7., It is interesting to compare this to analysis of
the theory of investment. ltor example toley and Sidrausk1
state (p. 93):

The cost o ad justment view emphasizes equilibrium be-
tween a Tlow demand tor 1nvestment and a tlow supply
OQur view emphasizes a stock demand for capital and a

stock supply.
where “their view’' i3 essentially that presented by Witte
whereby the demand for a capttal stock determines the price of
capital, and investment is simply the output of the capilal
aqoods sector torthcoming at that price. Cont ’d
- ont. —_
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case 2 Eoth the individual fiow demands 19 and b? are. When
tull equitibrium 18 attained, tho ;tock constraint in terms
of the long~run asset demands becomes “eftective” whereas the
flow constraint, in one limited sense, will no longer be
“neffective” since consumption will identically equal out-
put (i.e., sd 2= 0, m=0 -- the “stationary state”).

Finally we concliude that when explicit recognition to
existence of costs of adjusting the composition of a port-
folio is made, the usual method of analysis (employed by, say,
May and by Foley and Sidrauski) is not legitimate without
also giving some explicit attention to the ultimate asset
demands and the necessary stock-flow adjustments inherent
therein, As is argued in Appendix B, it is preferable to
use mode[s of dynamic optimization when consideration of

short-run behavior ia central to the analysis,

s g P e T

o ——— — - et

it is interesting that the cost of adjustment view
emphasizes flow equilibrium in both cases,
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11, iMPLICATIONS FOR_DYNAMIC ANALYSIS

The considerations presented above are capable of
rendering insights into how the economy moves from one posi-
tion of Full equilibrium to another, and in this section we
will use a diagrammatic analysis to illustrate the process,

Consider first case |, where at any point in time the
asset holders current position is fully described by knowledge
of A, Given A, there is an equilibrium composition which is
a functiondof r--this composition determines the instantaneous
demands L and B, gnd since the composition can, by assumption,
be attained, this also serves to determine the actual stocks
T snd B, Thus, for any Kb, we can draw the negativelv sfoped
instantaneous asset equjlibrium curves AU&O depicted in Figure
2--this curve depicts the instantaneous demand for rea!
balances L as a function of the interest rate, given Aj,

There exists a whole family of such curves, one for each
possible A. An increase in A increases the quantity of real
balances demanded at each r, hence AA shifts to the right and
in the diagram, A A| corresponds to some K} >§b.

Also, for each given vafue of A, there is an interest
rate r for which that R s the long run desired wealth,

A7, i.e,, KO = K(?,ro); The locus of such points traces out

ey : . [
the |ong run asset equilibrium curve A’A’ in Figure 2.

- St y Sashant v i

13, Note again the analogy to the Marshallian dis-
tinction between short- and long-run supply.
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Flow equilibrium for this individual can also be de-
picted in r-L space, and 1s given by the upward-sfoping
curve C’C’ (see for example, May, p. 6) in Fig. 3. An in-
crease in C from such a point as W, generates an excess
supply of wealth and serves to reduce saving (possibjy becomes
negative). This excess supply is eliminated when L fTalls
back to its original level at the original interest rate
(back to W), or when the interest rate rises to "rationalize”
this new higher stock (point V). At the new higher interest
rate at Z wealth has adjusted to its long-run equilibrium
level. |f, however, we fixed the level of wealth initially,
the interest rate would only rise to equilibrate the com-
position of wealth, At this level savings would then be such
as to adjust the level of wealth over time as given by equa-
tion (9). Hence for any value of wealth, Ky sayv, we would
have a flatter “flow equilibrium” curve CyCqy, and again there
would be a family of such curves, one ftor each possible level
of wealth--see Figure 3.

The complete picture is then seen by superimposing
Fioure 3 on Fioure 2, as is done in Figure 4, Equitibrium
at any instant is given by the intersection of the AA and CC
curves corresponding to the given A: the fong~run equilibrium
is determined by the intersection of the C’C’ and A’A’ curves,
The individual adjusts over time along the locus of inter-
sections of corresponding AA and CC curves--that adjustment
path is labelled PP in Figure 4, At a point such as I there

s excess demand for wealthh and the individual will be saving;
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this causes A to rise and the respective AA and CC curves
shift to the right, and he approaches his long-run equilibrium
position E, |

Case 2, the case tor the aggregate economy, is some-
what more complicated--in particular, we can no loncer use a
single curve to represent either the short-run stock equi-
[ibrium or flow equilibrium. In fact, the analysis of short-
run stock equilibrium becomes singularily unhelpful (as
argued above,pp.k-), hence we turn our attention to the flow
equilibrium conditions,

As we have seen above, the tlow demands for each
asset are determinete, so that at any point in time we can
conceive of a set of three tlow equilibrium curves as depicted
in Figure 5. The six quadrants represent conditions in the

three markets as summarized in the following table.

st ~er e ]
e e e e e el et e et = =

Quadrantmarket goods money bonds

o —— gt

!

|

excess demand excess supply excess demand
excess supply excess supply excess demand
excess supply excess demand excess demand

— T T ——

excess supply excess demand excess supply
excess demand excess demand excess supplv
v excess demand excess supply excess supply

e ot e e vt e e =

By the tlow constraint, the three curves must have a
common intersection which determines the instantaneous equi-
fibrium - dn—inorosse—in—L—ereates—an-exeess aupphy of - money

snd—exeess) compatible with the given value of U, lence from
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equation (15) the rate of inflation at E| must be such as to
render L consistent with flow equilibrium in the money market
while simultaneously the rate of interest and rate of capital
accumulation must be such as to render the given B compatible
with flow equilibrium in Bonds.

Consider an initial configuration of ¥, r, T and B
such that there is long-run excess demand for both assets.
The average individual will then be refraining from consump-
tion (see equation (9’)) in order to accumulate assets--thus
there will be some rate of fal] of prices at which the goods
market will clear., Note that we are in a strict neo-
classical world where no separation of investment-savings
decisions is considered--the savings decision to accumulate
capital is directly channelled into a Flo@ demand for capital
“goods. The equilibrium E) depicted in Figure 5 is, of course,
only a Ysnapshot” of the economy at a moment in time--as the
price-level-changes the value of T changes and the inter-
section of the flow equilibrium curves moves to the Eight
and the jong-run or stationary state equilibrium is attained
when that intersection coincides with some point on the long-
run asset equilibrium curve A’A’ derived abgve, This i1s de-
picted as E* in Figure 6 below. At this point, all stock
variables are constant and all income is consumed--the flow

demands for both assets are zero.
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VAPPENDIX
Optimizing Behavior and the Specification of Asset Demands*
| This appendix represents an attempt to provide rigor-
ous underpinnings for the asset demand functions derived
and used in the text. A well recognized common deficiency
of recent macro-models incorporating asset behavior is the
lack of such underpinnings.’ In attempting to utilize the
calculus of variations to "solve” for the time path of de-
sired asset holdinas (see Figure |, p. 3), we hope to
alleviate some of the confusions prevailing in the current
| iterature that we discuss above, and to provide support
for the specifications argued Tor in the text.z We consider
in turn the two cases corresponding to the different

specifications of adjustment costs used in the text.

Case |, Theory of the Individual

Consider the representative individual having prefer-
ences defined over goods and money so that his welfare at
any point in time is given by a (time invariant) utility

function,

(A1) i, = e, , Zt)'

where cL and Zt are respectively the flow of consumption

- and the Ftow.of services from holding (a stock of) real

—————

- g —————

- r——

———

* Highly tentative and preliminary;comments anxiously
solicited.

. See, for example, Foley and Sidrauski, p. .
2, Our indebtedness to the pathbreaking work of
Miguel 3idrauski (and earlier, Frank Ramsey) will become

apparent,
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balances, For simplicity we assume a unit factor of pro-
portionality between the Tlow of services and the stock

held, and hence we can rewrite (Al) as

(A2) = U(e

" er L) o

Now, we employ the common technique of adding up
all utility streams as a construct to measure welfare;3
thus we consider this individual as acting to maximize the

present value of his future utility stream given by the

utility functional

(A3) W = Jp[u(ct, Lt)]é—dtdt,
(s

where § is his constant subjective rate of time preference,
As indicated in the text, this maximization process is
subject to two constraints--the stock constraint (3) and

the flow constraint (5); so we form the maximand
| T 8t
(Ad) I= 6}{U(ct,Lt) + AglytrBy-c-DAY + q [Ap-Ly-ByTje ™ dt

- sr Fleg, Ly By Ay DAy, t)de.

This specification reflects the arguments made in
the text whereby the individual is free to allocate his ex-
isting stock of wealth costlessly between the two assets and

hence his flow decision at a moment of time concerns only

. e

-

-

s+ g

3. See Koopmans for an excel lant discussion,
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his rate of change of total wealth, DA, and not the rate of
change of the individual assets., That is, at any éoment,
he makes two decisions: a stock decision relating to the
allocation of his existing wealth; and a flow decision con-
cerning the decision of his income between consumption and
overall wealth accumulation,

Then, following that argument, we get the well known
Euler equations (A5-A8) as the first order conditions for a
maximum (of A4) and the transversality condition (A9):

F
(A5) %7;; =0 s Ugley,ly) = A

F
(A6) H—~=0 = Uleg,by) = ag = htoy

o
e

t
(A7) %-g-;c» =0 = r=p,
(A8) %{; - D(gg-ﬁ{) =0 = Di/y= 6o,
(A9) im oy 678 _

Esoo tht

where )\, is the implicit price of consumption and pg = qtlxt
is the implicit return on holding bonds. The transversality
condition (A9) arises due tof?iffnite time horizon assumption,
and, roughly, requires that a zero value be attached to any
wealth in existenée at time t, as t approaches infinity.

From the equations (A5) and (A6) we can write the

flow demand for consumption goods and the (instantaneous)
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demand for real balances as functions of ), and Pgs OF
(A10) c, = clig.py)
(A11) Ly = LoOgrpeds

and equation (A7) says that the individual will hold bonds
to the point where his implicit return p, equals the market

rate of interest r, or

These equations are all derived for the given con-
dition of the initia! stock of wealth4 and for the given
rate of income y, so from the stock constraint we can solve

to write the demands as

c, = cl(At,xt,r)

(A13) Ly = Ly (Ag,ag,r)

o
i

B (A ag.r)s

Equations (Al3) aive the time path of optimal asset
holdings and consumption given the initial wealth, At' and
the level of income ;t and interest rate r. However these
are not suitable for inclusion in a macro model to be em-
pirically implemented due to the non—qgéntifiab!e argument

Mg Thus, to write the demands in a Full macro model re-

e

o

4., Note that knowledge of the total wealth position
At adequately describes the individual’s stock position at
any point in tine,
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quires the heuristic argument that, due to the assumptions
of time invariant preferences and a constant rate of time
preference, the implicit price of consumption depends on

wealth, income and interest rates, Hence we write

c, = c(§,F,At),

(A|4) _ Lt =W(§,F,A )t
B‘t. = K(?,P,A )l‘

which are essentially the demand specifications argued for

” instantaneous” asset

in the text, The last two give the
demands as a function of the parameters y and r and the
current level of wealth whereas the first equation gives
the optimal division of the current income stream between
consumption and accumulation; this division again depending

5 . e .
on current wealth, These are essentially the specifications

which appear in the text,

A et e e Pt ST et

A et e o o B NSt

O

5. A problem arises in terms ol "steady state”
analysis which requires the costate variable Ay to be con-
stant., This in turn requires ¢, = §. But = pr 80 steady
state requires the equality of Ehe two paraméters, § = r;
clearly a very special case. For the theory of the indi-
vidual one might let § be a function of actual wealth and
the above would then determine the equilibrium wealth posi-
tion. For the aggregate case analysed below the rate of
interest becomes endogenous. (An alternative approach which
occurs in the we!l known life-cycle model is to consider the
various individuals in the economy having different rates
of time preference and the rate of interest determined by
their interactions in the market place.)
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Case. 2, _Theory of the Aggregate Lconomy

Before proceding to consider the role played by
adjustment costs, it will be useful to analyse further the
basic model, %We wish to analyse the system developed in
Case | above modified to allow for the interest rate to be
endogenously determined rather than simply a parameter,

The laws of motion of the system are illustrated in
Figure 7 where the state variable Ay is reprgsented on the
horizontal axis and its co-state variable along the vertical.

The basic differential equations are reproduced here as
(5) DA = yirB-c,

(A87) Dy = A (é-p.)

In Figures 7A and 78 we draw the A stationary and
the )\-stationary respectively. In 7A we argue that an
increase in consumption reduces the implicit price of con-
sumption, i, and also the rate of accumulation by (5).
Hence in order to restore a zero rate of accumulation at
the higher rate of consumption, income must be higher--

i.e. wealth must be higher and hence the A stationary is
negatively sloped. Above the A-stationary there is positive
accumulation, and below, decumulation,

in Figure 7B, we argue that an increase in Ay causes
P to fall and hence D) to rise, In order to restore D) = 0
at the new higher )\ requires a fall in C%t - "the inmplicit

price of wealth”, so wealth rises and the )-stationary is
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also negatively sloped. Above the A-stationary D)\ is
positive and cgnversely bgiow.

In Figure 7C the unstable case occurring when the
A stationary is steeper than the ) stationary is ignored,
and we observe that we get a saddle point solution where
the stable branch is “picked” by the transversality condi-
tion. The equilibrium corresponds to the steady state
solution for A that all income is consumed, and the
division of A between money and capital gives rise to a
capital stock such that the maréinal product o? capital

equals the discount rate.

The Role of Adjustment Costs

We now wish to modify the above analysis to allow
for the role of costs of adjustment in attaining the desired
portfolio mix. As argued in the text, this implies that a
comp lete Specificétion of the_model would involve initial
values of both assets individually, and in turn, we expect
to achieve individual flow demands for cach asset. Two
possible models are examined;gthe first being the case of
fixed per unit costs (the case of, say, brokerage fees) and
the second, derivative from the theory of investment, ths

case of a quadratic cost function,

A, Brokerage Fees

llepe we assume that the purchase of bonds requires

payment of a fixed fee, T, per unit value of transaction,
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so that the flow constraint becomes
- (A15) DA = y+r8t—c-’t‘DBt

where it is now obvious that the rate of asset accumulation
not only is constrained by consumption but also by the com-
position of the additions to wealth., Ve form the new

maximand
(A16) I! = J{U(ct,Lt)ﬂ[wat-c-DA-rDBt] |

, -8t ( Y ol
+ qt[At-Lt-Bt]} e .J‘ F(c,, Ly, By, DBy A, DA t)dt,

The first order conditions then give rise to the
following Euler equations:
(A17) =0 s Ulegly) =g

c

(AIS) %{"é‘ = 0 = - UL(ct'Lt) = qt = lt‘Qt

(h19) 3~ - D(RE) = = e, +T(8ANN)

(A20) 2~ _ a(ﬁ? -

(A21) N P

Substitutine from A20 we can rewrite Al9 as
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(A197) e g 1+ )

which indicates the “distortion” in the bond market caused
by the introduction of transactions causes, Again, from
(A7) and (A13) we could write demand functions for consump-
tion and money as functions of the initial conditions, I,
and LO' and ) and p. And again from the bond equation and
the stock constraint we could now substitute 1 for e., except
now we notice that ), and py are not constants but will
chanac along thz optimum adjustment path according to (A19)
and (A20). This change in the implicit price of consunp-
tion and the implicit return to capital! reflects the change
in the own rates of interest as the rates of change of the
two assets change--hence our specification of the instan-
tancous stock demand functions given by equations {(16) in

the text, reproduced here as (A22) and A23).

(A22) L= ¢ (y,r,BD),
and
(A23) B =& (;,r,ﬁﬁ),

where implicitly the assumwption has been made that /DB
Together, these of course imply an instantaneous

demand for wealth, A = L+B, and the consumption function

(1\24) c = C{;,?‘,L,B),

whicl derives from the postulate tl.at instantaneous asset
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demands are held, i,e. L = 1,B = B,

6

B. Quadratic Costs
In this section we wish to postulate that the price

of bonds {capital) be an increasing function of the rate

of accumulation--this is analogous to the PPenrose Effect

as used by !zawa in his analysis of aggreaative growth

mode ts, fn this model we formulate the flow constraint as

follows:
(A25) DL = y+rBt—c-E(DB)

where E(B) is the “expenditure” on bonds at any moment,
The usuval specification is that E(0) = 0, E(DB)> 0,

E’(bB)> 0, E"(DB)> 0, which implies the quadratic

(A26) E(DB) = ¢.DB - e;(DB)z

0

so the price of bonds, mg , depends on the rate of accumula-

tion,
(A27) ﬁBt = ey + e DB.

Finally we note that from the stock constraint,
(A28) DA = DL + DB.

This, combined with the fact that ouwr initia! con-
ditions are given by LO and 30, means that the problem is

reduced to one involving only one constraint; (A25) above:

et N g At e

-~ T e T N e e At St AN el e " N et AR o g g e

6. For a similar approach as applied 4o the theory
of investment, see ). Gould,
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hence, we form the maximand.,
o o -] -8 A
(A29) T = {{u(ct,Lt)ﬂ[wat_c_t-DL-E(DB)]} e Otyy

- [ Yt
a’ F{c,,L,,DL,B, DB t)dt,

Y
w

Again, the first order conditions Tor a maximim ave

given by the following Suler conditions:

AN _a;E_,_ = .
(130) $Lom0 s ety

of .y, Cy .
(A31) ST D(avDLt)-z. 0 U (e,L,) = 2 LcA/A]

aF BJ; N _ . } ) 2
(A32) %5 D(é”nst")“ 0 $r = [¢-A/a]leyt2e DB]~2¢ DB

defore Ltrying to use these results to derive demand
specifications, it may be worthwhile attenpting to deal with

{(A32) in more detail.,

(A32) is equivalent to the condition that

(A (andf 4 0B N

which states thal in order for the existing capital stock
to be an equilibrium one, the discounted value of an incre-
ment to that capital stock equals the increase in the dis-
comnted value of the adjustment costs associaled with the

increased rate of accumulation.
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Again, by reasoning similar to that used above, we
can solve for the consumption function and the instantaneous
demand for real balances as functions of )i, the initial
condition §b and tO' and the rate of change of A,DA. ‘then
using (A32) we can substitute for r, yielding demand equa-
tion in terms of By, Lg, A, r, DB and DZB. fgnoring DZB and
making the same heuristic heroic arguments as abova, we

derive specification of asset demand of the kind in

equations (16) in the text.
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