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Abstract

When a central bank implements the LOLR, policy in a financial crisis, bank creditors
often infer a bank’s quality from whether or not it borrows from the central bank. We
establish a formal model to study the optimal LOLR policy in the presence of this signaling
effect, assuming that the central bank aims to encourage central bank borrowing to avoid
inefficiencies caused by contagion. In our model, there are two types of banks: a high
quality type with high expected asset returns and a low quality type with lower returns.
Both types of banks need to roll over their short-term debts. A central bank offers to lend
to both types of banks. After private creditors observe whether banks borrow from the
central bank, banks try to borrow from the private market. We find that there may exist
a separating equilibrium where only low quality banks borrow from the central bank; and
two pooling equilibria where both types of banks do and do not borrow from the central
bank. Our major results are as follows: (1) Considering the signaling effect, the central
bank should set its lending rate lower than the prevailing market rate to induce both types
of banks to borrow from the central bank. (2) Hiding the identity of banks borrowing from
the central bank will encourage banks to borrow from the central bank. (3) The central

bank may serve as a coordinator for the realization of its favored equilibrium.
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1 Introduction

The recent subprime mortgage crisis was full of drama. It is no doubt that one of its most
dramatic moments occurred on October 13, 2008 when the crisis was at its peak.! On
that day, the heads of nine major U.S. banks were invited to the Treasury department for
a meeting with the Treasury Secretary Henry Paulson. In the meeting, the bankers were
asked to accept a rescue package that combined several policies (e.g., a bank liability
guarantee and capital purchase from the government). With some banks reluctant to
accept the offer, Henry Paulson insisted that all the banks participate in the program.
His reasons were: first to restore market confidence quickly; and second to prevent the
market from drawing unfavorable conclusions about the quality of the participating banks,
“with the strongest banks in the country taking the money to provide cover to the weaker

banks that would follow suit.”?

This event is a vivid example of when government assistance can serve an important
signaling role. In particular, there is often a “stigma” associated with government assis-
tance: the action of a bank accepting government assistance is often viewed as a negative
signal about the bank’s asset quality, increasing its financing costs on the market. As a
result, banks are reluctant to seek assistance, and the government, trying to avoid conta-
gion, has to force a “pooling” equilibrium where all the banks, strong and weak, accept

assistance.

Another example of this signaling effect, where a government attempts to induce a
pooling equilibrium, is the Fed Reserve’s long history of hiding the identities of banks
using its discount window. As explained by Courtois and Ennis (2010), the Fed used to
regularly disclose only the total amount of discount window borrowing without disclosing
the identities of borrowers. Since the subprime mortgage crisis, where the Fed provided
large loans to financial institutions, it has been under increasing public pressure to disclose
more detailed information about discount window lending. As a result, for discount
window loans extended after July 21, 2010, the Fed is required to disclose more information
(e.g., the identity of the borrowers) in accordance with the provisions of the Dodd-Frank

Wall Street Reform and Consumer Protection Act. However, this information is required

!The following description of the event largely follows chapter 20 of Sorkin (2009), and chapter 6 of

Johnson and Kwak (2010).
2See page 524 of Sorkin (2009).



to be disclosed generally about two years after the loan has been extended.®* During the
subprime mortgage crisis, the Fed even created the Term Auction Facility(TAF) where
Fed loans are auctioned by participating financial institutions anonymously to better hide

the identities of loan recipients.

The above examples raise an interesting question: When a central bank attempts to
induce a pooling equilibrium, where all the banks seek central bank loans, what will be
the optimal LOLR policy in the presence of this signaling effect? Note that in this paper
we focus on a situation where the central bank aims to encourage central bank borrowing
from all the banks, including the weak ones. This situation is most likely to happen in
the time of crises, when the failure of weak banks may lead to the collapse of the whole
financial system through the contagion effect. In such a situation, the social cost caused
by the failure of weak banks is so large that the central bank cannot afford to let them
become bankrupt, regardless of any concerns about moral hazard. A typical example of
such a situation is the one cited at the beginning of this paper, where after the Lehman

Brothers” bankruptcy, the U.S. financial system was feared to be on the edge of collapse.

We establish a formal signaling game to provide theoretical guidance for a central
bank facing such a situation. In our model, there are two types of banks, a high quality
type with higher expected asset returns and a low quality type with lower returns. They
both need to roll over their short-term debts. The banks can choose either to borrow
only from the private market, or to borrow from the central bank first, and then borrow
the remaining funds from the private market. Banks’ type is private information and can
be observed by creditors on the market with a certain probability: A higher probability
implies that creditors have more precise information about banks’ quality. We also assume
that if a bank’s type is observed by creditors, they will never lend to a low quality bank,

but will charge a riskless rate of zero to a high quality bank.

We explore possible equilibria in such a game, and how different factors affect equilib-
rium outcomes. We find that there may exist three equilibria: a separating equilibrium
where only low quality banks borrow from the central bank and high quality banks do
not; a pooling equilibrium with both types of banks not borrowing from the central bank

(PNB hereafter); and a pooling equilibrium with both types of banks borrowing from the

3See “Changes to the Federal Reserve’s Practices Regarding Disclosure of Discount Window Lending

Information” on www.frbdiscountwindow.org.



central bank (PBB hereafter). A comparative statics analysis reveals the following major

results:

First, when central bank loans are offered with more attractive terms (e.g., a larger
amount and lower rate), both types of banks find central bank borrowing more attractive.
As a result, PBB and the separating equilibrium become more likely, but PNB becomes
less likely.

Second, if creditors on the market have more precise information about the banks’
quality, low quality banks will face tougher borrowing terms on the market. As a result,
they find central bank loans more attractive than market loans. For high quality banks, we
have the opposite result. Thus, with more precise information, the separating equilibrium

is more likely, but both pooling equilibria are less likely.

Third, in the two pooling equilibria, the equilibrium outcomes are affected by creditors’
belief off the equilibrium path, which is the probability of being high quality type that
creditors assign to a bank deviating from the equilibrium strategy. Both pooling equilibria
will become less likely with a more optimistic belief off the equilibrium path, because it

improves the market borrowing terms for a deviating bank.

We then explore the optimal LOLR policy in our game. We focus on the situation
where the central bank aims to induce PBB. Our major results on central bank LOLR

interest rate policy are as follows:

First, if the central bank wants both types of banks to borrow, then its lending rate
must be lower than the prevailing market rate. This is because the market rate is a break-
even rate that gives risk-neutral creditors an expected riskless return when the creditors
cannot observe a bank’s type. A high quality bank’s average market borrowing rate is
below this break-even rate, because with a positive probability, a high quality bank has
its type observed by creditors and is charged a riskless rate. Only when a high quality
bank does not have its type observed by creditors is it charged the break-even rate. Thus
in order to induce a high quality bank to borrow from the central bank, the central bank
lending rate must be below the break-even rate. This result provides insight into the

long-standing LOLR policy debate over the central bank lending rate.

Second, there is a non-monotonic relationship between the central bank’s lending rate



and its net revenue.* More specifically, its net revenue increases initially in the lending
rate, but has a downward jump when the lending rate reaches a threshold level. This
downward jump is caused by two effects: an adverse selection effect and a signaling effect.
The adverse selection effect exists because high quality banks will stop borrowing, while
low quality banks will continue borrowing as the lending rate increases. The signaling
effect exists because when the central bank’s lending rate is sufficiently high, it signals
that all the banks borrowing from the central bank are low quality ones. As a result,
these banks face tougher borrowing terms on the market, weakening their ability to repay
central bank loans, and decreasing the central bank’s net revenue.

We find this signaling effect particularly interesting because it is missing in most of the
existing literature on the LOLR policy. Our model reveals that it can play an important
role in determining the equilibrium outcome and the central bank should take this effect
into account when setting its policy. Since a higher lending rate not only deters high
quality banks from borrowing, but may also cause a severe liquidity problem for low
quality banks due to its signaling effect, the central bank may want to set a low rate, if
it aims to alleviate a liquidity shortage in the whole financial system.

Moreover, we examine the identity hiding policy in which the central bank commits to
hiding the information on whether or not a bank has borrowed from it. We find that with
this policy, the central bank is more likely to attain its favored pooling equilibrium (PBB)
(and avoid its unwanted pooling equilibrium (PNB)). This result is obtained under the
assumption that creditors believe that a bank not borrowing from the central bank must
be more likely to be high quality type than a bank borrowing from the central bank. This
assumption is reasonable because low quality banks have a stronger incentive to borrow
from the central bank due to tougher market borrowing terms that they face. With the
identity hiding policy, the strategy of not borrowing from the central bank cannot be
observed and signal that a bank is more likely to be high quality type. Similarly, the
strategy of borrowing from the central bank cannot be observed and signal that the bank
is more likely to be low quality type. As a result, the strategy of borrowing from the

central bank becomes more attractive, making PBB more likely and PNB less likely.

Finally, we explore other policies that may help attain PBB. In general, we find that

any policy that increases banks’ payoff from borrowing central bank loans and decreases

4The central bank’s net revenue is defined as its lending revenue minus the amount of its loans.



their payoff from not borrowing will help attain PBB. Moreover, when multiple equilibria

exist, the central bank may serve as a coordinator to direct banks toward PBB.

Our paper contributes to several strands of literature. It first contributes to the
literature on the LOLR policy. The early literature on the LOLR policy dates from
Thornton (1802) and Bagehot (1873). The more recent literature includes Goodfriend and
King (1988), Goodhart and Huang (1999), Freixas, Parigi, and Rochet (2004), Rochet and
Vives (2004), Pritsker (2013), and Li, Milne and Qiu (2015, forthcoming). In particular,
our paper is closely related to Ennis and Weinberg (2013). They build a sequential game
to explain why banks may choose to borrow on the interbank market even when the
interbank rate is higher than the rate available from the central bank discount window.
In their model, illiquid banks with different asset quality meet their liquidity need first
through borrowing either from a central bank or from the interbank market, and next
through selling their assets to investors who have imperfect information about their type.
Because interbank loan lenders have perfect information about the type of illiquid banks,
illiquid banks with low asset quality are more likely to borrow from the central bank. As
a result, investors who buy illiquid banks’ assets will infer the asset quality of an illiquid
bank from observing whether or not it borrows from the central bank. Thus similar to our
paper, central bank borrowing in their model serves a signaling role. Our paper differs
from theirs in two aspects. First, their paper does not contain a welfare analysis and
policy implications in the presence of the signaling effect. Our paper complements theirs
by focusing on how various central bank policies will induce PBB, the socially optimal
equilibrium. As a result, our model produces several policy implications. Second, our
model has a different structure. For example, because we wish to explore optimal polices,
we abstract from the interbank market and an asset market where investors buy banks’
assets. Instead, we simplify the bank’s source of private funds into a single private loan
market. In addition, in their model (by construction) investors form a unique belief about
a bank’s type using Bayes’ rule. While we build a signaling game in which creditors may
have various beliefs off the equilibrium path in the case of pooling equilibria. Thus, given
different beliefs off the equilibrium path, multiple equilibria may exist. We find this
feature of multiple equilibria particularly interesting because empirical evidence reveals
that in the time of crises, different countries might indeed reach different equilibria, which

could be potentially explained by creditors’ different beliefs off the equilibrium path.



Acharya and Sundaram (2009) provide a non-technical introduction to the main U.S.
policy tools adopted during the subprime mortgage crisis. These included the loan guar-
antee scheme administered by the Federal Deposit Insurance Corporation (FDIC) under
which the FDIC guarantees newly issued senior unsecured debts of banks. They compare
the loan guarantee policies in the U.S. and U.K., observing that “by adopting a one-size-
fits-all pricing scheme that is set at too low a level relative to the market rate” and “by
offering very little in terms of optionality in participation, the U.S. loan guarantee scheme
is effectively forced on all banks, giving rise to a pooling outcome.” The U.K. scheme used
a market-based fee structure and provided more optionality in participation, which would
appear to induce a separating equilibrium, allowing strong banks to opt out while weaker
banks choose to stay in the plan. Although our paper models central bank lending instead
of loan guarantee policies, the intuition behind the pooling and separating equilibrium in
their discussion is quite similar to that in our paper. Thus our paper provides a formal

model consistent with their informal policy observations.

Our paper is also related to the literature on adverse selection and signaling in financial
markets (e.g. Stiglitz and Weiss (1981), Leland and Pyle (1977)). In particular, in Stiglitz
and Weiss (1981), a high bank lending rate could drive away less risky borrowers because
the interest rate exceeds the maximum rate that they can afford. As a result, only
more risky borrowers with lower expected project returns will borrow, leading to a lower
expected profit for the lending bank. In our model, the central bank faces a similar adverse
selection problem when its higher lending rate drives away high quality banks, although
this time it is not because the borrowers cannot afford the rate but because they have
a better option of borrowing on the private market. However, in our model, the central
bank’s net revenue is also affected by a signaling effect, which is missing in the Stiglitz
and Weiss (1981) analysis.

The rest of the paper is organized as follows. Section 2 describes the environment of the
model. Section 3 characterizes the equilibrium outcomes and conducts comparative statics
to examine how different factors affect the equilibrium outcomes. Section 4 examines

central bank policies based on our model. Section 5 concludes.



2 The environment of the model

2.1 The main events

This is a two-period model with three dates denoted by t = 0, 1 and 2. There is a
continuum of banks in the economy, whose total size is normalized to 1. There also exists
a central bank. On date ¢t = 0, every bank has an exogenously given identical balance

sheet as follows.

Banks’ balance sheet on date 0

Long-term Assets: A | Short-term Debts : Dy

Equity: e

The long-term assets will mature on date 2. On date 0, these assets are expected
to yield a certain gross return rate of Ry > 1 on date 2. If the assets are liquidated
prematurely on date 1, then there will be a liquidation cost, which we will specify later.
The short-term debts Dg will mature on date 1. We assume that short-term creditors are
atomically small. Additionally, we assume that creditors are risk-neutral and will charge

a net riskless rate of zero on date 0. The banks will need to roll over the debts on date 1.

At the beginning of ¢ = 1, an unexpected aggregate shock hits the economy. As a
result, proportion A\ of the banks will not be affected by the shock, and their long-term
assets, if mature on date 2, will still yield a return of Ry. We call these banks H-type.
The remaining proportion 1 — A of the banks will be affected by the shock. Their long-
term assets, if mature on date 2, will have a return rate as follows: with probability p,
an up state is realized and the return rate is Ry. With probability 1 — p, a down state is
realized and the return rate is R, < 1. We call these banks L-type. The return rate of
every L-type bank is independently and identically distributed. The type of every bank is
private information: Every bank knows its own type, but this information is not publicly
known. However, the aggregate shock is public information: Market participants know
the proportion of both types of banks and the return rate for each type of bank. Figure
1 gives the timeline of this model.

After the shock, every bank needs to roll over its short-term debts of Dy. That is,
every bank has a liquidity need of Dy on date 1. Banks can raise funds through three

ways: borrowing central bank loans, borrowing on the market from short-term creditors,



Anunexpected aggregate shock hits the economy. The return rate
distribution of the type L banks assets are negatively affected.
(1)Stage 1:Banks decide whether to borrow from the central bank.

The initial balance (2)Stage 2: Banks borrow on the market. Banks liquidate assets if needed.

sheets of all the

banks are given. Assets mature,
banks repay loans.
[

0 1 2

Figure 1: The timeline

and liquidating long-term assets.

We assume that banks raise funds on date 1 in two stages. In the first stage, the central
bank offers a central bank loan of Log < Dy to every bank at a net rate of rog > 0.
Note that r¢p cannot exceed the highest interest rate that banks may be charged on
the market. Otherwise, banks will not borrow central bank loans. Every bank decides
whether to borrow central bank loans or not, and its decision is publicly observed. For
simplicity, here we consider only the case where a bank either does not borrow or borrow

the full amount of Lo from the central bank.

In the second stage, every bank raises funds from short-term creditors on the market.
At the beginning of this stage before the market rate is determined, we assume that, for
every bank, with probability ¢, there will be a public signal which perfectly reveals its
type. With probability 1 — ¢, there will be no such a signal. The probability for the
incidence of a signal for a bank is i.i.d among all the banks. Thus, for a bank with a
signal, because the signal perfectly reveals its type, creditors will ignore all the previous
information. However, for a bank without a signal, creditors will form their beliefs about

its type based on all the information available, which we will specify below.

Creditors lend to the banks in the following steps: after observing a bank’s signal (or
no signal), creditors decide whether to lend to it or not, and if yes, the rate to charge.
Since creditors are risk neutral, they will aim at an expected riskless rate of zero. Given
creditors’ offers, every bank then decides how many loans to borrow, and if necessary,
how many long-term assets to liquidate. A creditor cannot make his offer contingent on
the actions taken by the bank, such as the quantity of short-term loans that the bank
borrows and the quantity of long-term assets that the bank liquidates. The liquidation
technology is as follows. For H-type and L-type banks, each unit of the long-term assets



liquidated on date 1 will yield v and ~, units of liquid funds on date 1, respectively. We
assume that v, < vy < % < 1. That is, liquidation is so costly that both types of banks
become insolvent if they are forced to liquidate their assets on date 1. In addition, we
assume that v, < pRy + (1 — p)Ry. That is, it is socially costly for an L-type bank to

liquidate its assets.’

The liquidity need for every bank on date 1 can be summarized as follows. If the
bank does not liquidate any long-term assets, it will need to borrow a loan of Dy. More
specifically, if the bank has borrowed from the central bank, it will need to borrow a loan
of Dy — Lcp on the market. Otherwise, it will need to borrow a loan of Dy on the market.
If the bank liquidates its assets to repay part of its debts, then its liquidity need on date

1 will be reduced by the cash proceeds from liquidation.

Finally, on date 2, for banks that survive date 1 (i.e., their assets are not completely
liquidated on date 1), the return of their remaining assets will be realized. Banks repay
their loans, and keep the remaining assets as their equity. We assume the following rules
for loan repayment. If the bank’s total asset value equals or exceeds its total debts (which
equal the principal plus accrued interests), then all the debts will be fully repaid. If its
asset value is lower than its total principal, then its asset will be allocated proportionally

to the principal level of every creditor.®

2.2 Additional assumptions for banks’ decisions

This section specifies additional assumptions related to banks’ decisions on date 1. First,
we assume that every bank aims to maximize its expected equity. This assumption speci-
fies banks’ objective. Denote a bank’s net asset value as NV, and denote its equity value
as e. Note that e = max(NV,0). Thus, when a bank’s net asset value is negative, its
equity level is defined as zero.

Second, we assume that ARy < Dy, implying that an L-type bank’s date 2 asset value
in the down state is lower than Dy, the principal of its original debts, even if it does
not liquidate any long-term assets on date 1. Given this assumption, we arrive at the

following result.

5 A more detailed explanation about this assumption will be offered in Section 4.
6The case where a bank’s total asset is between its principal and total debts does not apply to our

model.



Proposition 1. In equilibrium, the net asset value of an L-type bank in the down state
s megative, and its equity in the down state is zero. As a result, an L-type bank aims to

mazimize its equity value in the up state.

Proof: See the Appendix. B
Note that for an H-type bank the up state is realized with probability 1. Thus both

types of banks share the same objective function.

Let r,,; denote the interest rate that an individual bank, say bank 7, faces when it

borrows on the market. We have the following result about banks’ borrowing decisions.

Proposition 2. If 1 +7,,; < f—g, an H-type bank will borrow on the market and will

not liquidate assets. If 1+ 1,,; > f—:, an H-type bank will not borrow on the market and
will liquidate assets to repay its debts. The similar rule applies to L-type banks, with f—g

replaced by f—f.

Proof: See the Appendix. B

The intuition of Proposition 2 is that banks will borrow on the market only when the
borrowing cost is lower than the cost of liquidating long-term assets. If an H-type bank
liquidates its assets, for every 1 unit of funds on date 1, it needs to sacrifice f—:{’ units of
goods on date 2. Similarly, an L-type bank needs to sacrifice % units of goods in the up
state on date 2. Therefore, if the borrowing cost is lower than the liquidation cost, banks
will borrow on the market. Otherwise, banks will choose to liquidate assets to repay their
debts.

Third, we assume that creditors’ gross expected return rate from lending to an L-type
bank is lower than the gross riskless rate of one. This assumption implies that creditors will
never lend to an L-type bank if they know its type, which greatly simplifies our analysis.

The detailed sufficient conditions for this assumption are given in the Appendix.

3 Equilibrium outcomes

This section characterizes all the possible pure strategy equilibria in this game. It turns
out that there are three pure strategy equilibria: a separating equilibrium in which L-type

banks borrow central bank loans and H-type banks do not, PNB in which both types of
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banks do not borrow central bank loans, and PBB in which both types of banks borrow

central bank loans.

3.1 The separating equilibrium

We first analyze the following pure strategy equilibrium: H-type banks signal their type
by not borrowing central bank loans, and L-type banks borrow central bank loans. The

payofts for each type of bank under the equilibrium and deviating strategies are as follows.

When an H-type bank follows the equilibrium strategy of not borrowing central bank
loans, with probability ¢, there is a public signal that reveals its type. With probability
1 — g, there is no such a signal. Since this is a separating equilibrium, creditors know for
sure that it is H-type. As a result, with or without the signal, the bank will be able to

borrow on the market at the riskless rate of zero. Hence, its date 2 equity value will be
€HNCB — ARy — Dy, (1)

where the subscript “NCB” means “no central bank loans”.

It is straightforward to see that an H-type bank has no incentive to deviate because it
is charged the lowest possible interest rate and attains the highest possible payoff under
the equilibrium strategy. If it deviates by borrowing first from the central bank and then
on the market, it would be charged an interest rate no lower than zero. Furthermore, with
a positive probability of no signal revealing its type, the bank will be viewed as L-type.
As a result, it will not be able to borrow additional loans on the market and be forced to

liquidate its assets, which is costly.

Next, we examine the condition for an L-type bank not to deviate from its equilibrium
strategy. Similar to the H-type bank case, when an L-type bank chooses the equilibrium
strategy of borrowing central bank loans, with or without a public signal that reveals
its type, creditors will believe that the bank is L-type. According to our assumptions,
creditors will not lend to it, and the bank can borrow only a central bank loan of L¢op.
Note that this equilibrium exists only when an L-type bank will not have to liquidate all
the assets after borrowing central bank loans, and its date 2 equity value in the up state is
positive, because otherwise the bank has no incentive to continue operating or to borrow

central bank loans.

11



Do—Lcp
YL

Because Dy > L¢p, the bank will have to liquidate I, = units of assets on

date 1 to repay its debts of Dy — Lop. On date 2, the bank’s equity in the up state is
u o o DO - LCB
et op=(A—1)Ry — Lop(1+rep) = ARp — Lop(1 +res) — RH’Y—' (2)
L

Note that when e} o5 < 0, this separating equilibrium does not exist. We need only
to consider the bank’s equity in the up state, because, as proved previously, the bank’s

equity in the down state is zero, and the bank aims to maximize its equity in the up state.

If an L-type bank deviates and does not borrow central bank loans, then with proba-
bility 1 — ¢, there will be no signal that reveals its type. Thus it will be viewed as H-type
and borrow a loan of Dy on the market at the zero rate. In this case, with probability p,

the up state is realized and its date 2 equity will be the same as that of an H-type bank:
er NeB.si—0 = ARg — Do, (3)

where s; = () means “no signal”. With probability ¢, there will be a signal. In this case,
the bank cannot borrow any loans on the market. In addition, because we assume that

v A < D, the bank will have to liquidate all of its assets, and gain zero equity.

Thus, the no-deviation condition for an L-type bank is that borrowing central bank

loans yields higher expected equity than not borrowing, that is,

peicp+ (1 —=p) x0>qx0+(1—q)pef nepg—p + (1 —p) x 0], (4)

which can be simplified to

ez,CB > (1 Q)qu,NCB,si:@)- (5)
We thus arrive at the following results:
Proposition 3. (1) The no-deviation condition for this separating equilibrium is €l cp 2
(1 =a)e} neps—o- (2) €t.op— (1= q)el nep.s,—p 1S increasing in Lep, decreasing in rog,

and increasing in q. Hence the equilibrium is more likely to exist when Lop 1s higher, rep

1s lower, and q s higher.

Proof: See the Appendix. B

The intuition for result (2) is that, higher Lop and lower rop will make borrowing

central bank loans more attractive to L-type banks. Thus they will be less likely to

12



deviate. A higher ¢ will make the equilibrium more likely to exist because when g is
higher, the market is more likely to observe a bank’s true quality, and an L-type bank
will more likely face a market freeze if it deviates. Hence, it has a weaker incentive to
mimic an H-type bank. As a result, if ¢ is high enough, an L-type bank would rather

borrow central bank loans, even when doing so will signal its type to the market.

Note that a separating equilibrium in which H-type banks borrow central bank loans
and L-type banks do not borrow cannot exist, because in this case L-type banks are

always better off by imitating H-type ones and will therefore always deviate.

3.2 PNB: both types of banks do not borrow central bank loans
3.2.1 The equilibrium market rate

In equilibrium, both types of banks choose not to borrow central bank loans. In stage
2 on date 1, banks borrow on the market. More specifically, banks with public signals
will borrow according to their true types, and the remaining banks without signals will
be charged the same market rate, which we denote as rj;. Because this is a pooling
equilibrium, rj; is based on creditors’ prior belief that a bank is H-type with probability
A

Here we need to first offer an explanation about the existence of a market rate. An
equilibrium market rate exists only when: (1) it can actually be paid by H-type banks
and L-type banks in the up state; (2) both types of banks are willing to borrow at this
rate; and (3) it will give creditors an expected riskless rate of zero, since we assume that
creditors are risk neutral. Note that if A or R} is too low, there can be a market freeze
where creditors stop lending. This is because for the interest rates that banks are willing
to borrow, creditors may gain an expected rate lower than the riskless rate of zero due to
their expected loss from lending to L-type banks. Therefore, the market freezes. Here,
we focus on the case where an equilibrium market rate exists, because otherwise, H-type
banks will always be better off by deviating to borrowing central bank loans, and this

pooling equilibrium cannot exist.

Using the condition that creditors must attain an expected riskless rate of zero, we

arrive at the following result:

13



Lemma 1. In PNB, an equilibrium market rate ry; should satisfy:

ARy,
Dy |’

1 = Ml+ry)+(1=X) [p(l-i‘?“M)"‘(l—P)

= (1 - AziL) (A+<11— Np 1) )

The intuition is as follows. When a creditor offers to lend, the bank is H-type with
probability A, in which case the bank will pay 1 + ;. With probability 1 — A, the bank

or equivalently

is L-type. With probability p, the up state happens, and the bank will pay 1+ r,;. With
probability 1 — p, the down state happens, and the bank will go bankrupt and pay a

recovery rate of AD%.

The above formula for r); satisfies only the third condition for the existence of an
equilibrium market rate. We must impose the additional assumption that

ARL) ( 1 ) . Ry ARy
1+ 11— — 1| <min{—, —— 8

such that the first and second conditions for the existence of an equilibrium market rate
hold. A detailed explanation about this assumption is provided in the Appendix.
3.2.2 Banks’ payoffs under the equilibrium and deviating strategies

For an H-type bank, with probability ¢, there is a signal indicating its type, which we
denote as s; = sy. With probability 1 — ¢, there is no signal, which we denote as s; = ().
When there is a signal, the bank can get the funds it needs at the riskless rate. Thus, its
date 2 equity value will be

€H NCB,s;=sy — ARy — D, (9)
When s; = (), the creditors will charge 7y, and the date 2 net value of the bank will be
e NCB,si=) = ARy — Do(1 4+ 71) (10)
The bank’s expected equity is

Eeyncs = qeuNcBs;=sy + (1 — Q)en neB,si—0 (11)
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Table 1: The outcome of different strategies in PNB

H-type banks

s; = sg Borrow Dy on the market at a zero rate.
Do not borrow Lop
si=10 Borrow Dg on the market at rp,.

s;i = sy Borrow Dy — Lop on the market at a zero rate.
Borrow Lop at rop ~
s; =0  Borrow Dy — Lcp on the market at 7a7cp.

L-type banks

s; = s, Cannot borrow any loans. Liquidate all the assets.
Do not borrow Lop
S; = Borrow Dg on the market at rp.

Positive equity if Ry is realized.

s; = s;,  Cannot borrow additional loans.
Liquidate assets to repay Dy — Lop.
Borrow Lop at rop B
s;=10 Borrow Dy — Lcp on the market at 7y7,cp.

Positive equity if Ry is realized.

For an L-type bank, with probability ¢, there is a signal and the bank cannot roll over
any loans. Because v, A < Dy, the bank will be forced to liquidate all the assets and gain
zero equity. With probability 1 — ¢, it can borrow at rj,. In this case, its date 2 equity
in the up state is the same as that of an H-type bank,

€] NCB,si=) = CH.NCB,s;=0 = ARm — Do(1 + rar), (12)

and its equity in the down state is zero. As a result, its expected equity is
Eerncs = (1- Q)peqli,NCB,sZ:@ (13)

Next, we derive a bank’s payoff when it deviates from the equilibrium strategy and
chooses to borrow central bank loans. Then we need to specify creditors’ belief off the
equilibrium path. Let A denote the probability that creditors assign to a bank being H-
type when observing it borrow central bank loans.” We impose the additional assumption

that \ < A, which means that if creditors observed a bank borrow central bank loans,

"We use ~ to denote the variables under the deviating strategy.
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their belief of the bank being H-type would be at most as high as their prior belief. We
impose this assumption because an H-type bank benefits relatively less from borrowing

central bank loans than an L-type bank.

After borrowing Lcp from the central bank, the bank needs to borrow the remaining
funds of Dy — Lop on the market. With probability ¢, the bank’s true quality will be
revealed. If the bank is H-type, it will be able to borrow the remaining funds at the zero
rate. If the bank is L-type, it will not be able to borrow any funds on the market and will
have to liquidate its assets to repay the remaining debt of Dy — Log. With probability
1—g, the bank’s type is not revealed, and the bank will borrow at a market rate of 7y, o,
if such a rate exists. Since the bank’s type is not revealed, creditors will decide 7y;cp
based on their belief off the equilibrium path, \. It turns out that when \ is sufficiently
high such that

Dy 1— A\ Dy — Les " VH
Tamop exists and equals (1 - A;JL) <:\+(11_5\)p — 1), which is similar to ry; in Eq. (7)

except that A is replaced by A. The derivations of 7y, cp and the payoffs when banks
deviate are provided in the Appendix. A summary of the outcomes under the equilibrium
and deviating strategies is provided in Table 1.

3.2.3 The no-deviation conditions

The no-deviation conditions are Eey yop > Eepcp for H-type banks and Fep nop >

Eep, op for L-type banks. We have the following results:
Proposition 4. (1) Provided that Eer, nop — Eercp > 0,
Eeyncs — Eencp > Fepnop — Eer o, (15)

implying that as long as an L-type bank does not deviate, an H-type bank will not deviate

either. The above condition holds without equality if we reasonably assume A< 1.2

8C'B means that this is a rate after borrowing central bank loans.
9\ = 1 means that creditors will view a bank deviating to the strategy of borrowing central bank loans

as H-type for sure.

16



(2) For an L-type bank, Eer nop > Eer cp tmplies that

(1 —q) [Do(Frmc — M) + Les(res — Tames))

Dy — L
—q max {O, [(A — O—CB)RH — Lep(1+ TCB)} } >0 (16)
L
(8) PNB is more likely to exist with a lower Leog, q, N, and higher rcg.

Proof: See the Appendix. B

Condition (15) means that once the no-deviation condition for an L-type bank is
satisfied, the no-deviation condition for an H-type bank must also be satisfied. The
intuition is that an L-type bank will benefit more from borrowing central bank loans than
an H-type bank. This is because when there is a signal, an H-type bank can borrow
at a zero market rate and will not benefit from borrowing Lcp of central bank loans at
rep > 0; while an L-type bank cannot borrow any loans on the market and borrowing
L¢p of central bank loans can lower its asset liquidation. Thus, an L-type bank benefits
more when deviating to the strategy of borrowing central bank loans than an H-type
bank. As a result, the essential no-deviation condition for this equilibrium to exist is the
one for L-type banks.

Our previous analysis focuses on the case where an equilibrium market rate, 77 cp,
exists when banks deviate. When X is sufficiently low and condition (14) does not hold,
Tar,cp Will not exist . In this case, if a bank deviates to borrowing central bank loans, it will
not be able to borrow any loans on the market without a signal. This will greatly reduce
banks’ incentive to deviate, because when 7y cp exists, the bank without a signal can at
least borrow at 75, cp and does not need to liquidate any assets. It can be shown that the
no-deviation condition will be satisfied more easily than in the case where 7);cp exists.

We omit the detailed derivations because the intuition for this result is straightforward.

3.3 PBB: both types of banks borrow central bank loans

In this equilibrium, both types of banks first borrow a central bank loan of Lsp, then try
to borrow the remaining funds on the market. We first find the payoffs for both types
of banks under the equilibrium and deviating strategies. Let 73,05 denote the market

rate for banks without a signal to borrow on the market under the equilibrium strategy.
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It is decided in the same way as 7a,cp, with \in Tacp replaced with A. Thus we find
that 7y cp = rar, where 7y is the equilibrium rate in PNB. This is mainly because both
interest rates are based on creditors’ prior belief . Again we focus on the case where
AR 1 ARy — Lep(1 R
1+<1— L) ( —1) Smin{ i~ Los( +TCB)’_H} (17)
Dy A+ (1—=XNp Dy — Lep YH

such that an equilibrium market rate exists.

Similarly, let A denote creditors’ belief off the equilibrium path when they observe
a bank not borrow central bank loans.'® Let 7, denote the market rate when a bank
deviates to the strategy of not borrowing central bank loans. Then we find that 7,; takes
the same form as rj;, with A replaced by A. We impose the additional assumption that
A > A, which means that if creditors observed a bank not borrow central bank loans,
their belief of the bank being H-type would be at least as high as their prior belief. We
impose this assumption because an H-type bank benefits relatively less from borrowing
central bank loans than an L-type bank. The derivations of the banks’ payoffs under the

equilibrium and deviating strategies are provided in the Appendix.

The no-deviation conditions are Feycp > Eéy nep for H-type banks and Eey cp >
Eép nop for L-type banks, where Eey cp(Eer cp) denotes the expected equity of an H-
type (L-type) bank under the equilibrium strategy, and Eéy nop(EéL yop) denotes the
expected equity of an H-type (L-type) bank under the deviating strategy. Similar to
PNB, we find that an L-type bank benefits more from the strategy of borrowing central
bank loans. As a result, in PBB, L-type banks will never deviate to the strategy of not
borrowing central bank loans as long as H-type banks do not deviate. Therefore, for the
equilibrium to exist, the essential no-deviation condition is the one for H-type banks.

Proposition 5 summarizes the results.

Proposition 5. (1) In PBB, L-type banks will never deviate as long as H-type banks
do not deviate. Thus, for this equilibrium to exist, the no-deviation condition for H-type

banks, Eercp > Eén ncp, which is given as follows,

(1 —q)Dolar — rmaeB) + Lepl(l — @)rvmes —rep) > 0 (18)

must be satisfied.

(2) PBB is more likely to exist with a higher Lcp and a lower rop, q¢ and .

10Here we use * denote the variables under the deviating strategy.
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Proof: See the Appendix. B

The above analysis is for the case where an equilibrium rate off the equilibrium path,
7, exists. If A is sufficiently low, an equilibrium rate may not exist and the market
freezes when a bank without a signal deviates to the strategy of not borrowing central
bank loans. In this case banks will be less likely to deviate than in the case without a
market freeze, because banks without a signal will not be able to borrow any loans on the

market. The detailed analysis about this case is omitted.

3.4 Possible multiple equilibria

Depending on parameter values, the no-deviation conditions for more than one equilibrium
can be satisfied simultaneously. For example, the conditions for the two pooling equilibria
to exist can be satisfied simultaneously. Thus these two equilibria can co-exist. Note that
although the no-deviation conditions for the two equilibria seem to be opposite to each
other, they depend on two exogenously given beliefs off the equilibrium path, X and \.

Different values for these two parameters make it possible for the two equilibria to co-exist.

In addition, the separating equilibrium and PBB may co-exist. Note that these two
equilibria differ in that H-type banks choose different strategies. In the separating equi-
librium, H-type banks do not borrow central bank loans, because they can get the best
rate when borrowing on the market. In PBB, H-type banks instead borrow central bank
loans. They may not want to deviate because deviating to the strategy of not borrowing
central bank loans will no longer give them a zero rate for sure. With probability 1 — ¢,
they will be charged the market rate 7, which is determined by creditors’ belief off the
equilibrium path, A If A is low enough, H-type banks will not deviate. As a result, these

two equilibria do not exclude each other.

However, the no-deviation conditions for the separating equilibrium and PNB cannot

be satisfied simultaneously, and these two equilibria cannot co-exist.

Proposition 6. If the no-deviation condition for the separating equilibrium is satisfied,

then PNB cannot exist.

Proof: See the Appendix. B

The intuition is as follows. When the no-deviation condition for the separating equi-

librium is satisfied, an L-type bank’s expected payoff difference from borrowing and not
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borrowing central bank loans must equal or exceed zero. It implies that the same payoff
difference for an L-type bank in PNB must exceed zero. As a result, an L-type bank
will always deviate to borrowing central bank loans. Too see this, note that in PNB,
an L-type bank’s expected payoff from borrowing central bank loans is higher than in
the separating equilibrium, because in the pooling equilibrium, an L-type bank may be
able to borrow more funds on the market after borrowing central bank loans, while in
the separating equilibrium, it cannot borrow any funds on the market due to a perfect
revelation of its type. On the other hand, an L-type bank’s expected payoff from not
borrowing central bank loans is lower than in the separating equilibrium, because in the
pooling equilibrium, the market rate is rj; > 0, while in the separating equilibrium, this

rate is zero.

3.5 Numerical Examples

In this section, we use numerical examples to illustrate the qualitative results in our model,
such as how the amount of central bank loans, L¢pg, central bank’s lending rate, r¢g, and
creditors’ beliefs off the equilibrium path, A and 5\, will affect the existence of different
types of equilibria. Here we do not intend to calibrate the data in reality to provide any
quantitative results.

We first specify the parameter values in the benchmark case as follows. We assume
that Ry = 1.3, R, = 0.6, p = 0.3, yg = 0.8, v, = 0.75, and A = 0.7. The asset level
is normalized to 1, that is, A = 1. In addition, Dy = 0.9, so that the initial equity
level is g = 0.1. As a result, ¢g/A = 0.1, which is slightly higher than the capital
adequacy ratio of 8% required by the Basel Accord. The central bank lending rate is set
at zero, that is, rcp = 0. These parameter values satisfy the assumptions given in the
environment of the model. In addition, in PNB, we assume that A = 0, which makes the
existence of the equilibrium most likely. For PBB, recall that we assume that 2>\ So
we assume that A = A = 0.7 in the benchmark case, which makes the existence of this
equilibrium most likely. Given the above parameter values, the equilibrium market rate,
rv = Tv,cp = 0.0886.

Figure 2 shows the results from the benchmark case and comparative statics exercises

on various parameters.
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Figure 2: Examples of three equilibria.

21



Figure 2(a) shows the results of the benchmark case. The separating equilibrium exists
for high values of Lo and ¢. As explained previously, this is because high values of Lop
and ¢ induce a stronger incentive for L-type banks to borrow central bank loans. A higher
Lcp makes borrowing central bank loans more attractive. A higher ¢ makes deviating to
not borrowing central bank loans less attractive for an L-type bank, because its type is

more likely to be revealed to creditors.

For similar reasons, PNB exists for low values of g or Lop. Note that the upper bound
for PNB is lower than the lower bound for the separating equilibrium. This is because
banks that do not borrow central bank loans are believed to be H-type with probability
A < 1in PNB, but with probability one in the separating equilibrium. Therefore, in PNB,
banks have a stronger incentive to deviate from the strategy of not borrowing central bank

loans.

It turns out that given parameter values in the benchmark case, PBB can exist for all
the values of ¢ and Leopg.'! The reason is that, given rcp = 0 and A= A, H-type banks
are strictly better off from borrowing central bank loans than from not borrowing. Thus
H-type banks will never deviate.!? In addition, as explained previously, L-type banks
have an even weaker incentive to deviate and will never deviate either.

As we can see, for certain values of Lop and ¢, no-deviation conditions for PBB and
the separating equilibrium (or PNB) can be satisfied simultaneously. But PNB and the
separating equilibrium cannot co-exist.

The remaining panels of Figure 2 show the results of comparative statics on the central
bank loan rate, rop, and creditors beliefs off the equilibrium path, A and A

Figure 2(b) shows how a higher r¢p affects the separating equilibrium. When rop
is increased from 0 to 0.02, borrowing central bank loans becomes less attractive. Thus

L-type banks have a stronger incentive to deviate to not borrowing central bank loans.

11We hence do not indicate the region for this equilibrium to exist in the figure.
12\When an H-type bank borrows central bank loans, it first borrows Lop at a zero rate. Then if there

is a signal that reveals its type, it will borrow the remaining loans on the market at a zero interest rate.
If there is no signal, it will borrow the remaining loans on the market at rp; cp. In the case where the
bank borrows only from the market, if there is a signal, it will borrow all the loans on the market at a
zero rate, and its payoff is the same as when borrowing central bank loans. If there is no signal, given
that \ = A, it will borrow all the loans at #3; = ras,cp, and its payoff is strictly lower than that from

borrowing central bank loans.
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As a result, the lower bound for the existence of the separating equilibrium shifts up.

Figure 2(c) shows how a higher r¢p affects PNB. A higher r¢p reduces banks’ pay-
off from borrowing central bank loans, inducing them a weaker incentive to deviate to
borrowing central bank loans. Therefore, the region for PNB to exist expands.

Figure 2(d) shows how PBB is affected when we increase rcg. When rop is higher,
borrowing central bank loans becomes less attractive. Given that A=0.71is unchanged,
with rcp raised to 0.02, H-type banks will deviate to the no-central-bank-loans strategy
when ¢ is high. This is because with a high ¢, H-type banks are more likely to borrow at

a zero rate on the market when they deviate.

Figure 2(e) shows how a higher A affects PNB. A higher A will lower the interest
rate that banks are charged on the market after borrowing central bank loans, inducing
a stronger incentive for L-type banks to deviate to borrowing central bank loans. As a

result, the region for PNB to exist shrinks.
Figure 2(f) shows how PBB is affected when creditors’ belief off the equilibrium path,

5\, is increased to 0.8 in the benchmark case. A higher A will lower the market rate at
which banks borrow on the market when banks deviate to not borrowing central bank
loans, and makes the deviating strategy more attractive. Thus, H-type banks will now
deviate when Lgp is low enough, rather than never deviate for all the values of Lop as
in the benchmark case. The figure also shows that when both \ and rop are raised, the
region for PBB to exist will shrink further. The equilibrium will exist only in the region
with rather high values of Lop and low values of ¢. This is because a higher rop makes
the equilibrium strategy of borrowing central bank loans less attractive, while a higher A

makes the deviating strategy more attractive.

In sum, the above numerical examples reveal that a higher Lop and lower rop will
make the strategy of borrowing central bank loans more attractive for both types of banks.
A higher ¢q will induce L-type banks a stronger incentive to borrow central bank loans, but
will induce a weaker incentive for H-type banks to do so, because they will have a higher
payoff from the strategy of not borrowing central bank loans, due to a larger chance for
them to get loans on the market at a zero rate. In addition, a higher ), creditors’ belief
off the equilibrium path in PNB, will make the deviating strategy of borrowing central
bank loans more attractive for both types of banks, while a higher 5\, creditors’ belief off

the equilibrium path in PBB, will make the deviating strategy of not borrowing central
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bank loans more attractive for both types of banks.

4 Central bank policies to induce borrowing

4.1 Why the central bank may prefer banks to borrow

In this section, we will analyze in more detail central bank policies to induce banks to
borrow central bank loans. But first, we need to explain why the central bank may
prefer banks, including L-type banks, to borrow central bank loans. To understand it,
first note that in our model PBB is socially optimal. This is because in our model, by
assumption, asset liquidation, including L-type banks’ asset liquidation, is socially costly.
More specifically, for an H-type bank, one unit of assets will produce Ry unit of goods
on date 2. If the asset is liquidated on date 1, it will become 4 unit of goods. Because
v < Ry, the social cost of one unit asset liquidation is Ry — yy. Similarly, for an
L-type bank, on unit of asset will on average produce pRy + (1 — p) Ry, unit of goods
on date 2. If liquidated, the asset will produce ~; unit of goods on date 1. We have
assumed that v, < pRy + (1 — p)R. As a result, liquidation for L-type banks is also
socially costly. Thus if we ignore the distributional effect and measure social welfare by
the aggregate output level in the economy, the equilibrium that produces the least asset
liquidation will be socially optimal. It is straightforward to see that PBB leads to the
least asset liquidation and is socially optimal. We must point out that our model ignores
moral hazard caused by the LOLR policy because in our model banks cannot choose the

type of their assets ex ante.

In essence, our assumption that liquidation of L-type banks is socially costly is a
short-cut way to model a situation where the social cost associated with weak banks’
bankruptcy is so huge in the time of crisis that the central bank cannot afford not offering
emergency liquidity assistance to them, despite its concern for moral hazard caused by
such a policy. This social cost could be collapse of a whole financial system caused by
the contagion effect, which has been studied by a large body of literature.!® In the recent

subprime mortgage crisis, such a situation occurred in the U.S., which explained why

13The related works include Allen and Gale (2000), Chen (1999), Kiyotaki, and Moore (1997, 2002),
Li, Milne, and Qiu (forthcoming), and Pritsker (2013) among many others.
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the U.S. government took various measures to induce all the banks to accept financial
assistance from the government. Our model aims to examine what types of policies will
better serve this purpose. However, it is possible that the central bank places moral
hazard as its priority and intends to lend only to healthy banks, which tends to happen
when the crisis is less severe and the failure of distressed financial institutions will not
cause a systematic collapse of the financial system. Such a situation happened in the U.K.

in the recent subprime crisis, which is not considered in our model.

Note that the central bank plays a role that cannot be replaced by creditors on the
market in lowering banks’s asset liquidation. The reason is as follows. After the neg-
ative shock, an L-type bank can no longer fully repay its original creditors and at the
same time pay new creditors an expected return rate of the riskless rate. However, an
individual original creditor still requires the bank to fully repay his loans by using newly
borrowed loans or proceeds from liquidating assets, even when doing so will lead to costly
liquidation of the bank, and reducing the bank’s ability to repay new creditors. Facing an
expected return rate below the riskless rate, new creditors will refuse to lend, which will
in turn reduce the actual payment that original creditors will receive. Therefore, there
is coordination failure among creditors in our model. Original creditors lending on date
0 have no incentive to internalize banks’ liquidation cost and the payoff of new creditors
lending to banks on date 1. As a result, an L-type bank may fail to get loans and be
forced to liquidate its asset even when it is social welfare improving for its project to

continue until date 2.

4.2 Interest rate policy and its signaling effect

In this section, we explore in more detail the central bank’s interest rate policy. We will
focus on three aspects: (1) the relationship between the central bank lending rate and
the prevailing market rate; (2) the relationship between the central bank’s net revenue
and the interest rate it charges; (3) the signaling effect of the central bank’s interest rate
policy.

First, let us examine the relationship between the central bank lending rate and the
market rate. From our previous analysis, we know that if the central bank wants both

types of banks to borrow from it, then its lending rate must be low enough to attract
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H-type banks. Now we will prove that the central bank lending rate must be lower than
the market rate to induce PBB.

Recall that in PBB, for banks with no signal, creditors on the market will offer the
rate of s cp based on their prior belief, . Let us call this rate as a break-even rate, since
it gives creditors an expected riskless rate of zero. This break-even rate is shared also by
the central bank, because the central bank shares the same belief as creditors. However,
in order to induce PBB, the central bank must offer a rate lower than this break-even

rate. Proposition 7 summarizes the result.

Proposition 7. Given the assumption that A > A, in order to attain PBB, rcp must be

lower than the break-even rate (or the market rate) based on creditors’ prior belief, .

Proof: See the Appendix. B

The key intuition here is that, because an H-type bank has a stronger incentive to
deviate from the strategy of borrowing central bank loans, the interest rate policy must be
attractive enough not only to both types of banks on average, but also to H-type banks.
Because the break-even rate is determined based on the expected returns from both types
of banks, it takes into account the relatively lower expected returns from L-type banks.
H-type banks, on the other hand, will be able to borrow on the market at a rate lower
than the break-even rate when its type is revealed. As a result, the central bank lending

rate must be lower than the break-even rate to induce H-type banks to borrow.

In reality, central banks sometimes indeed offer loans at a rate lower than the prevail-
ing market rate. The idea that the central bank provides cheap loans to private banks
contradicts the famous Bagehot’s rule that argues that central bank loans should be lent
at a rate higher than the prevailing market rate. Our model justifies such a policy in the
case where the central bank intends to induce all the types of banks to participate in an

emergency lending project.

The above result has further implications on the central bank’s net revenue, which
is defined as the central bank’s lending revenue deducted by the amount of central bank
loans. In particular, we find that the central bank’s net revenue is non-monotonic in the
interest rate it charges. It is possible that when the central bank charges a lower rate to
induce all the banks to borrow, its net revenue is actually higher (or its loss is lower). To

see this, note that the central bank faces a typical adverse selection problem studied in
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Stiglitz and Weiss (1981). When the rate is low, both types of banks will borrow, and
the central bank’s net revenue is increasing in the rate. However, when the rate exceeds
a certain threshold level, H-type banks will stop lending, leading to a lower net revenue

for the central bank. Below, we use numerical examples to illustrate this result.'*

Figure 3 shows how the central bank’s net revenue changes in rop when Log = 0.6,
¢ = 0.6, and A = 0.8 (7y; = 0.0543). The remaining parameter values are the same as
in the benchmark case. The market rate after banks borrow central bank loans is still
ra,op = 0.0886 as in the previous numerical examples. It turns out that both PBB and
the separating equilibrium exist when rcp < 0.0148. Assume that the central bank can
always coordinate all the banks toward PBB as long as it exists. Then we find that the
central bank’s net revenue is increasing in rcp when reg < 0.0148: Given a constant loan
level of Lo, a higher rop will yield a higher net revenue, because when Ry is realized,
the central bank is fully repaid and receives a higher interest income with a higher R¢p.
Note that because rop is below the break-even rate, the central bank’s net revenue is
negative.!®

When rep > 0.0148, H-type banks will deviate to not borrowing central bank loans.
As a result, PBB cannot exist and only the separating equilibrium exists, in which only L-
type banks borrow central bank loans. In this case, because H-type banks stop borrowing,
there is a downward jump in the central bank’s net revenue level at rop = 0.0148. Note
that this downward jump is caused by two reasons: (1) H-type banks stop borrowing, who
would have bring a relatively higher net revenue for the central bank if they borrowed; (2)
The equilibrium switches from PBB to the separating one. In the separating equilibrium,
L-type banks have their type fully revealed to creditors and face a market freeze. They
are hence forced to liquidate their assets and their repayment to the central bank is lower
than in the PBB case without a market freeze. Thus we find that the downward jump is
caused by two effects: an adverse selection effect and a signaling effect caused by a high
central bank lending rate, which leads to the perfect revelation of the type of banks who

borrow central bank loans.

14 An analytical derivation of the central bank’s net revenue is provided in the Appendix.
15The central bank’s net revenue can better be thought of as a relative one to the fair profit earned by

the market. A negative central bank net revenue is due to the assumption that the riskless rate equals
zero. As a result, a break-even rate will yield a zero profit. If we set the riskless rate at a higher level so

that a break-even rate earns a positive profit, then the central bank’s net revenue could become positive.
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Figure 3: The central bank’s net revenue. Lop = 0.6, ¢ = 0.6, A=0.38.

When rep increases further from 0.0148, our numerical example shows that the sep-
arating equilibrium continues existing when rop < 0.0333. Thus when rop falls in this
range, the central bank’s net revenue starts to increase again, because the central bank
can now receive a higher repayment from L-type banks when the up state is realized. In
order to separate the adverse selection effect from the signaling effect, we also calculate
the central bank’s net revenue if the creditors continue charging a rate based on their
prior belief, A\, which is given by the dash line.

The above analysis highlights the importance of the signaling effect of the interest rate
policy. In our model, the central bank lending rate does not only affects banks’ payoffs
directly through changing banks’ central bank loan costs, but also affects creditors’ beliefs
about the types of banks who borrow central bank loans and subsequently their borrowing
costs on the market. Creditors can infer from the central bank lending rate the borrowing
banks’ type. If the central bank’s lending term is tough, then banks that borrow central
bank loans may also face a tough term on the market, because creditors on the market
will believe that banks borrowing central bank loans despite the tough term are likely to
be L-type. Thus the central bank should take this effect into account when implementing
the LOLR policy.

In the above example, at the level rop where H-type banks deviate, the separating
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equilibrium exists so that L-type banks will continue borrowing central bank loans. With
alternative parameter values, it is also possible that PNB exists instead in which L-type
banks will also switch to not borrowing central bank loans. For example, suppose that
Lep decreases to 0.4, with all the other parameter values unchanged. Then H-type banks
will switch at rog = 0.0045. In this case, provided that A is low enough, PNB rather than
the separating equilibrium exists. Thus in equilibrium both types of banks will not borrow
central bank loans. That is, when H-type banks deviate, L-type banks may choose to
mimic H-type banks to hide its type.

4.3 Identity hiding policy

In the above analysis, we assume that the banks’ action of borrowing central bank loans
can be observed by creditors on the market. In this section, we examine the case where
the central bank can hide the identities of the borrowers. For example, the central bank
can commit to not revealing to the public the identities of the banks borrowing central
bank loans. In this case, creditors can no longer observe whether a bank has borrowed
from the central bank or not. Intuitively, banks will be more likely to borrow, because
borrowing central bank loans will no longer reveal negative information about banks’

quality to creditors. We arrive at the following results.

Proposition 8. With the identity hiding policy, there may exist two pooling equilibria,
PNB and PBB.

(1) In both equilibria, all the banks without a signal revealing their type will be charged
the same market rate, r,,, no matter they have borrowed from the central bank or
not. Here r,, = ry = o, where vy and rycp are derived previously in the no

wdentity hiding policy case. In addition, PNB exists when

Dy — L
pmax {O, (A - OV—CB> Ry — Lop(1+ T’CB)} + (1 — q)pLep(rm —rep) < 0(19)
L

PBB exists when rep < (1 — q)ry,.'0

16Here we assume that when banks are indifferent between borrowing or not borrowing central bank

loans, they choose not to borrow.
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(2) Compared to the no identity hiding policy case, the identity hiding policy makes PBB
where banks choose to borrow central bank loans more likely, provided that A> N\ It
also makes PNB where banks do not borrow central bank loans less likely, provided
that X < \.

Proof: See the Appendix. B
The main intuition of Proposition 8 is as follows. With the new LOLR policy, creditors

on the market will no longer observe whether a bank has borrowed from the central bank
or not. Therefore, they will not be able to charge a different rate on banks that have and
have not borrowed from the central bank. Because L¢p is not large enough to meet the
banks’ entire liquidity needs, all the banks will need to borrow loans on the market no
matter they have borrowed from the central bank or not. As a result, for any bank that
borrows on the market, creditors’ belief about it being H-type is simply the prior belief,
A, and the market rate, r,,, will be the same as r); and r)s ¢, which are derived before in
PNB and PBB, respectively. Because L-type banks have a stronger incentive to borrow
central bank loans than H-type banks, the no-deviation condition for PNB is given by
L-type banks’ no-deviation condition, which is Condition (19). While the no-deviation
condition for PBB is given by H-type banks’ no-deviation condition, rcp < (1 — ¢)rp,.
Result (2) means that banks have a stronger incentive to borrow central bank loans
in both PNB and PBB with the identity hiding policy than without the identity hiding
policy. Too see this, note that PNB and PBB with the identity hiding policy can be
thought as a special case of PNB and PBB without the identity hiding policy, where the
beliefs off the equilibrium path, A and 5\, are assumed to equal the prior belief, A. It means
that creditors on the market do not infer the type of a bank from its action of borrowing
central bank loans. In PBB, if A > A, then creditors will raise their belief about the bank
being H-type over their prior belief when they observe a bank not to borrow central bank
loans, which will induce banks a stronger incentive not to borrow central bank loans. As
a result, the identity hiding policy makes banks more likely to borrow central bank loans.
Similarly, in PNB, if A < A, then creditors will lower their belief about a bank being H-
type over their prior belief when they observe it borrow central bank loans. The identity
hiding policy will then again make banks more likely to borrow central bank loans. As
shown before, L-type banks benefit more from borrowing central bank loans than H-type

banks. As a result, it is reasonable to believe that creditors’ beliefs off the equilibrium
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path in the real world satisfy A>Xand A < A, and, consequently, the identity hiding

policy will make banks more likely to borrow central bank loans.

Proposition 9. With the identity hiding policy, there may exist a separating equilibrium

where only L-type banks borrow from the central bank. In this equilibrium, all the banks

without a signal revealing their type will be charged the same market rate, r; , which is
given by
AR 1
P = (1—- L) ( —1) (20)
DO A%+ (1 - )\S)p
where \° = /\Do+(1—/>\l))((bo—LCB)‘ In addition, r;, < r,,. The equilibrium ezists when

Dy— L
pmax {O, <A — OTCB> Ry — Lep(1+ TCB)} + (1= q)pLep(r), —reg) >0 (21)

and regg > (1 —q)rs,.

Proof: See the Appendix. B

The intuition of Proposition 9 is as follows. In the separate equilibrium, with the
identity hiding policy, creditors cannot identify banks’ types by observing whether or not
they borrow from the central bank. However, creditors know the proportion of each type
of banks. In addition, creditors know that H-type banks will borrow D; on the market,
while L-type banks will borrow only Dy — Lep in this equilibrium. Since we assume that
each creditor is atomically small, his probability to be approached by an H-type bank is
given by A* = AD0+(17)\)\§)(3)07LCB)
have a more optimistic belief than their prior belief, because in equilibrium H-type banks

. It is straightforward to see that A* > A, that is, creditors

will borrow more than L-type banks. As a result, r;, < ry,,, because r,, is calculated based
on the prior belief.

Figure 4 compares the results with and without identity hiding, using a numerical
example with rcp = 0.02. The values for the remaining parameters are the same as in
the benchmark case. Note that in this example, rcp < 1, = ry = 0.0886. Figure 4(a)
gives the results with identity hiding, while Figure 4(b) gives the result without identity
hiding, with A = A = A = 0.7.

First, note that in Figure 4(b), PNB exists below the line AC, while in Figure 4(a),

PNB does not exist. This is because in this example, rcp < r,,. Given this condition, the

31



1 ‘ ‘ ‘ ‘ ‘ ‘ 1 ‘ ‘ A

0.8 F Separating G os8D DD — ‘:}\«Separating l
--------- T . Equilibrium T I *OEquilibrium E
0.6 PBB 0.6 PBB W
q S q N
0.4 0.4 B
\ e
0.2 | 0.2
YH
0 0
0 01 02 03 04 05 06 0.7 0o 01 02 03 04 05 06 07
LCB LCB
(a) The identity hiding case (b) The no identity hiding case

Figure 4: Equilibrium outcomes when rcp—g.92.

no-deviation condition for PNB (Condition (19)) cannot be satisfied. This is consistent
with the result that in the identity hiding case, PNB is less likely to exist. Second, in
Figure 4(a), PBB exists below the line F'G, while in Figure 4(b), PBB exists below the
line DE. These two lines are identical, because in the identity hiding case, the market
rate is determined by creditors’ prior belief, A\, while in the no identity hiding case, the
market rate for banks not borrowing central bank loans is determined by 5\, which is
assumed to be A in this particular example. Since the market rates in these two cases
are the same, the no-deviation conditions that determine the lines F'G and DFE are also
the same. If we use a more reasonable assumption that A > A, then the region for PBB
in Figure 4(b) will shrink, because banks will be more likely to deviate to not borrowing
central bank loans. This is consistent with the result that given A > A, PBB is more likely
to exist with identity hiding. Finally, in Figure 4(b), the separating equilibrium exists
above the line AB, while in Figure 4(a), the separating equilibrium exists above the line
FH. Thus with identity hiding, as L¢p increases, the separating equilibrium can exist
with a lower ¢. As we explained before, this is because a higher Lop means that L-type
banks will borrow less loans on the market. As a result, the probability for creditors to
lend to an H-type bank is higher, resulting in a lower market rate. Hence, H-type banks
will have a stronger incentive to borrow from the market and will choose the strategy
of not borrowing central bank loans starting from a lower q. Note that in some regions

where only PNB can exist in the no identity hiding case (such as the regions left to AC
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and above DFE in Figure 4(b)), the separating equilibrium can also exist with identity
hiding. This is because identity hiding gives L-type banks a stronger incentive to borrow

from the central bank in those regions.

Note that the identity hiding policy has its limits. For example, when the U.S. Treasury
and the Federal Reserve provided loans to the major U.S. commercial and investment
banks after the failure of Lehman Brothers, then politically, it is difficult to hide the

borrowers’ identity and the size of the loans.

4.4 Other policies

In our model, the central bank aims to induce PBB where both types of banks borrow
from the central bank. Generally speaking, any policies that make PBB more likely to
exist will be favored. Our previous analysis has revealed that a higher Lop and low rep
will serve this purpose. Meanwhile, we find that a higher ¢ makes this equilibrium less
likely to exist. Thus our model presents an interesting result: in a severe financial crisis
when the government cannot afford failing distressed financial institutions due to the fear
of a systematic collapse of the financial system, more ambiguity in the market about
banks’ quality can actually facilitate the implementation of the LOLR policy.

On the other hand, any policies that make other equilibria less likely to exist will
also help the central bank achieve its goal, since it will reduce the strategic uncertainty
about which equilibrium will be realized by reducing the chance for PBB to co-exist with
other equilibria. A higher Lop and low rop will make PNB less likely, but will make the
separating equilibrium more likely. Similarly, a higher ¢ will make PNB less likely, but
will make the separating equilibrium more likely.

In our model, creditors’ beliefs off the equilibrium path in PNB and PBB, \ and 5\,
are exogenously given. Suppose that the government could use certain means such as
media to affect the public opinion. Then we find that a higher X or lower A will help
the government achieve its goal. That is, when creditors observe a bank borrow from the
central bank while others do not, they believe that this bank is not necessarily an L-type.
As a result, PNB is less likely to exist. On the other hand, when creditors observe a
bank not borrow from the central bank while others do, they believe that this bank is not

necessarily an H-type. As a result, PBB is more likely to exist.
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The central bank can also serve as a coordination tool to induce the realization of
PBB. Our model reveals that even when PBB exists, it can co-exist with either PNB or
the separating equilibrium. There is still strategic uncertainty about which equilibrium
will be realized. Thus the central bank can play a role in coordinating all the banks
toward PBB, such as ordering all the banks to borrow central bank loans, or bringing all

the banks together to facilitate their cooperation.

5 Conclusions

This paper studies the optimal LOLR policy when banks’ borrowing from the central
bank is used as a signal about their quality. In particular, we focus on a situation where
a central bank aims to induce central bank borrowing from all types of banks, strong
and weak. This situation can occur in a financial crisis, when the whole financial system
is in danger of a systematic breakdown due to contagion induced by the failure of weak
banks. In such a situation, the central bank may decide to rescue weak banks to avoid a
systematic breakdown, regardless of concerns for moral hazard. Thus our paper focuses
on crisis management without considering the ex ante choices of banks induced by this
LOLR policy. In a companion paper, Li, Milne, and Qiu (2015) study the optimal LOLR
policy to prevent a crisis. In that paper, we focus on a situation where the central bank

aims to lend only to strong banks to discourage risk-taking behavior of banks ex ante.

The model in this paper shows that there are three types of equilibria: a separating
equilibrium where only low quality banks borrow from the central bank and two pooling
equilibria where both types of banks borrow and do not borrow from the central bank. The
separating equilibrium and the pooling equilibrium (where both types of banks borrow
from the central bank) cannot co-exist. Nevertheless, multiple equilibria are possible.
Since we focus on the case where the central bank aims to boost the liquidity of all the
financial institutions, including the distressed ones, the pooling equilibrium (where both
types of banks borrow from the central bank) is favored by the central bank. We find
that given the signaling effect, the central bank should offer a lending rate lower than
the prevailing market rate. Meanwhile, hiding the identities of the banks borrowing from
the central bank will encourage banks to borrow from the central bank. Finally, when

there are multiple equilibria, the central bank could serve as a coordinator, steering all

34



the banks toward an equilibrium where all the banks borrow from the central bank.

Appendix
A Proofs

A.1 Proof of Proposition 1

Proof: In the down state, an L-type bank’s maximum asset on date 2 will be ARy.
This is because by assumption, any long-term asset liquidation is costly, and the bank’s
maximum asset value is achieved at zero asset liquidation. On the other hand, an L-type
bank’s minimum liability on date 2 is Dy. Since by assumption, AR; < Dy, an L-type
bank’s maximum net asset value must be negative in the down state. Hence its equity in
the down state is always zero. Since banks maximize their expected equity, L-type banks

will essentially aim to maximize their equity value in the up state. B

A.2 Proof of Proposition 2

Proof: First, consider the case where an H-type bank does not borrow central bank

loans. We have
NVyg = (A—=lg)Rg — (Do — vala)(1 4 7pm) (22)

The bank will choose [y to maximize its net asset value. It is easy to see that if vy (1 +
Tmi)—Rg > 0, NVp is strictly increasing in {5. Thus the bank will choose to liquidate all
its asset to repay as many debts as possible, and will become bankrupt on date 1 (because
yuA < Dy). If yg(1 +rp;) — Ry < 0, NV is strictly decreasing in {y. The bank will
choose to borrow on the market and will not liquidate any asset. If y5(14r,,;) = Rpy,the
bank is indifferent between liquidating assets and borrowing on the market. In this case,

we assume the bank will choose to borrow on the market.

Similarly, when an H-type bank borrows central bank loans, we have
NVH = (A — lH)RH — (DO — fVHlH — LCB)<1 + Tmﬂ') — LCB(l + TCB) (23)

Again, when vy (1 + 7)) — Rg > 0, NVy is strictly increasing in [y. The bank will

liquidate assets until Dy — ygly — Log = 0. That is, the bank will never borrow on the

35



market. When vy (1 + rp,;) — Ry < 0, NVy is strictly decreasing in [y. The bank will
choose to borrow on the market and will not liquidate any assets. Note that the bank
will borrow positive loans on the market because Log < Dy, and borrowing central bank

loans is not enough to repay all the debts.
The case for L-type banks can be proved in the same way, with 75 being replaced by
Y- B

A.3 The sufficient conditions for creditors not to lend to L-type
banks

We assume that creditors are unwilling to lend to an L-type bank when its type is perfectly
revealed. We now examine the sufficient conditions for this assumption to hold. First,
we have shown that when an L-type bank is willing to borrow on the market only when
creditors charge a rate lower than %, and in this case the bank will not liquidate any
assets. Second, provided that an L-type bank is willing to borrow on the market, we first
calculate the maximum possible rate it can repay creditors in the up state. If the bank
does not borrow central bank loans, then the maximum rate is ADLOH. If the bank borrows

from the central bank at the lowest possible interest rate of rcp = 0, it will repay the

ARy—Lcn
Do—Lcp °

Because ARy > Dy, it is straightforward to see that A&i= LCB > ARH As a result, the

Do—Lc
maximum rate that an L-type bank can repay in the up state is %

the maximum rate at which an L-type bank is willing to borrow, we find that the actual

principal of Lsp to the central bank, and the maximum rate for private loans is

. Considering

maximum rate at which creditors can receive from L-type banks in the up state is given

. Ry ARy—L
by Rumaa,ur = min{ S, SHtee ).
In the down state, an L-type bank’s total asset is ARy < Dy, implying that the bank

cannot repay its total principal fully. In this case, the bank’s assets are shared by creditors

proportionally to their principals, and the recovery rate for creditors is A[])EL.
We impose the condition that
AR
pRma:c,U + (1 - p) L <1 (24)

Dy

When this condition holds, creditors will never lend to an L-type bank if its type is

perfectly revealed.
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A.4 Proof of Proposition 3

Proof: Using Egs. (2) and (3), Eq. (5) becomes

R R
ARy + Leg L—H — (14 rCB)} _ THDO > (1 —q)(ARy — Dy) (25)
L L

Result (1) can be derived from Egs. (5) and (25). Result (2) can also be derived from
these two equations. Recall that the bank will not borrow if the interest rate is higher
than %. So we can reasonably assume that % > (1 4+ r¢p). Thus, the LHS of Eq.

(25) is increasing in the level of Lo, and decreasing in rop. The RHS is decreasing in ¢
because ARy > Dy. B

A.5 Derivation for Condition 8

First, we argue that an equilibrium market rate must be lower than f—g. This is because
when the market rate exceeds f—}fj, H-type banks will stop lending on the market as proved
previously. As a result, creditors know for sure that any borrower on the market at the
ongoing rate is L-type, and by assumption, creditors will never lend to an L-type bank
when its type is perfectly revealed. Second, we argue that an equilibrium rate cannot
exceed the maximum return rate an H-type bank or an L-type bank in the up state can
afford, ADLOH. This is because when the market rate exceeds this level, the actual return
rate that creditors receive will be %, implying that creditors’ expected return rate will
be below the riskless rate of zero. In this case creditors will refuse to lend. Thus we derive

condition 8.

A.6 Deviations for 7);cp and banks’ payoffs in PNB

We first derive 7ys ¢, which should satisfy

ARL} )

1 = M1+ 7ucep)+(1=N) [P(l +7ues) + (1 —p) Dy

ARy,
Dy

Note that in the down state, the recovery rate for private loans is as explained

previously. Hence, we get Ty cp = (1 — ARL) ( T 11—5\)17 — 1). Following our previous

analysis about the existence of an equilibrium market rate, for this equilibrium market
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rate to exist, we must have

A 1 ARy — Leg(l
1+(1— RL) ( . —1>§min{ Ry = Leog( ”CB),@} (27)
Dy A+ (1=Np Do — Leos YH

ARy—L 1 .
H—Log(l+rcs) is the
Do—Lcp

rowing central bank loans. It is straightforward to see that the LHS is strictly decreasing

Here

maximum return rate an H-type bank can afford after bor-

in X. Thus an equilibrium market rate exists when A exceeds a threshold level.
Banks’ payoffs are derived as follows. For an H-type bank, after it borrows a central
bank loan of Lo, with probability ¢, its type is revealed and it can borrow the remaining

funds of Dy — Lo at a zero market rate. Its date 2 equity will be
€H,cBsi=sy = ARw— Lep(l4+rep) — (Do — Lep) (28)

With probability 1 — ¢, there is no signal revealing its type, and the bank borrows the

remaining funds at the market rate of 7y, cp. Its equity will be

encBsi—) = ARy — Leg(1+rep) — (Do — Lep) (1 + Taren) (29)

Thus, its expected equity is

Eeycp = q€ucBsi—sy + (1 — Q)€ncn.simp

= ARy — Leg(1+71ep) — [9(Do — Lop) + (1 = q)(Do — Leg)(1 + Tues)] (30)

For an L-type bank, after it borrows Lo of central bank loans, with probability 1 — ¢
there is no signal that reveals its type. Thus it can borrow Dy — Lo of funds on the
market at the rate of 7y, cp. If the up state is realized, its equity will be same as that
of an H-type bank, i.e., €] o5, ¢ = €ncp,s=0- With probability g, its type is revealed
and it cannot borrow any additional loans on the market. As a result, the bank has to
liquidate assets to repay the debts of Dy — Log. The amount of assets to be liquidated
isly; = DO;fCB. If I;, > A, then the bank’s equity will be zero. If [;, < A, then on date 2
the bank’s equity in the up state will be

EZ,CB,si:sL = Imax {O, (A — lL)RH — LCB(l + TCB)} (31)

In other words, even if the up state is realized, the bank’s equity will be positive only

when its asset value exceeds its liabilities to the central bank. Thus, the bank’s expected
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equity is

EéroB = qpey op.s;—s, T+ (1 = Q)DL 0 51— (32)
Dy — L
= ¢pmax {07 {(A - O,Y—CB)RH — Lop(1+ TOB):| }
L
+(1 = q)p[ARy — Lop(1 +rep) — (Do — Lop) (1 + TaroB)] (33)

A.7 Proof of Proposition 4

For an H-type bank,

Eeyncs — Eencn
= [ARy —Dolg+ (1 —q)(1 +rum)]] —
[ARpy — Lep(1 +rep) — [9(Do — Leg) + (1 — q)(Do — Lep) (1 + Faren)]]
= (1=q)Dolfres —rul + Leslres — (1 — @)Fucosl (34)

For an L-type bank,

FEerpnes — Eercn
Dy — Leg
= (1 —q)p[ARy — Do(1 +1rp)] — gpmax < 0, [(A — B—
L
—(1—=q)p[ARy — Leg(1+rep) — (Do — Leg)(1 + TaeB))]
= (1=q@p[Do(Trmes —rm)+ Lep(res — Tves)| —

¢p max {o, [(A — %)Rg — Lep(1+ mB)] } (35)

)R — Lep(1+ 7’03)1 }

Thus EGH,NCB — E,éJH’CB — (EeL,NCB — E’éJLCB) equals

(1—=p)(1 = q) [Do(Trm,c —rm) + Lep(res — Pmen) + qLesTuon +
Dy — L
gp max {O, [(A — O—CB)RH — Lep(1+ TCB):| } (36)

Provided that Eerncp — Eercp > 0, [Do(Taes —rv) + Les(res — Fuen)] > 0.
Thus Eey nep— Eencp— (Eernes—FEercp) > 0. In fact, it can be reasonably assumed
that A < 1 (creditors will not believe that any bank that borrows from the central bank
must be H-type), then 7y cp > 0 so that Eey nep — Fencp is strictly greater than

Ee; nop — Eep cp. Thus we prove Results (1) and (2).
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In order to prove Result (3), we need to find the first order derivatives of Fey yop —
Eer, cp with respect to Leg, 7op, ¢ and \ at Eepnep— Eercp =0. Let o= Eer nes —
FEercp (Eq. (35)). We find that

oP 3 R
5L = (1 —q)plres — Faren) — apl— — (1 +7ep)] (37)
CB b0 YL
when [(A — Dozlem)Ry — Lop(l+ ’I“CB)} > 0 and
0P 3
= (1= q)p(res — Tmon) (38)
OLcs =0

when [(A — %)RH — Lep(1 +7“(;B)] < 0. Because A < \ by assumption, rcp <
Tm,op. Because we assume that the central bank lending rate is below the prevailing

market rate and the market rate must not exceed 5‘“—5 < %, qp[f—f — (14 rep)] > 0.

Thus in both cases we find that 8233 ’ < 0. That is, PNB is more likely to exist with
$=0

a lower Lop.

We find that

= (1 = q)pLcp + qpLlos (39)

87“03

when |:(A - DO;#)RH - LCB(l + ’I“CB>i| >0 and

O
=(1— L 40
drom|. (1 —q)pLen (40)
when [(A - %)RH — Lep(1+ TCB)] < 0. Thus in both cases % o 0. That
is, PNB is more likely to exist with a higher r¢p.
We find that

oD B N

0 = —p[Do(Fmes —rm) + Lep(res — Tuen)] — (41)
q d=0
Dy — Lep

pmax {0, [(A _ VR — Lep(1+ m)} }

YL

Eq. (35) implies that at (i) = 0, [DO(fM,CB_TM)“'LCB(TC'B _fM,CB)] Z 0. Thus

< 0. That is, PNB is more likely to exist with a lower q.

9q ‘é:o
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Finally, we find that

0

or B
M.CB |z

=(1—=¢q)p(Dy— Lecp) >0 (42)

Note that af}g’% < 0 because a more optimistic belief off the equilibrium path will lower

the market rate off the equilibrium path. Thus we find that % _ < 0. That is, PNB is
=0

more likely to exist with a lower A\. Thus we prove Result (3). W

A.8 Banks’ payoffs in PBB

Banks’ payoffs under the equilibrium strategy are as follows. For an H-type bank, similar
to Egs.(28), (29), and (30), we get

encBsi—sy = ARpm— Lep(l4+rep)— (Do — Leg), (43)
encpsi=0 = ARy — Lep(l+rep) — (Do — Le)(1+7rmen), (44)

and

FEencp = qencopsi—sy + (1 — Q)eH,CB,si:(Z)

= ARy — Leg(1+71ep) —[9(Do — Lop) + (1 — q)(Do — Les)(1 + rues)] (45)

For an L-type bank, we have e} o5, _y = encps=p, and similar to Egs. (31) and
(32), we get

Dy — L
e%,CB,sZ:sL = max {0, (A — OT%) RH — LCB(l + TCB)} (46)
and
Eercp = qpe%,CB,si:sL + (1 - Q)pe%,CB,si:Q) (47)

Banks’ payoffs under the deviating strategy are as follows. For an H-type bank, similar
to Egs. (9), (10) and (11), its payoffs are

éH7NCB7Si=SH - ARH - DO (48)
éunNcBsi—9 = ARg — Do(1+7p) (49)
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and

Eéyncs = qéuncBsi—sy + (1 — Q) énncB.si—

= ARy — Dolqg+ (1 —q)(1+ 7)) (50)
For an L-type bank, similar to Egs. (12) and (13), we get

€L NCB.si=0 = CHNCB,s;=0 = ARy — Do(1 + 7y) (51)
Eépnos = (1 — @)pel nepsi—p = (1 — Q)p[ARE — Do(1 + 7ar)] (52)

A.9 Proof of Proposition 5
Proof: Using Egs. (45) and (50), we get

FEepycp — Eéyncs

= ARp — Leg(1 +roB) = [q¢(Do — Leg) + (1 — q)(Do — Le) (1 + 1uoB))
—ARy + Do g+ (1 —q)(1+ 7))

= (1—=q)Do[frs — rares] + Losl(1 = @)raes — o8] (53)

Thus we have derived Condition (18).
On the other hand, using Eqgs. (47) and (52), we find that

Eercp — Eérnen

Dy — Lep
= gpmax {O, (A — ’Y—L) Ry — Lep(1+ ’I“CB)}
+(1 = @)p[ARy — Les(1 +1¢B) — (Do — Lep)(1 + o))
—(1 = q@)p[ARg — Do(1 + 7pr)]

Dy — L
= g¢gpmax< 0, (A — 07—03> Ry — Leg(1 +7’CB)}
L

+(1 = @)p[Do(Pre — rmes) + Les(rues — res)] (54)
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Provided that EeH,CB - EéH,NCB Z 0, we find that

Eercp — Eérnen
= p(1 —q)Do[*m — rven) +pLes|(1 — @Q)rymes — res) + peLlepres +
Dy — L
gp max {O, <A — O—CB> Ry — Lep(1 + TCB)}

YL
= p(Feucp — Eéunce) +pgLlepros +
Dy— L
gp max {o, <A - O—CB> Ry — Lep(1+ rCB)} >0 (55)
YL

Thus we prove that as long as H-type banks’ no-deviation condition is satisfied, L-type
banks’ no-deviation condition must be satisfied too. Thus we prove Result (1).
In order to prove Result (2), we need to find the first order derivatives of Fey cp —

Eéy nep with respect to Lep, rep, g and \ at Eeycp — EFéegnep = 0. Let o =
EeH,CB - EéH,NC’B (Eq (53)) We find that

A

= —q@)rmce —res (56)
=0

OLcp

Eq. (53) implies that at d = 0, (1 = q@)rares —res > 0 because 7y < racp due to the

assumption of A > \. Thus we find that ang ‘ > 0. That is, PBB is more likely to
=0

exist with a higher L¢op.

We also find that %‘ . = —Lcp < 0. That is, PBB is more likely to exist with a
d=0
lower r¢p.

In addition, % = Dy(rmes — "m) — Leprues- Using Eq. (53), we can see that

at & = 0, since rop > 0, Legryves > Do(raes — 7ar) (strictly larger if rop > 0). Thus
we find that %’ < 0. That is, PBB is more likely to exist with a lower q.
=0

Finally, %‘é—o = (1 —q)Dg > 0. Note that 8;;‘\4 < 0 because a more optimistic

belief off the equili_brium path will lower the market rate off the equilibrium path. Thus
96

P . That is, PBB is more likely to exist with a lower A. Thus we prove Result (2).
$=0<0

A.10 Proof of Proposition 6

Proof: In the separating equilibrium, an L-type bank cannot borrow any more funds

on the market after borrowing Lop. Its expected payoft from borrowing central bank
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loans is pe} op, with €} op given by Eq. (2). In PNB, when an L-type bank deviates to
borrowing central bank loans, it can at least borrow Lopg. If ), exists, the bank will be
able to borrow Dy — Lcp on the market at the rate of 73, cp with probability 1 — ¢. Its
expected payoff Eéy cp is given by Eq.(32). If 7y, cp does not exist, which includes the
extreme case when creditors believe that the bank is L-type for sure so that A =0, the
bank can borrow only Lcg, which will result in the same payoff as that in the separating
equilibrium. As a result, Fé; cp cannot be worse than pej op, 1.e., Fércp > pej op-
Thus an L-type bank’s payoff from borrowing central bank loans is higher in PNB than
in the separating equilibrium.

In the separating equilibrium, if an L-type bank pretends to be H-type and do not
borrow central bank loans, it can borrow Dy with probability 1 — ¢ at a zero rate, and will
not be able to borrow any funds with probability ¢. Its expected payoffis (1—q)e} yeop ;. _p»
with €7 yop ,.—p given in Eq.(3). In PNB, an L-type bank who does not borrow central
bank loans can borrow Dy at the rate of ry; > 0 with probability 1—¢ and will not be able
to borrow any funds with probability ¢. Its expected payoff Eey yop is given by Eq.(13).
Because 7y > 0, Eep vep < (1 — q)eZ’NCBVSZ_:@. Thus an L-type bank’s payoff from not
borrowing central bank loans is strictly lower in PNB than in the separating equilibrium.

The no-deviation condition for the separating equilibrium requires that pef o5 > (1 —
q)e%,NCB,si:(Z)' Hence, we get Feércp > Eer ncop, implying that an L-type bank will

always deviate in PNB, even when A = 0. W

A.11 Proof of Proposition 7

Proof: In PBB, an H-type bank’s expected payoff under the equilibrium strategy is
Eeycp = ARy — Leprep — Do — (1 —q)(Do — Le)rvces (57)
and its expected payoff under the deviating strategy is

FEeynce = ARy —Dy— Do(1 —q)ry (58)
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Given our assumption that A > A, we have 7y < rprop. If the central bank sets rop =

Tyv,cB, then

Eeycp — Eéuncs
= —Lepres —[(1—q)(Do — Leg)rmen) + Do(1 — q)7u
= (1—q)Leprves — Lopres + Do(1 — q) (TP —rmes) <0 (59)

as long as ¢ < 1 (when ¢ = 1, a pooling equilibrium cannot exist). As a result, if rop
reaches the fair market rate r);cp, an H-type bank will deviate for sure. If fact, an

H-type bank will deviate before r¢g reaches ry,. B

A.12 Proof of Proposition 8

Proof: We first consider no-deviation conditions for PNB and PBB. Because Lgop <
Dy, all the banks will borrow on the market no matter they have borrowed a central
bank loan of Lop or not. With the identity hiding policy, creditors cannot infer any
information about banks’ type from their action of whether or not to borrow central
bank loans. As a result, the only information that creditors have about the type of
a bank without a signal is their prior belief, \. In PNB and PBB, both types of the
banks will borrow the same amount of funds on the market. Therefore, the market

rate, 7,,, equals ry; and 7y, cp which are also based on creditors’ prior belief, A. We

assume that 1 + (1 - Ag(f) <A+(11_/\)p - 1) < min{f—g, AgoH, ARH_D];S‘;S;TCB)} such that

this equilibrium rate exists.

Banks will decide whether to borrow central bank loans or not by comparing their
payoffs under the two strategies. Let us first analyze an H-type bank’s decision. Its

expected payoff from borrowing central bank loans is

EeH,CB = (QE€H,CB,s;=sy T (1 - Q)eH,CB,sz:@

= q[ARH — LCBTCB — D(]] + (1 — q) [ARH + LC’B(Tm — rCB) — Dg(l + Tm)] (60)
Its expected payoff from not borrowing central bank loans is

Eeynce = qeuncBsi—sy + (1 — Q)€ NCBs;—sy

= q[ARy — Do) + (1 — q)[ARz — Do(1 +1y,)) (61)
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Its payoff difference between borrowing and not borrowing central bank loans is

Feycp — Feuncs = —qLepres+ (1 —q)Lep(rm —reB) (62)

= —Leprep + (1 —q)Leprm (63)

The intuition of Eq.(62) is that, an H-type bank with a signal can borrow on the market
at a zero rate, and borrowing central bank loans will lead to a higher interest payment of
Leprep. If there is no signal, then the bank’s interest difference between borrowing on
the market and from the central bank is Leg(ry, — rep). An H-type bank will borrow
central bank loans if Eq.(63) is positive, or rop < (1 — q)rp,.

Similarly, when an L-type bank borrows from the central bank,

Eercp = qpe%,os,si:sL + (1 - Q)pe%,CB,si:®
Dy — L
= gpmax {O, (A — 07—03) Ry — Lep(1+ TCB)}
L
+(1 = @)p[ARg + Leg(rm — ro) — Do(1 + 7)) (64)

When it does not borrow central bank loans,

EeL,NCB = (1 — q)p[ARH — D0<1 -+ Tm)] (65)
Thus,
Dy — L
FEercp — Fernep = g@pmax {0; <A - oTw> Ry — Lep(1 + TCB)}
L
+(1 — q)chB(’/’m — TCB) (66)

The bank will borrow central bank loans only when Eej ¢p — Eer yop is positive.

Similar to the no identity hiding case, we find that L-type banks have a stronger
incentive to borrow central bank loans than H-type ones. More specifically, we find that
provided that Eey cp — Eegncp > 0, Eer cp — Eer nop must be positive too, which we

prove as follows.

Dy — L
O,Y—CB) Ry — Lop(1+ TCB)}
L

+pLep((1 — q)rm —res + qres)

Dy — L
= gpmax {O, <A — OV—CB> Ry — Lep(1+ T‘CB)}
L

+p(Eepycs — Eeuncs) + pqLepres > 0 (67)

Eercp — Eepneg = @pmax {Oa <A -
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On the other hand, the above result implies that provided that Ee; cp — Eer nep < 0,

Dy — L
Eeycp — Eegncp = —gmax {0, (A — 07—013) Ry — Lep(1+ TCB)}
L
1
+5<E€L,CB — Eepne) — qLepres < 0 (68)

Thus PNB exists when L-type banks do not borrow from the central bank, or

gp max {O, (A — %) Ry — Lep(1+ TCB)} +(1—q)pLep(rm—rep) < 0. PBB exists
when H-type banks borrow from the central bank, or rcp < (1 — ¢)r,. Thus we have
proved Result (1).

Compared to the case without identity hiding, we find that banks’ payoff in PBB
with identity hiding differs in that when they do not borrow central bank loans, they are
charged the rate of r,, instead of 7y;. Recall that 7,; is determined based on M IEN > A,
then 7y, < r,,. Thus banks have a stronger incentive to borrow central bank loans with
the identity hiding policy. In other words, as long as not borrowing central bank loan
can be used as a signal to boost creditors’ belief about a bank being H-type, banks have
a stronger incentive to choose not to borrow central bank loans, than in the case with
identity hiding.

Similarly, in PNB, if A < A, then borrowing central bank loans will lower creditors’
belief about a bank being H-type. As a result, 7y cp > ryop. In this case, the hiding
identity policy induces banks a stronger incentive to switch from not borrowing central
bank loans to borrowing central bank loans, because now the market rate r,, = ry cp.
Thus we have proved Result (2). B

A.13 Proof of Proposition 9

Proof: In the separating equilibrium where only L-type banks borrow from the central
bank, each L-type bank will borrow Dy — Lcpg on the market, while each H-type bank will

borrow Dy on the market. As a result, the probability of a creditor lending to an H-type

s _ ADg
ADo+(1-X)(Do—Lcp

is given by 1 —A°*. Accordingly, the market rate that creditors charge is given by Eq. (20).

bank is given by A 3> and the probability of lending to an L-type bank

It is straightforward to see that \* > X\ because Dy > Dy — Lcp. As a result, v}, < rp,.

47



In addition, the no-deviation condition for an H-type bank is given by

Fegcp — Eegnes = —qLepres+ (1 —q)Lep(r,, —reB) (69)

= _LCBTC’B + (1 — q)LCBTfn S 0 (70)

The no-deviation condition for an L-type bank is given by

Dy — L
Eercp — Eerncp = gpmax {0, (A - OW—CB> Ry — Lep(1+ TOB)}
L
—|—(1 — q)pLCB(T'fn — TOB) >0 (71)

The separating equilibrium exists when the no-deviation conditions for both types of

banks are satisfied. Thus we have proved Proposition 9. B

B Deriving the central bank’s net revenue

When both types of banks borrow central bank loans, the central bank’s net revenue can

be written as
llep = AEy + (1 — M\ ETI, (72)

where Flly is the central bank’s expected net revenue earned from an H-type bank, and

FETI;, is its expected net revenue earned from an L-type bank.

If H-type banks do not borrow central bank loans and only L-type banks borrow, then
llep = (1= N)EI, (73)

In PBB, we focus on the case where the equilibrium market rate, ry; cp, exists. For
such an equilibrium market rate to exist, we must have: (1) Creditors are willing to lend
at the rate, that is, their expected return rate equals the riskless rate of zero. (2) Banks
are willing to borrow at the equilibrium rate. We require that when ry; cp exits, it can
actually be paid by H-type banks. This also means that H-type banks will have enough
assets to repay all the loans (including the interests) fully. As a result, the central bank’s

net revenue from lending to an H-type bank is
EHH == LCBTCB (74)
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For L-type banks, we first consider the case where the market rate, 7y cp, is taken as
given. That is, creditors are not smart enough to use the interest charged by the central
bank to infer whether a borrowing bank is L-type or not. Instead, they use their prior
belief of .

With probability 1 — ¢, there is no signal for an L-type bank. Thus it can borrow
Dy — Lo on the market at the rate of vy, cp on date 1. Then on date 2, with probability
p, the up state is realized. In this case, the bank is identical to an H-type one, and will
be able to repay all debt. With probability 1 — p, the down state is realized. In this case,
the bank’s asset is AR, < Dy, implying that the bank’s assets are below its liabilities.
Therefore, its assets are shared by the central bank and creditors proportionally to their
principals, and the assets paid to the central bank are LDC—fARL. The recovery rate for
the central bank is %LCB. Thus, the central bank’s expected return from lending to an
L-type bank without a signal is

ARy,
Dy

Elly =9 = p(Lepres) + (1 —p) ( Lep — LCB) (75)

With probability ¢, there is a signal for an L-type bank. Thus after borrowing central
bank loans, the L-type bank will not be able to borrow any additional loans on the market,
and will be forced to liquidate its assets. If after liquidation, there is no asset left (i.e., if

A— % < 0, then the central bank will get nothing back. In this case,

Ellj g—s, =0~ Lep = —Les (76)

YL
state. If the assets are more than enough to repay central bank loans, then the central

If there are some assets left, then the remaining assets are (A — M) Ry in the up

bank will be paid Log(l + rep). Otherwise, all the assets will be taken by the central
bank. So the central bank will get min{(A — %)RH, Leg(14+rep)}. Similarly, in the
down state, the central bank will get min{(A — 22=L¢8)R; Lop(1+rep)}. As a result,

YL
the central bank’s expected return from lending to an L-type bank with a signal will be
Dy — L
Ellp =5, = pmin {(A - OV—CB)RH, Lep(1+ 7“03)}
L
Dy— L
+ min {(A — OV—CB)RL, Lep(1+ TCB)} (77)
L

The central bank’s expected net revenue from lending to an L-type bank is thus given
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Ell, =(1—q)El 5,9 + qEIL 4,—5, (78)

Now, let us consider the case where the market will infer whether a borrowing bank
is H-type or not from the interest rate charged by the central bank. If the market knows
that when this rate is too high, H-type banks will deviate, then there will be two possible
outcomes. The first is a separating equilibrium, where the market knows that a borrowing
bank must be L-type , and L-type banks are still willing to borrow central bank loans.
The second possible outcome is that L-type banks will deviate to pooling with H-type

banks by not borrowing central bank loans.

If a separating equilibrium occurs, then the market will not lend to L-type banks, the
outcome is similar to the one in the case where there is a signal for an L-type bank, which

we just analyzed. That is,
Ell, = Ell, _,, (79)

where EIIj, g,

loans, then the central bank’s net revenue is zero.

—s, 1s specified above. If L-type banks deviate to not borrowing central bank
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