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Abstract
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tiated products models when demand and cost data are available. The method deals with the
endogeneity of prices to demand shocks and the endogeneity of outputs to cost shocks, but
does not require instruments for identification. We establish non-parametric identification,
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we show our method works well in contexts where instruments are correlated with demand
and cost shocks, and where commonly-used instrumental variables estimators are biased and
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1 Introduction

In this paper, we develop a new methodology for estimating models of differentiated products
markets. Our approach requires commonly used demand-side data on products’ prices, market
shares, observed characteristics, some firm-level cost data, and the common assumption that
firms set prices to maximize profits. The key novelty of our method is it does not require
instruments variables to deal with the endogeneity of prices to demand shocks in estimating
demand, nor the endogeneity of outputs to cost shocks in estimating cost functions.

Our study is motivated by questions surrounding the validity of instrument-based identifica-
tion strategies for differentiated products models, and by recent applications that use cost data
for model identification and testing. The frameworks of interest are the logit and random coeffi-
cient logit models of Berry (1994) and Berry et al. (1995) (hereafter, BLP), methodologies that
have had a substantial impact on empirical research in IO and various other areas of economics.”
These models incorporate unobserved heterogeneity in product quality, and use instruments to
deal with the endogeneity of prices to these demand shocks.? As Berry and Haile (2014) and
others point, as long as there are instruments available, fairly flexible demand functions can be
identified using market-level data. Further, in the absence of cost data, firms’ marginal cost
functions can be recovered with a consistently estimated demand system, and the assumption
that firms set prices to maximize profits given their rivals’ prices.

A central issue then for the asymptotic properties of these estimators and the predictions
they deliver is instrument validity. Commonly used instruments include cost shifters such as
market wages, product characteristics of other products in a market (“BLP instruments”), and

the price of a given product in other markets (“Hausman instruments”). As with most IV-based

'Leading examples from IO include measuring market power (Nevo, 2001), quantifying welfare gains from new
products (Petrin, 2002), or merger evaluation (Nevo, 2000). Applications of these methods to other fields include
measuring media slant (Genzkow and Shapiro, 2010), evaluating trade policy (Berry et al., 1999), and identifying
sorting across neighborhoods (Bayer et al., 2007).

2We will use the terms unobserved heterogeneity and demand shock interchangeably.



identification strategies, there are potential concerns with all of these instruments. Market-
level cost shifters such as wages tend to exhibit little variation across firms or over time. This
implies they generate little exogenous variation in prices conditional on market and firm fixed
effects. Recent work on endogenous product characteristics raises questions about validity of
BLP instruments.? As with prices, firms are potentially strategic in determining their product
lines, which can create correlation between product characteristics and unobserved demand
shocks. Hausman instruments are compromised if demand shocks are correlated across markets,
perhaps due to spatial correlation in demand or national advertising campaigns.*

Despite these concerns, studies regarding instrument validity in the estimation of BLP models
are scarce. Indeed, virtually all methodological innovations and applications based on the BLP
model have relied on price instruments and profit maximization to identify demand and cost
parameters.® Recent applications have, however, started incorporating cost data as an additional
source of identification. For instance, Houde (2012) combines wholesale gasoline prices with
first order conditions that characterize stations’ optimal pricing strategies to identify stations’
marginal cost function parameters. Crawford and Yurukoglu (2012) and Byrne (2014) similarly
exploit first order conditions and firm-level cost data to identify the cost functions of cable

6 Using some cost data, Kutlu and Sickles (2012) estimate market power while

companies.
allowing for inefficiency in production. Like previous research, all of these applications use

instrumental variables to identify demand in a first step.

Motivated by this recent rise in the use of cost data to empirically study oligopoly, we study

3See Crawford (2012) for an overview of this burgeoning literature. A commonly held view among empirical
IO researchers is that product lines tend to be fixed in the short run and firms mainly compete on prices. The
longer the time horizon of a given study, the more endogenous product characteristics becomes a concern.

“See Hausman (1997) and Bresnahan (1997) for a lively debate on the validity of Hausman instruments.

5There has been some research assessing numerical difficulties with the BLP algorithm (Dube, Fox, and Su,
2012), Knittel and Metaxoglou, 2014), and the use of optimal instruments to help alleviate these difficulties
(Reynart and Verboven,2014). All of these studies use instruments for identification.

5A number of papers have also used demand and cost data to test assumptions regarding conduct in oligopoly
models. See, for instance, Byrne (2014), McManus (2007), Clay and Trosken (2003), Kim and Knittel (2003),
Wolfram (1999).



identification in BLP-type models when researchers have access to standard demand-side data
(prices, market shares, product characteristics), and some firm-level cost data.” The type of
cost data we have in mind comes from firms’ income statements and balance sheets, among
other sources. Such data has been used extensively in a large parallel literature on cost function
estimation in empirical 10.8 Our approach is unifying in that it combines data typically used
this and the differentiated products literature.

Our main theoretical finding is that by combining these data, one can jointly identify non-
parametric demand and cost functions using variation in market size and the profit maximization
assumption (market size does not have to be exogenous). Neither price nor quantity instruments
are needed to correct for the endogeneity of prices and quantities to unobserved demand and cost
shocks. The methodology is thus robust to fundamental specification concerns over instrument
validity in empirical research on differentiated products and cost function estimation.”

Getting into specifics, we develop an econometric model and approach that is based on the
parametric model of demand from Berry (1994) and BLP. Our identification and estimation
strategy combines three ideas. First, we note that because unobserved demand shocks in the
BLP model perfectly rationalize the data, the model’s predicted marginal revenue can be written

as a function of demand data and demand parameters only.'® Second, assuming firms act

as differentiated Bertrand price competitors, marginal revenue will equal marginal costs for

At a broader level, our paper shares a common theme with De Loecker (2011). In particular, he investigates the
usefulness of previously unused demand-side data in identifying production functions and measuring productivity.

8Numerous studies have used such data to estimate flexible cost functions (e.g., quadratic, translog, generalized
leontief) to identify economies of scale or scope, measure marginal costs, and quantify markups for a variety of
industries. For identification, researchers either use instruments for quantities, or argue that in the market they
study quantities are effectively exogenous from firms’ point of view.

9Recent skepticism over instrument validity has led many researchers in fields such as empirical labor and
development to favor using randomized field experiments, random or quasi-random natural experiments, and
discontinuities in the endogenous regressor of interest. Implementing randomized experiments with firms in
differentiated products markets is particularly challenging because of profit maximization motives. In particular,
firms are hesitant to publish new insights and data from academic collaborations that provide them with a
competitive advantage over their rivals. Even if one were to implement a field experiment or have access to a
handful of natural experiments or discontinuties, they likely would not provide enough variation to identify all
the parameters of a differentiated products model, which importantly include firm and market fixed effects that
account for unobserved demand and cost shocks.

YImportantly, we also prove that marginal revenue uniquely identifies the demand parameters.



firms in a Nash Equilibrium. Given a non-parametric cost function that is increasing in cost
shocks, we can exploit these equilibrium conditions to recover each product’s cost shock as an
unspecified function of cost-related observables and marginal revenue. That is, assuming profit
maximization, we can use marginal revenue to construct a “control function” for cost shocks.
An important insight that we exploit for this step in our procedure is that marginal revenue is
a function of market shares in BLP models, whereas marginal cost is a function of output.

Finally, we use cost data to estimate a nonparametric cost function, where we control for the
cost shock with marginal revenue. We call such cost function pseudo-cost function.'! It turns
out that marginal revenue works as a proper control function only when the demand parameters
are at their true values; in that case, the pseudo-cost function best fits the cost data. Therefore,
we jointly estimate the pseudo-cost function, control function, and hence demand parameters,
where the pseudo-cost function is nonparametrically specified as a sieve function of output, input
price, and marginal revenue.

We then demonstrate that with cost data, instrument-free identification does not require any
functional form assumptions on the demand side either. We prove that marginal revenue and
marginal cost are jointly nonparametrically identified by the sample analog of the first order
condition, which corresponds to two close points in the data that equates marginal revenue and
cost. From the marginal revenue one can locally identify a nonparametric nonparametric market
share function.

We believe our instrument-free, nonparametric identification results make a fundamental con-
tribution to broader literature and persistent debates over structural econometrics. Specifically,

they can be viewed as a counterexample to the commonly held view that structural estimation

"This control function approach to cost estimation is similar to the approach of Olley and Pakes (1996) and
other control function approaches to production function estimation. They derive a control function based on
the first order condition of the underlying economic model and use it to control for the unobserved productivity
shock. In their case, the first order conditions govern firms’ strategic investment decisions. Using investment,
capital, and labor cost data, these equations can be inverted to construct a control function for firms’ productivity
shocks.



12 We demonstrate

necessarily requires functional form assumptions or exclusion restrictions.
that neither are needed to identify the demand and cost functions of differentiated products
models. Only the structure of the economic model is required for identification (e.g., Bertrand-
Nash Equilibrium pricing among firms with regular cost functions).

We further show how our estimator can be adapted to incorporate a number of additional
features that often arise in practice. These include endogenous product characteristics, impos-
ing restrictions to ensure properly-defined cost functions (e.g., homogeneity in input prices)!3,
allowing for differences between economic and accounting costs, missing cost data for certain
products or firms, the presence of multi-product firms, and estimating fixed costs. Through
a set of Monte-Carlo experiments, we illustrate the ability of our estimator to deliver consis-
tent demand parameter estimates when prices and output are correlated with demand and cost
shocks; and when cost shocks, input prices and market size are all correlated with the demand
shocks (e.g. when there are no valid instruments to account for the endogeneity of prices).!4

The only other paper that we could find that exploits first order conditions to estimate de-
mand parameters is Smith (2004). He estimates a demand model using consumer-level choice
data for supermarket products. He does not, however, have product-level price data. To over-
come this missing data problem, he develops a clever identification strategy that uses data on
national price-cost margins, and identifies the price coefficient in the demand model as that

which rationalizes these national margins. Our study differs considerably in that we focus on

the more common situation where a researcher has data on prices, aggregate market shares and

12Gee Angrist and Pischke (2010) for such a critical view of structural methods. See also Keane (2009) for an
overview of these common criticisms of structural models and arguments in support of the notion that econometric
research - both structural and atheoretic reduced form “experimentalist” approaches - cannot avoid making
numerous assumptions.

13Keeping with the cost-function estimation literature, we check for convexity in output after estimation.

14 A further result from the experiments speaks to the relative numerical performance of ours and instrumental
variable estimators. Whereas we easily obtain convergence in our estimation routines, for most Monte-Carlo
samples, like Dube et al. (2012) and Knittel and Metaxoglou (2014) we find the BLP algorithm to be quite
unstable.



total costs, but not marginal costs. Indeed, we directly build on the general BLP framework.'?

This paper is organized as follows. In Section 2, we specify the differentiated products
model of interest and review the IV based estimation approach in the literature. In Section 3,
we propose our semiparametric sieve based Nonlinear Least Squares (NLLS)-GMM estimator,
and discuss parametric and nonparametric identification of the model. We then analyze the
large sample properties of our sieve NLLS-GMM estimator in Section 4. Section 5 contains
a Monte-Carlo study that illustrates the effectiveness of our estimator in environments where

standard approaches to demand estimation yield biased results. In Section 6 we conclude.

2 Differentiated products models and IV estimation

2.1 Differentiated products models

Consider the following standard differentiated products discrete choice demand model. Con-

sumer ¢ in market m gets the following utility from consuming one unit of product j:

Ujjm = X;m/B + apjim + gjm + €ijm, (1)

where x,, is a K x1 vector of observed product characteristics, pjn, is price, {;,, is the unobserved
product quality (or demand shock) that is known to both consumers and firms but unknown to
researchers, and €;;,, is an idiosyncratic taste shock. Denote the demand parameter vector by

0= [,6’, a] "where 3 is a K x 1 vector.

Suppose there are m = 1...M isolated markets that have respective market sizes Q.

5Cenesove and Mullin (1998) also use data on marginal cost to estimate the conduct parameters of the ho-
mogenous goods oligopoly model.
16With panel data, the m index corresponds to a market-period.



Each market has j =0...J,, products whose aggregate demand across individuals is
qim = Sijmv

where gj,, denotes output and s;,, denotes the market share. In the case of the Berry (1994)
logit demand model which assumes ¢;;,, has a logit distribution, the aggregate market share for

product j in market m is

0= 5 om Ko 6y = 7 om0 0B ) o Om) )
Sim =S m> ms Sms Js - - )
’ ZkZO €xXp (X;{)mIB + appm + gkm) Ziﬁo exXp (6km)

where P, = [Dom, Pims - Paym)’ 18 @ (Jm + 1) X 1 vector, Xy, = [Xom, X1ms -y XJ,m]” 1S 2
(Jm + 1) x K matrix, &, = [Som,&1my s Egpm])’ 18 @ (S + 1) x 1 vector, and 6 = X7, 8 +
apjm + &m is the “mean utility” of product j. Notice from the definition of mean utility
that we can also denote the share equation by s(8(0),7) = s (Pm, Xm, &,s 7, 0) where §(0) =
[00m (0),01m(0),...,07,m(0)]" is a Jp, + 1 by 1 vector of mean utilities.

Following standard practice, we label good j = 0 as the “outside good” that corresponds
to not buying any one of the j = 1,...,J,; goods. We normalize the outside good’s product
characteristics, price, and demand shock to zero (e.g., Xom = 0, pom = 0, and &y, = 0 for all
m), which implies do,, (@) = 0. This normalization, together with the logit assumption for the
distribution of €;y,, identifies the level and scale of utility.

In the case of BLP, one allows the price coefficient and the coefficients on the observed
characteristics to be different for different consumers. Specifically, a has a distribution function
F, (.;0,), where 8, is the parameter vector of the distribution, and similarly, 3 has a distribution
function Fj (.;0g) with parameter vector 3. The probability a consumer with the coefficients «

and B3 purchases product j is identical to that provided by the market share formula in equation



(2). The aggregate market share is obtained by integrating over the distribution of o and g3,

/ exp (x}mﬁ + apjm + §jm>
B

3(pm7Xm7£m7j70) :/ ,] ’
ijo exp (ijﬁ + apjm + §]m>

«

dFpg (B;oﬁ) dFy (O‘;ooc)‘ (3)

Often the distributions of a and each element of 3 are assumed to be independently normal,
implying that the parameters consist of mean and standard deviation, i.e., 8, = [ta, 04,
051, = (18K, 0pk)', k = 1,..., K. The mean utility is then defined to be ¢, = X;mﬂﬁ+/lapjm+€jm,

with dg,, = 0 for the outside good.

Recovering demand shocks

Given 6 and data on market shares, prices and product characteristics, we can solve for the
vector d,, through market share inversion. This involves finding the values of vector 4, for
market m that solve s(8,,,0) — s, = 0, where s, = (Som, S1m; -+, 5.,,m)  is the observed market

share and s (8,,(0), j,0) is the market share of firm j in the model, i.e.

8(5m(0)aj30)_8jm:07 fO’f’j:O,...,Jm, (4)

and therefore,

0:m(0) =5 (s, 0), (5)

That is, we find the vector of mean utilities that perfectly align the model’s predicted market
shares to those observed in the data.

In the context of the logit model, Berry (1994) shows we can easily recover the mean
utilities for product j using its market share and the share of the outside good as §;,(0) =
log(sjm) — log(som), 7 =1,...,Jp (with g, normalized to 0). In the random coefficient case,

there is no such closed form formula for market share inversion. Instead, BLP propose a contrac-



tion mapping algorithm that recovers the unique ,,(0) that solves (5) under some regularity
conditions.

With the mean utilities in hand, recovering the structural demand shocks is straightforward,

gjm(e) = f (pmaXm7£m7j7 9) = 5]m(0) - X;'m - apjm

for the logit model. For the BLP model, we use pg instead of 8 and pu, instead of « as

coefficients.

IV estimation of demand

A simple regression analysis of 0;,,,(0) = x},,8 + apjm + {jm with d;,,(0) being the dependent
variable and X;-m and pj,, being the RHS variables won’t give us unbiased estimates of the price
coeflicient because of the likely correlation between the product price p;,, and the unobserved
product quality £;,,. Such endogeneity problem naturally arises in differentiated product markets
since firms tend to charge higher prices if their products have higher unobserved product quality.
Researchers use a variety of excluded demand instruments to overcome this issue. That is,
using the inferred values of {;,, for all products and markets, we can construct a GMM estimator
for 8 by assuming the following population moment conditions are satisfied at the true value of
the demand parameters 68y: E[{jn(00)zjm] = 0, where z;,, is an L x 1 vector of instruments.
However, as discussed below, each type of instrument has its pitfalls. Cost shifters are often
used as price instruments. This is in line with traditional market equilibrium analysis which
identifies the demand curve from shifts in the supply curve caused by cost shifters. Popular
examples are input prices, wj,,. However, one cannot rule out the possibility that the exclusion
restriction of cost shifters in the demand function does not hold. Input prices, like wages, may

affect demand of the products in the same local market through changes in consumer income.

10



Changes in other input prices such as gasoline or electricity could reasonably be expected to
affect both firms’ and consumers’ choices. Even further, higher input prices may induce firms
to reduce product quality.

In instances where cost shifters are likely to satisfy exclusion restrictions, they are often
weak instruments. For example, if one assumes that input prices are exogenously determined in
some external market (such as the labor market), then all firms will face the same input prices.
Therefore, cost shifters may not have sufficient within-market variation across firms to identify
the demand parameters, especially if market fixed effects are included in demand specification.

In the absence of cost shifters, researchers often use product characteristics of rivals’ products
or market structure characteristics like the number of firms as price instruments. One naturally
would worry that these variables are endogenous with respect to unobserved demand shocks.!”

A final commonly-used set of instruments is the set of prices of product j in markets other
than m (Nevo (2001); Hausman (1997)). The strength of these instruments comes from common
cost shocks for product j across markets that create cross-market correlation in product j’s
prices. These instruments are invalid, however, if there is spatial correlation in demand shocks

across markets. Regional demand shocks, for example, could generate such correlation.!®

2.2 Supply

The cost of producing g;,, units of product j is assumed to be a strictly increasing function of

output, L x 1 vector of input prices wj,,, and a cost shock vjy,. That is,

ij =C (Qjma Wim, Ujm, T) ) (6)

'"Indeed, Crawford and Yurukoglu (2012), Fan (2013), Byrne (2014), and others have documented that product
characteristics are strategic choices made by firms that depend on demand shocks.

18Firm, market, and year fixed effects are typically included in the set of instruments when panel data are
available. So the exclusion restriction fails if the innovation in the demand shock in period ¢ for product j is
correlated across markets.

11



where C},;, is the total cost of producing product j in market m, and 7 is a cost parameter
vector. In addition, C'() is assumed to be continuously differentiable and convex with respect
to output. Given this cost function and the demand model above, we can write firm j’s profit

function!? as

Tjm = Pjm X S (pm7Xm7£maja 6) X Qm - C(S (pm7Xm7€m7j7 0) X Qmawjm7vjmv7-> ) (7)

We assume that firms act as differentiated products Bertrand price competitors. Therefore, the
optimal price and quantity of product j in market m is determined by the first order condition

(F.O.C.) that equates marginal revenue and marginal cost

p‘ +S‘ 35 (pmuXm7£m7j7 0) ! — 80 (Qjmijmavjm77') (8)
m m 8ij 8Qjm ’

MRy, MC;

It follows from the inversion in (4) and the specification of mean utility d;,, that £, is a function
of X, Pm, Sm and 6. Therefore, marginal revenue is also a function of those variables. That
is,

Cost function estimation

The above discussion implies that once the cost function is estimated, one can take the derivative
to obtain the marginal cost, and thereby identify the marginal revenue, and thus, the demand
parameters. Below, we briefly discuss the cost function estimation. Similar to the inversion

procedure in demand, the unobserved cost shock satisfies:

Cim = C(@jms Wim, Vim, T) = Vim(T) = C ™ (qjm, Wjm, Cjm, T) - 9)

9Here, we are assuming there is one firm for each product. We will relax this later.

12



As in demand estimation, there are important endogeneity concerns with standard approaches
to cost function estimation. That is, output ¢;,,, would potentially be negatively correlated with
the cost shock vjp,. This would be especially troublesome for demand estimation since it is
based on the endogenous choice of output, i.e. quantity demanded. Traditionally, researchers
have either argued that the problem can be ignored?® or tried to find instruments for output.

In principle, one can estimate the cost function parameters by using the excluded demand
shifters as instruments for output. We denote the vector of cost instruments by z;,,. We can
estimate 7 assuming that the following population moments are satisfied at the true value of
the cost parameters 7¢: E [vjm(T0)Z;jm] = 0. This approach potentially involves issues that are
similar to the ones we discussed in applying the IV strategy to demand estimation. That is,
typical instruments such as demand shifters (e.g., market demographics) affect all firms, thus
generating insufficient within-market across-firm variation in equilibrium output for identifica-
tion. Furthermore, one cannot completely rule out the possibility of correlation between demand
shifters and the cost shock.

Instead, we jointly estimate demand and cost functions consistently with endogenous price
and output but without any instruments. Below, we discuss the basic idea behind the instrument-

free identification and estimation strategy.?!

20Gee, for example, Arocena et al. (2012) for an application that exploits the institutional environment to
identify cost functions.

2IThere is literature that estimates cost or production functions under imperfect competition without instru-
ments. Examples of works are: Roeger (1995) and Klette (1999). Most of them impose restrictions on the
production function, or on the demand side, in addition to the demand model specification. For example, Roeger
(1995) assumes a constant returns to scale production function. In Klette (1999), mark-up is based on the “con-
jectured” price elasticity of demand, which is not determined endogenously from the equilibrium of the model.
Recent literature on production function estimation, such as Olley and Pakes (1996), Levinsohn and Petrin (2003),
Ackerberg, et. al. (2006) and Gandhi et. al. (2014) estimate production function in a way that is robust to the
product market structure and endogeneity of inputs, but imposes some functional form assumptions and “timing”
and other assumptions on the input and productivity processes.

13



3 Instrument-free identification and estimation of the price co-

efficient

Instead of using instruments, we estimate the demand and cost parameters directly from the
first order condition of profit maximization. The following six assumptions are the main ones
needed for the identification. We begin by focusing on identification of the price coefficient and
the cost function; other assumptions will be added and discussed later as we extend our analysis

to include the other demand parameters.

Assumption 1 Researchers have data on outputs, product prices, market shares, input prices,

and observed product characteristics of firms. In addition, data on total cost are available.

Assumption 2 Marginal revenue is a function of observed product characteristics, product

prices and market shares. Marginal cost is a function of output, input prices and cost shock.

Assumption 3 The cost function is strictly increasing, continuously differentiable and strictly
convex in output, and strictly increasing and continuously differentiable in cost shock and input
price. Furthermore, the marginal cost function is strictly increasing and continuous in cost

shock.

Assumption 4 Markets are isolated. Market size is not a deterministic function of demand/supply

shocks, and/or demand/supply shifters.??

Assumption 5 Firms are profit maximizing, and set prices such that marginal cost equals

marginal revenue, taking as given their rivals’ prices.

Assumption 6 The support of the supply shock vjn, is in Rt and the support of the demand

shock &,, is in R'™. However, only firms that have Vims &ms Xy Pm and sy, such that under

22Notice that the residual variation of market size, which is independent to demand /supply shocks, and/or
demand /supply shifters, cannot be used as instruments because demand/supply shocks are not observed.

14



8lns(Xm Pm 7§m 7j790) -t
olnp;m,

the true parameter vector @y, §g — 1 < < —dg for a small 69 > 0, are
observed in the market. The rest of the firms are out of the market. Furthermore, for the sake

of simplicity, we assume a < 0 for the logit model and po < 0 for the BLP random coefficient

model. %3

Notice that none of these assumptions implies an instrumental variables restriction. In order
to identify the coefficient on the observed characteristics (8 or pg)we also need the following

assumption.
Assumption 7 Unobserved quality &,, is orthogonal to observed product characteristics X,,.>*

It is worth noting that the orthogonality condition in Assumption 7 is not required for identifi-

cation of either the price parameters, nor for og.

3.1 Identification of the Logit model

Before developing our general identification results, we first present our main idea using a simple
example based on the Berry (1994) logit model of demand without measurement error in the
cost data. We then extend our analysis of identification to the BLP (1995) random coefficient
model of demand with measurement error in the cost data. Finally, we prove identification for a
nonparametric model of demand with measurement error in the cost data. Since the main issue
is identification of the coefficient on endogenous prices, we initially abstract from the treatment

of controls X,,.

23We believe Assumption 6 is often overlooked in the BLP setup. If we generate demand shocks that have
reasonably large variance and are independent to other exogenous variables and cost shocks, then even for many
parameter values with negative pu. some outcomes will have market shares with positive slope with respect to
price. In effect, previous researchers may have either: (1) allowed positive slopes to happen in the data; (2)
implicitly avoided parameters that generate these anomalies; or (3) implicitly assumed that only demand shocks
that generate negative slope are selected in the data. It is clear that the latter two strategies results in bias of
the price coefficient estimate. As we will see later, since our identification and estimation strategy of the price
coefficient do not use any orthogonality conditions involving demand shocks, they not subject to this form of
selection bias. However, our estimator for 3 or pug will be subject to some bias.

240ne can use other instruments for the orthogonality conditions as well.

15



Consider a pair of firms (Qm, Wjm, Sjm, Pjm) and (Qm/,wj/m/, sj/mr,pj/m/) in different mar-
kets (e.g., m # m') whose demand shocks are &;n, and &jr,y, respectively. Under the logit

specification, we their respective market shares are

_exp(apjm + &m) o exp (apjrm + &jrmv)
- - ) ji'm!/ — - ;
Zi:() exp (apkm + gkm) ZZ/:() €Xp (apk’m’ + gk’m’)

Sjm

where 0 < sj, < 1 and 0 < sjr,y < 1. Lemma 1 below formalizes the source of identification
for this parametric demand model. To prove it, we need the following assumption in addition

to Assumptions 1-6.

Assumption 8 There erists a pair of observations that satisfies Qu # Qum/y Wim = Wjrpy,

qjm = Sijm ={qj'm' = Sj’m’Qm’ and ij = Cj’m’-

Before stating and proving the lemma, we make one final change to our differentiated products
model from Section 2. Specifically, we drop the cost parameter vector T as we will treat the cost

function C(-) as being nonparametric for the remainder of the paper.

Lemma 1 Suppose Assumptions 1-6 and Assumption 8 are satisfied. Then, vjy, = Vjry and

under the logit model of demand, « is identified by

1 1 1
a=— - . (10)
pjm — pj/m/ 1 — Sjm 1 — Sj’m’

Proof. Suppose vjn, > vjpy. Then, from strict monotonicity of the cost function in terms of

the cost shock v

C (Qjma Wim, Ujm) =C (Qj’m’v Wirm/, Ujm) >C (Qj’m’ » Wilm/, Uj’m’) )

contradicting Cj,, = Cjrpyr. A similar contradiction obtains for vj,, < vj/,. Therefore, vj,, =
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Ujrmy. As a result, the marginal cost of the two observations is the same. That is,
MC (sijma Wim, Ujm) =MC (Sj’m’Qm’a Wirm/, Uj’m’) .

Because marginal revenue equals marginal cost, for these two data points, their marginal rev-
enues must be the same. Then, in the case of logit model,

1

1_Sjm [0 1—Sj/m/)a.

Since Qm # Quyy Sjm # Sj'm and thus, for bounded negative a, pjm # pjrpm. It then follows

that « is identified from such a pair of data points as follows:

Pjm — Pj'm/ 1- Sjm 1- Sj'm/

It is important to note that at no point do we explicitly or implicitly use market size Q,
as an instrument in identifying «. Instead, we exploit residual variation in market size that is
independent of the demand and supply shocks and/or demand and supply shifters. In other
words, for the same level of output, differences in market size imply differences in market share.
These differences can be used to separately identify the demand and cost function parameters.

Of course, in practice Assumption 8 is unrealistic. However, a similar argument can be made
for pairs that satisfy the equalities in Assumption 8 approximately.

The above example highlights the importance of the variation of market size @), for identi-
fication. If all the data came from a single market, or from two markets with the same market
size, then qjm = qj/m implies Sjp, = Sjimy, and thus a cannot not be identified from (10).

Two issues are likely to arise in practice with this estimation strategy. First, suppose there
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exist two pairs that satisfy Assumption 8 and each pair may provide a different estimate of a.
This would immediately lead a practitioner to conclude that the model is misspecified since, if
the model is correct, it is impossible to have two such pairs of markets that deliver different a
estimates. This issue arises because the specification of the model is too strong. According to
the model, given output and input price, cost data uniquely identify cost shocks. The second
issue with the strategy is that it is widely accepted that cost data are measured with error.?®

To handle both issues, in the next assumption we explicitly introduce an additive measure-

ment error in the cost function.

Assumption 9 The observed cost of firm j in market m, C]C-lm differs from the true cost Cjp,
by measurement error, i.e.

Measurement error 1y, is i.i.d. distributed with mean 0 and variance a%. In addition, measure-

ment error is independent of (¢jm, Wjm, Pm,Sm, Xm), for all j, m.

3.2 Pseudo cost function

We now define the pseudo-cost function, which is the core component of our new estimator.

Definition 1 A pseudo-cost function is defined to be PC(qjm, W jm, MCjp), where MCjy,, de-

notes the marginal cost for product j in market m.

Next, we state and prove a lemma that relates the cost function to the pseudo-cost function.
The lemma shows that given output and input prices, marginal cost, if observable, can be used
as a proxy for the cost shock. Because we assume profit maximization, we know that marginal
revenue equals marginal cost at all points in the data. Now recall from the discussion in Section

2.2 that marginal revenue can be expressed strictly as a function of demand parameters and

2For a discussion of this issue see, for example, Wang (2003)
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data. Together with the profit maximization assumption, this implies that when the demand
parameters are at their true values, marginal cost is, in effect, observable. This allows us to

relate the cost function to the pseudo-cost function in practice. The lemma formalizes this idea.

Lemma 2 Suppose that Assumptions 2, 3, 5 and 6 are satisfied. Then, C (qjm, Wjm,Vjm) =
PC (¢jm, Wjm, M Rjmm(00)) , and the pseudo-cost function is increasing and continuous in marginal

revenue.

Proof. First, we show that C (¢jm,Wjm,Vjm) = PC (¢jm, Wjm, MCjn). Note that because
MC'is an increasing and continuous function of vj,, given g;,, and wj,,, there exists an inverse
function on the domain of MC (¢jm, Wjm, Ujm) such that v, = v (¢jm, Wjm, MCjp,), where v
is an increasing and continuous function of MC. This implies that we can use (an unspecified
function of) gjm, Wjm and MCjy: v (¢jm, Wjm, MCjp), to control for vj,,. Substituting this
“control function” for vj,, into the cost function, we obtain the pseudo-cost function from Def-
inition 1: C (gjm, Wjm, Vjm) = PC (¢jm, Wjm, M Cjp,) . From the F.O.C. we know that marginal
revenue must equal marginal cost when the demand parameters are at their true values, 8y. We

can therefore substitute M R;,,(00) in for MCjp, in the pseudo-cost function:

C (Qjmywjmavjm) = PC (Qjmijma Mcjm) = PC (Qjmijma Mij(BO)) .

Finally, because vjy, is an increasing and continuous function of MCj,, given gjm,, Wjn, and
because MR, (09) = MCjy, at 8y, PC is also an increasing and continuous function of M R.
|

This lemma allows us to use the pseudo-cost function instead of the cost function in estima-
tion. The advantage in doing so is that the former is only a function of data and parameters,

whereas the latter depends on the unobservable cost shock v.
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3.3 Proposed estimator

We now present our estimator. It selects demand parameters to fit the pseudo-cost function to
the cost data using a nonparametric sieve regression (Chen (2007); Bierens (2014)). We thus

assuie

Assumption 10 The true pseudo-cost function can be expressed as a linear function of an

infinite sequence of polynomials.

PC (qjm> Wim, MRjm(00)) = > 4181 (@jm, Wim, M Rjm(60)) , (12)
I=1
where 1 (+) ;12 (+), ... are the basis functions for the sieve and v1,72, ... is a sequence of their

coefficients, satisfying Y ;= ’le < 00.%6

Our estimator is derived from the approximation of (12). It is useful to introduce some
additional notation before formally defining it. Let M be the number of markets, and L
an integer that increases with M. For some bounded but sufficiently large constant T° > 0,
let Ty (T') = {mxy : [|my|| < T} where 7 is the operator that applies to an infinite sequence
v = {"} ", replacing v, k > n with zeros. The norm [|x|| is defined as ||x|| = />_;2, #2. We
will prove later that at the true value of @ and v = [y, .. .]/, the population distance between

the cost data and the sieve-approximated pseudo-cost function is minimized. That is

2
[60,70] = argmin E |CF,, —> iy (Qjm7wjm7Mij(9))] ; (13)
(0,7)eoxT ]

26Suppose the vector (gjm, Wjm, M R;m) comes from a compact finite dimensional Euclidean space, W. Then,
if PC (qjm, Wjm, MCjp) is a continuous function over W, from the Stone-Weierstrass Theorem it follows that the
function can be approximated arbitrarily well by an infinite sequence of polynomials.
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where O is the demand parameter space, and I' = limps_00I'1,, (T'). Our estimator solves the

sample analogue of (13), given a sample of M markets:

[éMa’AYM} =  argmin Z G = > ¥ (@jms Wim, MRy (6))| . (14)
(0.1)€OXT (1) 2om I J z

The set I'z,,, (T') makes explicit the fact that the complexity of the sieve is increasing in the

sample’s number of markets.?”

3.3.1 Identification

We now prove identification of the estimator. First, we state the assumption that marginal

revenue identifies the demand function parameters.

Assumption 11 Marginal revenue identifies the demand function parameters. More concretely,
consider two firms jm and j7'm’ in different markets m # m' with the number of firms being J,,
and Jpy, respectively. Denote U to be the vector of the first firm’s output, input price, prices
and market shares of all firms in the same market, and v being the same vector of the second

firm. We assume the two firms have the same output and input price, i.e.,

V= (Qawvf)aé)a ':j: (qvaf),g), ﬁ?élzl

If O # 0y, then there exist two such firms with outcomes U # U, that satisfy and the following

properties

2"In the actual estimation exercise, the objective function can be constructed in the following 2 steps.

Step 1: Given a candidate parameter vector 8, derive the marginal revenue M R, (0) for each j, m, j =1, ..., Jm,
m=1,..,M.

Step 2: Derive the estimates of 4;, I = 1, ..., Lys by OLS, where the dependent variable is Cfm and the RHS
variables are ¥ (qjm, Wjm, M Rjm (0)), l =1, ..., Lyr. Then, construct the objective function, which is the

2
average of squared residuals Q (0) = ﬁ Zj’m [C’]‘-’lm — Zf:f‘{ At (@jm, Wimy, M Rjm (0))} .

We choose 0 that minimizes the objective function Qs (0). In sum, we search for the demand parameters in an
outer loop, and find the best fitting cost function on an inner loop for each candidate set of demand parameters.
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1¢>0,w; >0, forl=1,...,LandpP; >0,0<8 <1 forl=1,....Jn andp; >0,0<§ <1,

forl=1,..,Jm, and 0 < Z{;”l §<1,0< Z{:{ § < 1.
2 MRjn(P,5,0) = MRy (ﬁ,é,e) and M R (p,s,00) # MRjy (ﬁ,é,eo).%

3 For any open sets A including (¢, w), B including (P, 8) andé including (f), §) , Prob (A X B) >

0, Prob (A X 5:’) > 0.
Proposition 1 Suppose Assumptions 1-6, 9-11 hold. Then, equation (13) identifies 6.

Proof. See Appendix.

We have shown above that in fitting the pseudo-cost function to the cost data, we identify the
demand parameters. Notice that in the above estimation, the assumption we actually impose
is somewhat weaker than profit maximization (i.e. marginal revenue equals marginal cost). We
only require that marginal cost is an increasing function of marginal revenue.?’

Our sieve NLLS approach deals with issues of endogeneity by adopting a control function

approach for the unobserved cost shock vj,,. With our estimator, the right hand side of (14) is

minimized only when the demand parameters are at their true value ¢y so that the computed

28 As we will see later, this is essentially equivalent to assuming nonlinearity of the marginal revenue function.
290ne may argue that a more straightforward estimation strategy is to construct a pairwise differenced estimator
that pairs up firms in different markets with similar outputs, input prices, and marginal revenues. Specifically,

2
9;1\/[ = argminee@ Z Z |:(de - C]{-i/m/) Wh (q]dm - q;-l/m/,wjm — Wj’m/y MRJm (9) - MRj/m/ (0))] 5
Jym jlm/ (5" ,m’)#(G,m)
where pairs are a weighted as a function of the difference in their outputs, input prices, and marginal revenues,
Wh (q]m — qj/m/7ij _— Wj/m’, MR]m(B) _ MRj’m/ (9))

Ky (gim = @jrm) Kny (Wim — Wjrmr) Ky g (MRjm (0) — MR (6))
Zk,n Zk/,n’:(k’,n’)i(k,n) th (an - Qk/n/) Khw (wkn - wk/”/) Khl\lR (MRk" (0) - MRk”ﬂ/ (0))

where K, (-) is a kernel with bandwidth h. Since we are not pairing up firms with exactly the same marginal
revenues, by construction, the monotone relationship between marginal revenue and marginal cost does not always
hold within a pair, which results in a loss of efficiency for this estimator. In contrast, the sieve- based approach
is built on the assumption that the monotone relationship between marginal revenue and marginal cost holds
exactly for each firm. This additional constraint can be shown to increase efficiency. Furthermore, as we will see
later, the sieve NLLS estimator is more flexible in dealing with some practical data issues such as multi-product
firms than a pairwise differenced estimator.
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marginal revenue equals the true marginal revenue, e.g., the marginal cost, and thus works as a
control function for the supply shock vjp,. If 8 # 6y, then using the false marginal revenue adds
noise, which increases the right hand size of the sum of squared residuals in (14). In this sense,
we are adopting a pseudo-control function approach, but without any need for instruments. As
the above argument makes clear, the true demand parameter 8y can be obtained as a by-product

of this control function approach.

3.3.2 Identification of marginal revenue

It is important to note that Assumption 11 is a high level assumption; it is not necessarily
satisfied in all demand models. For example, if marginal revenue is a linear function of 8,
then for any positive constant a > 0, if we set @ = a8y, then, for any (P, S, ) and (f)m, §m>,
MR (B, $ms j,0) = MR (B, $yns j,0) implies MR (B, Sy, j,0) = aMR (B, Sims j,00), ME (B, 5, 0) =
aMR (f)m, S I 0()). Hence, MR (Pm,Sm,j,00) = MR (f)m,ém,j, 90). Hence, Assumption 11
is violated. The important question, then, is whether standard differentiated products demand

models satisfy Assumption 11. The lemma below answers this question.

Lemma 3 Assumption 11 is satisfied for the logit model. It holds as well as for BLP model of

demand without observed product characteristics for monopoly markets if

Ha0 1
. < ~250) 0 (15)

Proof. See Appendix.

Inequality (15) needs to be satisfied so that there exists (p, s) that generates negative slope

of the market share with respect to price and the positive marginal revenue.3"

30We have conducted extensive numerical studies, computing monopoly equilibria with different demand and
supply shocks. We could not find any price and market share combination that has both negative market share-
price slope and positive marginal revenue if the inequality is not satisfied. If it is satisfied, then, it can be shown
that the point (p, s) where s = 1/2 and p sufficiently large satisfies both conditions.
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Next, we include controls X,,, into the demand model, and show that the cost data identifies
the parameters of the random coefficients on price (¢a,0q), and o, the standard deviation of

the distribution of 3.

Lemma 4 Suppose that the logit or BLP model now includes the exogenous demand controls
X Assumption 11 is still satisfied for the logit model with respect to . Assumption 11 is
satisfied for the BLP model of demand for the parameters (pq,0q) and og under monopoly as

well.

Proof. See Appendix.

In the proof for the BLP model, we had to rely on firms with very high prices for identification.
That is unattractive, but necessary to deal with the complexity in separately identifying the
parameters of the distribution of the random coefficients.?! As we will see later, nonparametric
identification of the marginal revenue and the market share equation does not rely on having
such firms.

Proving Assumption 11 for the BLP model for oligopoly markets is a straightforward exten-
sion of Lemma 3 and is thus omitted. It requires data that contains firms with high and similar
prices, €.g. Dim = Pam = -..pJ,,m = p for sufficiently high p. Despite the need for these strong
assumptions in the formal argument for parametric identification for the BLP model, we later
show with Monte-Carlo experiments that our estimator identifies the coefficients of the logit

model and the BLP model very well in datasets without such firms with high prices.

Estimating taste parameters for product characteristics

Recall that our estimator in equation (14) abstracted from having product characteristics &y,

in the demand model. Allowing for them now, we can identify g for the logit model and pg for

31We conducted simulation exercises to see the conditions that are required to observe data are satisfied with
such high prices, i.e., the market share having negative slope with respect to price, and the marginal revenue to be
positive. What we need is that the demand shock increases with price such that the resulting monopoly market
share is not below 15 percent.
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BLP if we include additional moment conditions in our estimator that leverage the (common)
assumption that E [Sjm|Xm] = 0. Our modified estimator simply minimizes the weighted
sum of the original NLLS objective function and the GMM objective function based on the
sample analog of these orthogonality conditions between the observed and unobserved product

characteristics. That is,

2

Ly
C;im - Z ’YZwl (qjmg Wim, Mij (9))]
=1

P . 1
[eMa 7M} = argmin(e,y)eoxTy,, 2717 Z
m <m im

Y1 7% € (6) Xm] W, FL 1 €im (6) xm]

+A
M Tm M Jm
dom=1 2501 Dom—1 2501

where
-1
M Jn

o 2 D & (63 XX O1)

Wi = M J
> m=1 ng m=1 j=1

and A is a positive constant.

3.4 Nonparametric identification of marginal revenue function

We have so far assumed Berry (1994) logit or BLP random coefficient logit functional forms of
demand. In this section, we show that marginal revenue is nonparametrically identified, and that
the market share function can be recovered from nonparametric marginal revenue estimates. In
practice, however, identification and estimation will be subject to a Curse of Dimensionality.
This provides motivation for the use of the parametric methods described above in practice.
To simplify our discussion, we first focus on monopoly markets; this allows us to drop the j
subscript. In addition, for the sake of brevity in notation below, we will not explicitly state the
dependence of marginal revenue M R(-) and market shares s(-) on product characteristics X,
nor the dependence of marginal costs M C(-) on input prices wj,,. After establishing nonpara-

metric identification in monopoly markets, we then discuss how the logic can be straightforwardly
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extended to oligopoly markets.

We begin by making the following auxiliary assumptions:

Assumption 12 The marginal revenue function M R(p,§) is strictly increasing in price. Fur-
thermore, for any two pairs of prices and market shares (p1,s1) and (p2, s2) such that s; = s
and p1 > pa,

MR, > MRQ,

where M R; is the marginal revenue of firm i in the pair, and MR (p,§) is the marginal revenue

specified as a function of price p and the demand shock &.

Assumption 13 The market share function s (p,§) is strictly decreasing and continuous in p

and strictly increasing and continuous in &. Furthermore,

limg)—oos (p,€) =0, limgroos (p,§) =1 and limppoes (p,§) = 0.

Assumption 3’ The marginal cost function is strictly increasing and continuous in v. Further-

more, for any q > 0,

limy, 0 MC (q,v) =0, and limy1ec MC (q,v) = o0.

Formally, we prove the following proposition:

Proposition 2 Suppose Assumptions 1, 2, 3, 4, 5, 6 and Assumptions 9, 12 and 13 are satis-

fied. Consider data on firms with the same product characteristics x and input prices w.

a. Given q, the ordering of marginal revenue is nonparametrically identified from the cost data.

b. Suppose we have two points, (Q1, q1,p1, 1) and (Q2, g2, p2, S2), with the same demand shocks

(&1 = & = &) and cost shocks (v1 = ve = v) and different market sizes Q1 < Q2. It follows
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that

51> 82, p1 < p2, q1 < q2, (16)

and

Inps — lnpl] = E [Cd’ (g2, p2, 52)] - K [Cd‘ (ql’pl’sl)} +0(|Q2—Q1]). (17)

p1 |1+
Insy —Insy Q@ —q

c. Suppose we have two close points, (Q1,q1,p1,51) and (Q2,q2,p2, $2), such that both (16) and

(17) hold. Then, the true marginal cost at at (Q1,q1,p1,51), MCy satisfies

E [Cd‘ (q27p2752)] —F [Cd| (Q17p1731)] L0
92 —q1

MCy = (|Q2 — Q1])

Part a of the Proposition clarifies the source of identification in parametric demand models
discussed earlier. The parameters of the logit and random coefficient logit models are identified
from the ordering of the marginal revenues, which in turn is identified by the ordering of the
nonparametrically derived average cost conditional on price, market share, output, observed
product characteristics, and input prices.

Parts b and ¢ of the Proposition go further in terms of identification; they state that the
level of marginal revenue can be identified. Hence, linear marginal revenue models are now
identifiable, which was not the case if we only had the ordering of the marginal revenue as the
source of identification. Parts b and ¢ say that if we find two nearby points with the same
X, and w,,, satisfying some inequalities relating their market shares, prices and outputs, and
if the first order condition using these points is approximately satisfied, then a nonparametric
estimate of marginal cost can be computed from these points as the local slope of the average

cost, where the average is taken over the total cost conditional on output, input price, observed
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product characteristics, prices, and market shares:

E [Cd| (qQ,Wap%SZaX)] - K [Cd| (q17W7p15517X):|
@2 —q '

MC, =

In practice [Cd| (¢, w,p, s, x)] could be nonparametrically estimated in a first step. Assuming
profit maximization, we can directly obtain a nonparametric marginal revenue estimate ]\/47%1
from this marginal cost estimate, ]\/47%1 = ]\//.I'\C'1.32

It is fairly straightforward to see that Assumption 12 is satisfied for the logit model. For
the random coefficient logit model, we conducted an extensive numerical analysis in monopoly
markets and found that when market share is low (e.g., less than or equal to 15 percent of the
market size), sometimes marginal revenue decreases with an increase in price. Even though this
is an exceptional case of a monopolist having a very low market share, it shows that one cannot
completely rule out the possibility of Assumption 12 not being satisfied. Fortunately, it can be
tested. To do so, consider two monopoly firms whose output, market size, and market shares
are close to each other. In particular, for the point (Q1,q1,p1,51), take another close point
(Q2, g2, 2, s2) that has the same x; = x9 = x and w; = wg = w, and that satisfies Q1 = Qa2,
$1 = S92 = s, hence g1 = g2, but p; < p2. Then, if £ (CdIQQ,W,pg,SQ,x) >F (Cd’th,ple,x),
it implies that C (g2,v2) > C(q1,v1), thus, vy > v1, and given g1 = g2, MRy = MC (q1,v1) <
MC (g2,v2) = M Ry, and Assumption 12 holds. If, on the other hand, F (Cd\CZQ,W,pz, SQ,X) <
E (Cd]ql,w,pl, sl,x), then MRy = MC (q1,v1) > MC (g2,v2) = M Ry and Assumption 12 does
not hold. Therefore, by testing the hypothesis F (C’d\(p,w,pg, sz,x) > F (Cd’qhw,pl,sl,x),
one can test Assumption 12.

We next consider oligopoly models with J firms. We apply the same argument to firm j =1

32Recall that with parametric identification, we only needed to assume that marginal revenue was an increasing
function of marginal cost. For Proposition 2 however, to prove nonparametric identification, we require that
marginal revenue to equal marginal cost. It is the parametric functional form restriction that helped weaken the
profit maximization assumption previously.
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in two different markets. Define s_;,,, and p_j,, to be the market share and price vectors of
firms other than firm j in market m. As in Proposition 2, we need to find two close points in
the data, e.g. two oligopoly outcomes in different markets that are similar. We denote the first
outcome to be (Q1,q11, P11, S11,S-11, p,11)33 where ¢11, p11, and sq1 are the quantity, price and
market share of the firm 1 in market 1, and s_11, p_11 are market share and price vectors of
firms other than 1 in market 1. We similarly define (Q2, q12, p12, S12,S—12, P—12) to be the vector

of variables of market 2. These two points are chosen to satisfy the following properties

Q1 < Q2, s11> 512, p11 <p12, s11Q1 < s12Q2 and p_11 = p-12,

and

o |1+ Inpiz — Inpy| _ F [C (q12, P2, 82)] — E [C (11, P1,81)] Lo
Insis — Insiy q12 — q11

(1Q2 —@Qul) -

Then, with only slight modifications to the proof of Proposition 2 for the monopoly case, we can

prove nonparametric identification of the marginal revenue function for the oligopoly case.?

3.4.1 Recovering the market share function

We can use this marginal revenue estimate to recover a non-parametric estimate of the market
share function. Denote the non-parametric marginal revenue estimate of firm 1 evaluated at

point (X, Pm,Sm) by ]\ﬁ(Xm, Pm,Sm, 1).%° Using the definition of marginal revenue, we can

33We again suppress X,, and wW;, as we continue to condition on having firms that also have the same X,,
and w;,, for these identification proofs.

34The relevant lemma, Lemma 5 and its proof are in Subsection C.2 of the Appendix.

3%Notice that by conditioning on the point X, Prm, Sm, we are effectively conditioning on the demand shock
&,, as well since (recall) it perfectly rationalizes s,, given X, and pm.
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recover the derivative of the market share function at this point as

0s(Xoms PrnsSms 1) [MBR(Xin Pins S 1) = prm |
Opim S1m

A non-parametric estimate of the market share derivative around the point X,,,, Py, Sy for firm

1 can then be calculated as

88({;5, 1)
Op1 B %:

— -1
MR(mepmaSmal) — Pim Ky (X—Xm,p—pm,s—sm)
ZnKh(X_me_pn»S_Sn)’

Sim

where Ky(+) is a kernel with bandwidth vector h.

We can use this non-parametric estimate of the market share derivative to recover a non-
parametric estimate of the demand function. Starting from the point X,p,s (where § =
S (X, P&, 1) for some &), we derive the approximation of s (X, P+ Ap,¢&, 1)7 that is, the market
share of firm 1 with price vector p+ Ap where Ap = [Api,,0,...,0]) and where Apy,, is small.

The approximation is computed as

— /
0s(X,p,s,1
(X,p )Ap

5(X,p+Ap,&,1) =5+ oo ,

— — !

95(X;ps1) _ |9s(Xps1)
where Op = o 0,..

.,0] . The market share function can be iteratively recovered

in a similar fashion, where at iteration k£ the share estimate at price p + kAp is

—_— /

0s (X,f) + (k—1)Ap,s, 1)
op

§(X,f>+kAp,£,1)zé(f,f)—l-(k‘—l)Ap,f,l)—i— Ap.
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Then,

+ kAp,€,,. 1) = s (X, p+ kAp, &, 1)

P
/
) _
0 X ZA ds (X, [Ap, &, 1
s (S p+ p.§1) 9s(X,p+1Ap.§ 1) Ap + O (|Ap|?)

=1 811)

Therefore,

§(X,p+kAp,&,1) =5 (X,p+kAp,&,1) + O (k|| Ap|?) + ko, (1) | Ap].

Hence, we can obtain a non-parametric market share function estimate given X and p.

3.4.2 Curse of Dimensionality

In practice, a non-parametric estimator for the demand and cost parameters based on parts b and
¢ of Proposition 2 will likely suffer from a Curse of Dimensionality. To implement such an esti-
mator, one would need to obtain a non-parametric estimate of E[C’ (@i Wims Xon, P, Sm))-
For most markets of interest, X,, will contain a number of product characteristics across a
non-negligible number of firms. This makes the dimensionality problem potentially quite severe.

Because of this dimensionality issue, in what follows we pursue the common practice where
researchers use parametric restrictions to reduce the dimensionality of the estimation problem,
essentially transforming the non-parametric estimation exercise into a semi-parametric one. In
particular, we adopt the Berry (1994) logit or BLP (1995) random coefficients demand model.
This relaxes the need to condition on the individual variables X,,, pm,Sm in our pseudo-cost
function estimator: we only need to control for a single M R;,, index, which is a parametric

function of these variables.
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3.5 Cost function estimation

After estimating the model’s parameters with our pseudo-cost estimator in (14), we can recover
the cost function from the marginal revenue estimates; the steps in doing so are similar to those
used in recovering of the market share function from marginal revenue.3¢

The cost function can be recovered from the pseudo-cost function estimates in two steps.

First, we non-parametrically estimate marginal cost for a given point (¢, w,C) as follows,

jm

where 0, is the estimated demand parameter obtained from our pseudo-cost estimator, PC ()
is the predicted value of the estimated pseudo-cost function, and W), is a kernel-based weight
function.?” Second, for a given input price w, starting at output g and total cost C, there
exists a cost shock © that corresponds to MC (g, w,v) = M R.3® Knowing this, we can use the
following iteration for k = 1,... to recover the total cost for different levels of output given the

cost shock v,
é(q—i-k:Aq,w,@) = 6((74— (k—1) Aq,w,@)—i-m ((j—i— (k — 1)Aq,w,a(cj+ (k — l)Aq,w,@)) Agq.

where Aq represents a small change in quantity.?® It is important to note that this procedure
does not impose any constraints on the cost function. The additional source of information for

recovering the cost function comes from the demand side of the model.

36Marginal revenue function can be parametric as well as nonparametric.
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th (q - qjm) Ky, (W - ij) Khyr (C - chm)
> ot Ky (@ = at) Knyy (W —Wit) Knyp (C - fﬁkl)

Wi (q = @im, W — Wym, C' — ﬁz’jm) =

38We do not need to derive the value of T, only the corresponding MR.
39In Appendix D we provide detailed instructions on how to implement this iterative procedure and recover the
cost function for a given w, starting from a given set of g, C and M R values.
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3.6 Further issues

We have thus far worked with the standard differentiated products model from Berry (1994) and
BLP. Depending on the empirical context, however, a number a specification and data-related
issues can potentially arise. In this section, we demonstrate that with some modifications of the
NLLS part of the objective function in (14) our estimator can be adapted to various empirical
settings.

Endogenous Product Characteristics.

So far, we have followed the literature and assumed X,, to be exogenous. However, if firms
strategically choose prices and product characteristics, then elements of X,,, will be correlated
with the demand shock §,,,. Researchers often abstract from this possibility by assuming they
are studying a sufficiently short time horizon such that firms effectively take their product lines
as fixed and compete strictly on prices. Over longer time horizons, this assumption likely breaks
down in most markets. To accommodate endogenous product characteristics, researchers have
recently started estimating BLP models that include first order conditions for optimal prices
and product characteristics.?? To estimate the demand parameters in this setting, one needs
instruments to deal with the endogeneity of prices and product characteristics. In addition, the
typical set of “BLP instruments” for prices based on product characteristics become invalid.
That is, researchers need more instruments and have fewer options for IVs when trying to
estimate differentiated products models with endogenous product characteristics

In our framework, we can explicitly incorporate endogeneity of product characteristics by

adding the marginal revenue with respect to product characteristics choice in the pseudo-cost

40Gee, for example, Chu (2010), Fan (2013), and Byrne (2014). For an excellent overview of the empirical
literature on endogenous product characteristics see Crawford (2012). It is worth noting that these applications
all maintain the static decision-making assumption of BLP; firms are allowed to adjust their product characteristics
period-by-period but are not forward-looking in doing so. A recent paper by Gowrisankaran and Rysman (2012)
develops and estimates a dynamic version of a differentiated products oligopoly model, though the solution and
estimation methods are computationally burdensome.
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function as follows,

PC (Qjmawjmv MRQjm (00) 7MRX‘jm (00)) )

where M R, is the marginal revenue with respect to quantity choice and M Rx,, is the marginal
revenue with respect to the product characteristics choice. Then, the modified NLLS part would

be

> ACH =t (@jm, Wim, MRy, (0), MRx,, (6))

Jm l

Zm Jm

Cost Function Restrictions.

We have thus far not imposed any assumptions about the shape of the pseudo-cost function
except that it is a smooth function of output, input price, and marginal revenue. Hence, the
cost function that is recovered is not guaranteed to have properties such as homogeneity of
degree one in input prices, nor convexity in output, which are required for the cost function to
be well-defined.

Imposing the restriction of homogeneity in input prices in estimation is straightforward. If
the cost function is homogenous of degree one with respect to input price, so is the marginal
cost function. Hence for some input price wi jpm,

Wim

——, Ujm)
1,9m

C(Qjma Wim, Ujm) = wl,ij(Qjma

and

IC(qjm, Wim /W1 jm, Vjm)

Oq

MC(Qjm, Wim, ’Ujm) = W1,jm

We can thus modify the NLLS component of our pseudo-cost estimator to impose the homo-
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geneity restriction as follows,

2
1 dem ( W_1,jm Mij (9))
~ 7 - f)/lwl qjm, . ) ’ 18
2 I %:L Wi jm zl: T wigm T wim "
where W_1 jp, = (W2,jm, - - ., WL jm) are all the other input prices except for input price wi jp,.

We do not, however, impose convexity in output in estimation. Rather, we follow numerous
papers in the cost function estimation literature and check that convexity is satisfied after

estimating the cost function.

Economic versus Accounting Cost

The cost data we envision using comes from the accounting statements of the firm.4! Such data
do not necessarily reflect the economic cost that the firm considers in making input and output
choices. More concretely, by imposing profit maximization, we may not be appropriately taking
into account the opportunity cost of the resources that are used in purchasing the necessary
input to produce output. Fortunately, from accounting statements we may be able to obtain
information on other activities that the firm may be pursuing in addition to the production
of an output. For example, we may find details on firms’ financial investments including their
rate of return.*?> Suppose that the return on a unit of a financial investment is Tjm. Then, the
opportunity cost of production is 7, and the firm will produce and sell output until marginal

revenue equals marginal cost that accounts for this cost,

MR]‘ (0) =MC (qjm,ij,Ujm) + Tjm.

Tndeed, accounting data are typically used in previous applications that estimate cost functions to evaluate
market power, measure economies of scale or scope, and so on.

42In the application of our estimator to U.S. banking such information is readily available. Most large industries
like banking that are subject to some form of regulatory oversight are likely to report such data. The cable TV
industry is another good example; see, for example, the data described in Kelly and Ying (2003) or Byrne (2014).
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Substituting this into our estimator, we obtain the modified NLLS part as follows:

1
S Im Z Ci = Zl:’nl/}l (@jm> Wim, M Rjm (6) — 1im)

j)m

That is, as long as we can obtain information on the financial opportunities that the firm has
other than production, we can incorporate them into our estimator. In such cases, the estimator

will not be subject to bias even if the cost data we use corresponds to accounting costs.

Fixed costs

So far we have implicitly assumed that the cost data corresponds to variable costs. For the more
general case where only total cost is given, our method can still be applied if we impose some
additional assumptions on the firm’s cost structure. For example, suppose there are fixed costs
that correspond to rental payments, licensee fees, and so on that vary with variables in x;,,
but that do not vary with ¢;y,, Wj,, nor M Rj,;,. We can modify the NLLS part of our estimator

to account for such fixed costs as follows,

2
i Z C]dm — Z’nwl (q]'m, Wim, Mij(B)) —XimfC|
1

jm

where ¢ is an additional fixed cost parameter to be estimated.

Missing cost data and multi product firms

Until now we have assumed cost data are available for all firms in the sample. In the data, it
could very well be the case that we only observe costs for some firms and not others. In that
case, we can estimate the structural parameters consistently by constructing the NLLS part
using only firms for which we have cost data. Because the NLLS part of our estimator does

not involve any instruments, only choosing firms with available cost data in estimation will not
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result in selection bias. It is important to notice, however, that we still need demand-side data
for all firms in the same market to compute the marginal revenue and the GMM part of the
objective function. Luckily, such demand-side data tends to be available to researchers for many
industries.3

A more difficult case of unobservable costs would be when firms produce multiple products,
but only the total cost across all products is observable in the data.** Suppose that each firm
produces F' outputs. Then, as long as the numbers of products is not too large (otherwise,

we would face a Curse of Dimensionality issues in estimation), the NLLS component can be

extended as follows,

2
Z C]dm - Z N (qjm,ltF’ Wim, Mle:F (Xml:F7 Pmi1:F,Sml:F, 0)) )

jm l

1
M

where qum1.7 = (g1, .-, Gmr) is the vector of output of product 1 to product F. X,n1.5, Pmi1.F
and s,,1.F are similarly defined.

If the number of products is large, one should consider imposing more structure on the
pseudo-cost function to avoid the Curse of Dimensionality.*> Such a cost function could be

specified as:
C]Cfi = Z C (Qjmv Wim, Ujm, T) Ijm (f)+77f = Z PC (Qjma Wim, MR (Xm7 Pm>Sm, 00)) Ijm (f)+77f
jm jm

where I, (f) is an indicator function that equals 1 if branch j in market m belongs to firm f
and 0 otherwise. C is the total cost of the firm that includes the cost of all branches, and 7

is the i.i.d. distributed measurement error of firm f’s total cost. Denoting F' to be the total

“3This is evidenced by the large number of applications across many industries in empirical 10 the followed
Berry (1994) and BLP.

44 This is practical issue for our U.S. banking application. We have total costs for a given bank in a local market,
however we do not know the individual branch-level costs for the bank within a market.

45This will likely be the case in our U.S. banking application where banks have potentially many branches in
some Metropolitan Statistical Areas.
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number of firms in the data, the NLLS component of our estimator can be modified as follows,

2

1
fz C?_ZZWW Qjms Wims M Rji(0)) Lim (f)
f jm 1

4 Large Sample Properties

Our estimator is derived from minimizing the objective function that is the sum of two com-
ponents. The first NLLS component is sieve based, and the second component is the GMM
objective function. In the Appendix, we prove consistency and asymptotic normality of the es-
timator. These proofs are based on the asymptotic analysis of sieve estimators by Chen (2007)

and Bierens (2014), and the GMM asymptotics by Newey and McFadden (1994) and others.

5 Monte Carlo Experiments

This section presents results from some Monte-Carlo experiments that highlight the finite sample
performance of our estimator. To generate samples, we use the following random coefficients

logit demand model:

Sjm // €xp ij5+apjm+§jm) i(b (a_:ua> id) <B_M'B>dad,3
7 €xp (XjmB + APjim + Ejm) Ta oo ) 0p os

where we set the number of product characteristics K to be 1, and ¢() is the density for the

standard normal distribution. We assume that each market has four firms that each produce
one product (e.g., J = 4). Hence consumers in each market have a choice of j = 1,...,4
differentiated products or not purchasing at all (5 = 0).

On the supply-side, we assume firms compete on prices ala differentiated Bertrand taking

product characteristics as exogenously given, use labor and capital inputs in production, and
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have Cobb-Douglas production functions. We further assume input prices to be the same for all
firms in a given market; the assumption is motivated by the practical reality that researchers
typically only have access to market-level aggregate cost data. Then, given output, input prices
w = [w r]’ (where w is the wage and r is the rental rate of capital) and a productivity shock,

total cost and marginal cost functions are specified as,

1
werBe o St Be
C c

1
wa(:frﬂc ﬁc ac ac+PBe 1 1 1
MC y , T, = _ _— ac+Bec .
(q v TU) |: B <ac+5c v ac"‘/ch

Notice that in the above specification the cost function is homogenous of degree 1 in input

prices. 46

To create our Monte-Carlo samples, we generate wages, rental rates, cost shocks v, market
size ), the idiosyncratic component of the demand shock g¢, and observable product character-

istics x as follows,
w~ TN (fw, Ow), €90 = fly + 0w, 0w~ TN (0,04)

r~TN (pr,0r), €9g.,7=pr+0r, o ~TN(0,0)
v~TN (Uvaav)v €.g.,V = ly + 0v, 0v~TN (O,O'U)
QNU(QLvQH)v QéNTN(Oal)v XNTN(anUx)-

We draw variables from the truncated normal distribution T'N (-) to ensure that the true cost

4The cost function given the Cobb-Douglas production technology is defined as

C (q,w,r,v) = argming,kwL + rK subject to ¢ = Bv lLoeKPe.
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function is positive and bounded, and the compactness of the set W (which recall contains
(¢,w, MR)). We truncate both upper and lower 0.82 percentiles. We further assume market
size to be uniformly distributed with lower bound )7, and upper bound Q.

Importantly, we specify the unobserved quality so as to allow for correlation between £ and

input price, cost shock and market size. Specifically, we set:

§= do + 51@5 + (52Qw + 53Q7~ + 54911 + 55(1)_1 (Q_QL>

Qu — QL
where ® is the cumulative distribution function of the standard normal distribution. We set
d; > 0 for [ =1,...,5. Hence, by construction, no variable can be used as a valid instrument for
prices in demand estimation.

To solve for the equilibrium price, quantity, and market share for each monopolist, we use
golden section search on price.*” In our Monte-Carlo experiments, we explicitly solve for the

equilibrium price, market share, and quantity. Therefore, in our case, the impact of instruments

4TFor the oligopoly market, we compute the equilibrium for each market m as follows.

Step 1 : We generate Qm, Xm, Wm, "'m, Um and §,, based on the above specification.

Step 2 : For firm j in market m, given other firms’ price, market share and output p—;m, s—jm, we solve for
the optimal price pjm, market share s;m,, and output ¢;m by using the F.O.C. of profit maximization.

68 (pm, Xm7 £7n7j7 0
Opjm

e (an“ Wm, T'm, Ujm)
Oqjm

-1
MRj‘"L = Pmj + |: ):| Sjm = MC‘"Lj =

where gjm = QmSjm. We do so by first bracketing p;jm, e.g., finding the interval p;n, € (B, ﬁ) so that p,
and the corresponding s, ¢ satisfies

P+

0Os (Bv p*j’ﬂhxﬂnémmﬁ 0) o s < aC (g» ’wm,Tm,'Ujm)
dp - dq

A similar procedure for p, s, and q yields

Bs (ﬁ?p*j’mdxm?&maja 0):| _1§ > QC (67 wm,rm,Ujm) .

P [ dp dq

Then, we use the bisection method to compute the equilibrium price p;m € (g, ﬁ) that satisfies

Os (pmvxmagmajae)]_ls_ _ BC(qmj,wm,rm,vjm)
im = .

bs [ Opjm ¢jm

We repeat the above algorithm for each j = 1,...,J, until convergence, e.g. the F.O.C. condition for
profit maximization being satisfied for each firm in market m.
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Table 1: Monte-Carlo Parameter Values
Pa Oa | g 05 | x o0x | @c Be | pw 0w
20 05110 02|10 05104 04| 20 0.2
pr  Or | pw oy | QL Qup | o o¢| A B
20 02105 021]50 100140 051001 1.0

on the endogenous variable is highly nonlinear and heterogeneous.

Table 1 summarizes the parameter setup of the Monte-Carlo experiments. Table 2 presents
sample statistics from the corresponding simulated data where the sample size is set to 1000
market-firm observations (e.g., there are 250 local markets). We set the standard deviation of

measurement error to be 0.1, about five percent of the total cost. The parameter estimates are

obtained by the following minimization algorithm,

[9M,WM] = argmin(e,we@xrw(T)[

+A

Zr]\)le Zj:l éjm (0

d
Cim B

2

m=1

J

o1 2

1

1
>

m jm
i
Wy

where note that in estimation we restrict the cost function to be homogenous of degree one in

|

T'm

input price. Further, we set the weighting matrix Wy, to be

We adopt the continuously updating GMM approach and estimate the weighting matrix Wy
simultaneously with the estimation of the parameters.

In Table 3, we present the Monte-Carlo results for our NLLS-GMM estimator. We report
the mean, standard deviation, and square root of the mean squared errors (RMSE) from 100
Monte-Carlo simulation/estimation replications. From the table, we see that as sample size

increases, the standard deviation and the RMSE of the parameter estimates decrease. This

Wy

S S0 (€ 00X ) (810 (0) %)

M Im
Zm:l Zi:l 1
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Table 2: Sample Statistics of Simulated Data.

variables Mean | Std. Dev
Price (pm) 3.3532 | 0.8352
Output (¢m) 1.1865 | 0.9068
Quality (&) 3.9932 | 0.4385
Market Share (sp,) | 0.1578 | 0.1104

Wage (wm) 2.0011 | 0.1961
Rent (r,) 1.9842 | 0.1781
Cost (Cy) 1.7935 | 0.7600

Tm 0.9791 0.4636

Measurement error std. dev.: o, = 0.1

highlights the consistency of our estimator. It is noteworthy that the means of the estimates
are quite close to their true values even with a small sample size of 100. Furthermore, since
the estimated parameter values are very close to their true values, the standard deviations and
RMSEs are very close to each other as well. Overall, these Monte-Carlo results demonstrate the
validity of our approach.*®

In Table 4, we report and additional set of Monte-Carlo results where we estimate i, 0q,
and og by minimizing the NLLS objective function, whereas jiz3 is estimated by minimizing the
GMM objective function. Overall, the means of the parameter estimates are again close to their
true values, and the standard deviations and RMSEs continue to decrease with sample size.
Moreover, the standard deviations and RMSEs tend to be larger than those of the NLLS-GMM
estimates from Table 3, with the following exceptions: standard deviation and RMSE of fi,, are
lower on average than those of the NLLS-GMM estimator for a sample size of 100, and standard
deviation and RMSE of fig are lower on average than those of the NLLS-GMM estimator for a
sample size of 1,000. We conclude that the NLLS component of the estimator is sufficient for
the estimation of pq, 04, and og. However, the additional GMM component in the NLLS-GMM
is effective in improving efficiency, in particular the efficiency of 6, and 63, coeflicients that

determine the degree of heterogeneity and price elasticity in random coefficient models.

48Results with measurement error standard deviations larger than 0.1 are similar to the one presented, but with
larger standard deviations and RMSEs.
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Table 3: NLLS-GMM Estimator

of Random Coefficient Demand Parameters.

Mo Ou
Market Size | Sample Size | No. Poly | Mean | Std. Dev | RMSE | Mean | Std. Dev | RMSE
25 100 27 -2.0264 | 0.5345 | 0.5325 | 0.4702 | 0.1271 | 0.1299
50 200 32 -2.0104 | 0.2628 | 0.2617 | 0.4978 | 0.0626 | 0.0623
100 400 38 -1.9972 | 0.1271 | 0.1265 | 0.4987 | 0.0369 | 0.0367
250 1000 48 -1.9986 | 0.0672 | 0.0668 | 0.4979 | 0.0194 | 0.0194
True -2.0000 0.5
fig 03 Obj. Fct.
Market Size | Sample Size | No. Poly | Mean | Std. Dev | RMSE | Mean | Std. Dev | RMSE
25 100 27 0.9892 0.1633 | 0.1628 | 0.1939 | 0.0716 | 0.0715 | 1.737D-3
50 200 32 0.9936 0.0864 | 0.0862 | 0.1985 | 0.0529 | 0.0526 | 2.029D-3
100 400 38 1.0074 0.0650 | 0.0653 | 0.2023 | 0.0197 | 0.0198 | 2.138D-3
250 1000 48 0.9993 0.0374 | 0.0372 | 0.2017 | 0.0108 | 0.0108 | 2.194D-3
True 1.0000 0.2
Measurement error std. deviation: 0.1
Table 4: Two-Step Estimator of Random Coefficient Demand Parameters.
Ha Oq
Market Size | Sample Size | No. Poly | Mean | Std. Dev | RMSE | Mean | Std. Dev | RMSE
25 100 27 -2.0077 | 0.4924 | 0.4900 | 0.4572 | 0.1449 | 0.1504
50 200 32 -2.0289 | 0.2718 | 0.2719 | 0.5011 | 0.0774 | 0.0770
100 400 38 -2.0002 | 0.1492 | 0.1485 | 0.5025 | 0.0407 | 0.0406
250 1000 48 -1.9878 | 0.0874 | 0.0878 | 0.4996 | 0.0237 | 0.0236
True -2.0000 0.5
i3 o Obj. Fct.
Market Size | Sample Size | No. Poly | Mean | Std. Dev | RMSE | Mean | Std. Dev | RMSE
25 100 27 0.9921 0.1695 | 0.1688 | 0.1957 | 0.1178 | 0.1173 | 1.546D-3
50 200 32 1.0042 0.1177 | 0.1172 | 0.2031 | 0.0547 | 0.0545 | 1.896D-3
100 400 38 1.0103 0.0768 | 0.0771 | 0.2044 | 0.0404 | 0.0404 | 2.069D-3
250 1000 48 0.9974 0.0360 | 0.0359 | 0.1991 | 0.0203 | 0.0203 | 2.150D-3
True 1.0000 0.2

Measurement error std. deviation: 0.1

In Table 5, we present Monte-Carlo results where we estimate parameters using the stan-

dard IV approach. We use wage, rental rate and market size as instruments. We experienced

numerical instability when we used the GMM estimator from BLP for the random coefficient

model for this exercise. Since our main focus is on potential bias of the IV estimator, and not

numerical issues, we decided to instead use the simpler and numerically more stable logit model.

All parameter settings are the same as those from the BLP Monte-Carlo exercise, except for the

restriction that o, = 0 and o3 = 0 and different values for ¢;, ¢ = 2,...,5, which we will discuss
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Table 5: IV Estimator for Logit Demand Parameters.

o p
Sample Size Mean | Std. Dev | MSE | Mean | Std. Dev | MSE
1000 NLLS-GMM? -1.9963 | 0.0623 | 0.0621 | 1.0015 | 0.0320 | 0.0319
1000 V1P -2.0163 | 0.1263 | 0.1267 | 1.0057 | 0.0451 | 0.0452
1000 Ivae -0.8365 | 0.2276 | 1.1853 | 0.6906 | 0.0789 | 0.3192
True -2.0000 1.0

a:62:53:54:55:51,b:52:53:54:55:0,(3:52:53:64:55:0.351

in detail later. We also change the notation and use « instead of i, and 8 instead of ug to be
consistent with Berry (1994).

In the first row of the table, we show results of the NLLS-GMM estimator. We still obtain
parameter estimates that are close to their true values. The results in the second row are the
ones for the IV estimator where instruments are not correlated with the demand shock, and
thus, valid (e.g., where we set do = 03 = 04 = 05 = 0). We can see that means of the estimated
parameters are close to their true values, although the standard deviations are relatively large.
This is because of the inefficiency of the simple IV. In the third row, we show results where
the instruments are invalid. We first tried the specification of do = 3 = 04 = d5 = d1, as in
the NLLS-GMM case. However, we faced numerical instability during estimation even for the
simple IV estimator. We then reduced the degree of endogeneity to do = d3 = 04 = d5 = 0.36;
and reported the results from this exercise. We can see that in this case the estimated price
coefficient is much higher than the true value of —2.0, e.g., we have an upward bias. The positive
direction of bias is reasonable because the error term, which is the unobserved quality, is set up

to be positively correlated with the instruments.

6 Conclusion

In this paper, we developed a new methodology for estimating demand and cost parameters of

the differentiated goods models when cost data and input prices are available, in addition to
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the standard data on aggregate market shares and prices of products. Our approach, which
exploits cost data and profit maximization of firms can, without instruments, identify demand
parameters in the presence of price endogeneity, and the cost function nonparametrically in the
presence of output endogeneity. Moreover, we have shown that the marginal revenue function
is nonparametrically identified.

As the Monte-Carlo experiments show, our method works well in situations where instru-
ments are correlated with structural unobservables in the model, and thus standard IV based
estimation methods break down.

This is the reason why the estimator proposed in this paper could be useful in policy analysis,
such as Anti-Trust cases, where governments may prefer to use the detailed cost data, which in
some cases it may have the authority to obtain via subpoena, rather than instruments, whose
choice could be a source of disagreement among various parties.

We believe that our results have implications for estimation of the models that assume
profit maximization by firms. In most empirical literature on firm behavior, researchers have
essentially used methods that are similar to the ones used in estimation of optimal behavior
of individuals. The assumption behind it is that the researcher cannot observe any data on
the objective function of individuals, i.e. their utility. On the other hand, for firms, we can
actually observe a measure of the objective function, i.e. their revenue and cost, hence, their
profit. Our results show that with data on the objective function, the exogenous variation that
is conventionally used in nonparametric identification and estimation of structural parameters
is no longer necessary.

Finally, when cost data is available, by comparing the results with cost data and without
cost data but with instruments, one could check the validity of various instruments, which would

be a useful guide on instrument choice even for industries whose cost data is not available.
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Appendix

A Proof of Proposition 1

Proof. For each firm the observed cost is
d
ij = Cjm + Njm
for firm/product j in market m, and n;m is the measurement error. Denote the sieve function of gjm, Wjm and
MRy, as

U (@jm, Wim, M Rjm(0) Z'Ylwl (@jms Wim, M Rjm (8)) .

1=1
Then, because of Assumption 9,

d 2
E | (Cfm = (@ims Wims MRy (6),7))

= F [(ij - 1/) (qjm, Wim, MRJm (0)3 7))2] +2E [(ij - "/’ (QJma Wim, MR]m (9)3 7)) nym] +E (77]2m)

= E[(Cim = (¢jm, Wim, MR;m(8),7))*] + op.
From Assumption 10, there exists an infinite sequence yo = {vo:};=, such that

Cim = PC (qms Wim: M Rjm (60)) = ¥ (jm> Wim, M Rjm(00),70) = Y Youtht (Gims Wim, M Rjm (60)) -
1=1

Therefore,

o 2
(C;im - Z'YOlwl (Qjm,ij, MR]m (90))) |qjm =4q,Wjim = W, MR]m (90)
=1

From Assumption 11. 2, if 8 # o,

MR (Pm,5m,j,0) = MR (f)m,ém,j, 9)

MR (f)maé'nuj, 00) # MR (f’m,émyj, 60) .
Hence,

>~ ot (0 W, MR (B 5,5, 0) = > vorto (4,9, MB (B 5,3,6) ) -
1=1 =1

Because the true pseudo-cost function is strictly increasing in MR, MR (Pm,Sm,j,00) # MR (f)m,gm,j, 00)
implies

ZVON/’I (qa W7 MR (f)’m7 ém,j, 00)) # Z’YU“/H (qa W7 MR (677747 g’m?ja 90)) .

=1 =1
Then, given v and ~, from continuity of pseudo-cost function with respect to marginal cost, and continuity of
marginal revenue function with respect to p and s, for sufficiently small open ball B that contains (Pm, Sm) and

B that contains (f)m, §m),

supges | (4. w, MR (5,7,0) ,7) = (0. W, MR (B, 5,5,0),7)| < 150 7 =% %0,

sup g |¥ (4w, MR (b,5.0) ,4) = (0. W, ME (B 5,5,0) )| < 150 7 =770,

supges [¢ (4%, MR (5,5,60) 5) = (0w, ME (B, 5m,3.00),7) | < 150 5 =% 7%0:

supg g |¥ (0w, ME (5,.60) ,3) = 6(a, W, ME (B, 3,3,60) A7) | < 150 =% (19)

49



are satisfied for € such that

0<e<

> 01 (@, W, MR (B $ms 5, 00)) = > outhe (4w, ME (B3, 5,60) ) |
=1

=1
Then, from Assumption 11, for any be é, be B,

i%ibl (q,w, MR (B,j, 0)) - i’yﬂ/}z (q,w,MR (l:),j, 0)) <
=1

=1

<
87

and

St (a7 (5,5,60) ) = 3wt (a7 (5.5,60) )| > e

=1 =1

Then,

St (0.9 M (5,3.60)) = 3 o (2., MR (5.,5.60))

=1 =1

ze<
8

< i%ﬂbz (q,w,MR (E),j7 00)) - i'm/)z (q,W,MR (B,j, 9))

=1 =1

S (0w 017 (5.5.0)) = S (. w. 217 (5.5.0) )

=1 =1

+ i’yﬂm (q,w,MR (E,j,@)) —i’ymwl (q,w,MR (l;,j,,@o)) ,

=1 =1

implying

Z%H[Jz (4w, MR (b,5,6)) — S i (4w, MR (b,5,6))

=1

3
7e<

3w (0w MR (5.5,0)) = - ot (4w, MR (5.5.64)).
=1

=1

Hence, given b € B and l:) € é either

Z%ﬂ/)z (q w MR( 27 00)) —i’m{;l (q,w,MR (B,j,@))

=1 =1

3
7e<

or

§e<
8

S ot (.w, MR (B.7,680)) — 3wt (4w, MR (5.5.6))
=1

=1

or both. Now, because of equation (19), this implies that either

imwz (0w, MR (b,,60) ) - iwm (a.w. MR (b,5,6))

=1 =1

mez (2.9 MR (B.5.60)) = S (4., MR (B.7,6) )

=1 =1

1
ge < SUPpci

or

1
fe < SUpg g

or both.
This implies that either

E (i Yot (a,w, MR (b,5,60) )

=1

_ imwz (ajms Wim, MR (B,j79))>2| (a.w.b) € Ax B[ >0

=1
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or

E [(iwwl (4w, MR (b,5,6,))

=1
fyw4%mMR@Jﬁ»)ﬂ@w5)eAxﬂ>o
=1

or both. Therefore, integrating over ¢, w and M R, we obtain that for 8 # 0o,

0o 2
E <ij — Z’Yﬂ/)l (Qj7n7WjM7 Mij(o))> :|
_ =1 N )
=K (Z 0181 (@jms Wimy M Rjin(00)) = > vt (@jm Wim, MijW))) }
=1 =1
> F

=1

(i’}’oﬂ/}z (q,w,MR( ,]700))

Prob (A X B)

y 1(27011/)1 (4w, MR (b,5,60)

=1

—Zwﬁz (qgm,wgm,MR b,j,6 ) q,wb eAxB
)
(2.

b) cAxB Pmb(Axé)>o

=St (4w MR (b ))) |

=1

Therefore,

E

oS} 2
<Cﬂdm - Z’qu/)l (q7W7Mij (0))) :| > 0’57

=1

with equality only holding for 8 = 6y. =

B Parametric Identification of marginal revenue

B.1 Proof of Lemma 3: Logit Model

Proof. It is easy to show that the Berry (1994) logit demand model satisfies Assumption 11. For the parameter
a # ag, pick the two firms j and j’ in two different markets m, m’ with prices pjm, pj/m’ and market shares s;m,
Sj/ms such that under « their marginal revenues are equated, i.e.

1 1 1

1 1
A e it (e P

]-_Sj’m’)a Pjm — Pj'm/ |:]-_Sjm 1_Sj’m’

Then, for a # ao,

1 1 1
(o7} 7& — — :|
Pim = Pj'm/ 1= 8jim 1= Sjmms
thus,
1

#pj'm’ + (

(1= 8jm) o 1—Sjrm)ao’

Therefore, the price coefficient satisfies Assumption 11. =
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B.2 Proof of Lemma 3: BLP Model.

Proof. Next, we prove that the random coefficient BLP model also satisfies Assumption 11 in monopoly markets.
We consider the data with x = 0. Then, per period log utility component of a purchase is u = pa + £, where
a ~ N (fta,04). Consider the pair (s, p,€) and (s',p’,¢’) that satisfy the share equation. Then,

[rfesetmae (500 s [T o (ol s =

[reswasemas (Sor)aams

and we assume that they have the same marginal revenue:

MR=p+p {/a [11?5;?;&155/;2)))]2&%925 (M) dOé:|13

plexp(p (e+¢&/p)) 1 N
o [l+exp (@ (@+e&/pN" ¢( Oa )d ] '

Now, denote 7 = fia/0a; Mo = fia0/0a0, a(p) = &/ (poa), a’ (p) = &'/ (p'0a), and ao (p) = &/ (poao), ao (p) =
a'/ (p'oa0). Furthermore, denote & = a/0, and & = a'/o,. Then, by change of variables,

" exp(poa (&4 a(p))) ) dG — s exp (p'oa (@ +d’ (p))) 5 de— o
/a 1+ exp (poa (d+a(p)))¢(a n) d ) /a I+exp(poa(@ta (p)))(b( n) d (20)

and

=ﬁ+ﬂ{

and the marginal revenue equation becomes

_ oo exp (poa (@+a®) oo o1
M= p“’[ [1+exp<paa<a+a< ppe@-md ]
o poaexp(poa(@+d (p)) - . ’13/
C o V L+ exp (ow @t a G0 @ )d} ' 1)

Suppose Assumption 11 does not hold, then given (1, 0a) and (1o, 0ao) such that (1, 0a) # (M0, 0a0), for any (s, p)
and (s’,p’) such that (s, p) # (s’,p’) satisfying equations (20) and (21),

exp (poao (& + ao (p))) - s exp (Ploao (@ +ao (p) oo e
/&1+exp<paao @+ ao(p)) " (& 0)dE =5, /dl+exp<p'aao @+ ap (p))) " (&7 da = (22)

and

B paaoeXp(pUaO(&+GO(p)))& a—mo) da —15
MR = p+p[/@ [1 + exp (poao (& + ao (p)))) ol =myd }

' | [ Plosoexp (Poa0 (@t ab 0)) 54 s oy aa Ty
p +p |:~/d [1—|—exp(p’aao (&+a6 (p)))}Q ¢( Ul )d :| . (23)

Consider first the case no # 1. Using integration by parts, we obtain

exp(poa (@+a(@)) oo oo [ poactplpoa(@+a®)] oo oo
L et @~ mda =1 /d[1+exp[paa(a+a<p>>1]2q’( nd -

Then, applying Taylor series expansion of ® (& — 1) around —a (p), we obtain

[ poeeplpon GRaG] g
(20 =1 /[1+emp[paa<a+a(>m2[‘” (8) =) + @+ a () 6 (~a(p) 1)

S (@t a(p)* e (—ap) — )+ o (@+a()'e” (0" (@) —n)| da

5 @t a@) e () —m+ -

2 6

where a* (&) is a continuous function of &, and sups |¢" (a* (&) —n)| < B for some bounded constant B > 0.
Notice that [fj_‘zzfp“; Z‘Zé‘j_':?g))ﬁ]z is symmetric around —a (p). Hence,
/ paaexp[PUa (~O‘+a(p))}2 (dJra(p))dd:/ pdaexp[PUa (f!+a(;l7))]2 (d+a(p))3dd=0.
a [L+explpoa (& +a(p))]] a [L+exp[poa (& +a(p))]]
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Furthermore, from the formula for the variance of the logistic function,

/ poaczp[poa (@+a(P)] - m?
a [14 exp[poa (6 +a(p)])” 3p>

and from the fourth central moment, we can derive that

i " poaexrp [paa (d‘i‘a(p))} ~ 4 1 kN ~
24 /a [+ caplpon (@ +a(y)? O @O (@ (@) ) da
< i/ poaezp [poa (& +a(p))
T 124 Ja 1+ explpoa (& + a(p))]
where C' > 0 is a constant.
Together, we obtain,

]]2 (& +a(p)) Bda| < Bog—i (2*-2)=0(")

(24):1—<1>(—a(p)—77)—gﬁfb/(—a(l))—nﬁro(p%) =s=1-®(-a—n)=P(a+n).
where a = @71 (s) — 1 = limp—0oa (p). Therefore,
—(e—aE)é(=a" () —n) = g6 (-al) —m+0 (") =0

where a” (p) is in between a and a (p). Hence,

¢’ (—a(p) —n) =’
6¢ (—a* (p) —n) p?

(a—a(p) =-

and

66w - 6o—a-n P Ve m-n PV 6@ () -n)
+ 0((@() - @) +0 (@@ (1) - @) +0((alp) - ) (0" ()~ ) = £ ==+ 0 (%)
Therefore,
__¢/(*a*77)7r2 -4
(a—a(p))— 6¢(—a—77)p2 +O(p )
Similarly, by applying Taylor series approximation of ¢ (& — 1) with respect to & around—a (p), we obtain
poa exp [poa (& + a(p))] &b (6 — 1) dés — poa exp [poa (& + a(p))] ita & — ) da
iy G Ll Bt et G GG

a POa €xp [poa (@ + a (p))] &
0 e e e @ e
[(a+

= Pa CXP [pTa (& )l a—+ —a - a+a 2 ¢ (—a(p) —
= [ o e e e b, D6 (—ap) =+ (@+a()d (a) - )
5 @ta) e (~alp) - 77)+%( a(p))' " (~a" (&) — )| da
L Poa €xp [poa (& + a(p))] —alp) — Gta (o () —
o) [ o e C B [0(a ) ) + (6t e ) ¢ () )

5 @ +a®)e" (~alp) )+ g
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Therefore,

POo €xp [poa (& + a(p))] ol i
x/o"z [1 + exp [po'a (d +a (p))”2 ¢( 7]) d

= —a(p)d(—al) —m)+ [qs’ (ca) —m) - Py Ca@)y—n)| = 106
= —a —a — — —a — a / —a — M
= alam )+ | (o(cam )+ o (~a-m) SED

+0 (p74) (25)
— —ap(—a-m)+0 ()

Therefore,

MR=p[1=[(@"(s)=m) (@ () +0 ()] s,

Then, obtain from the data all the market shares s whose corresponding prices p satisfy p > p for a large p < P,
and let the set of market share with such a price to be V. Then, because of Assumption 6, we need to make sure
that price derivative of market share is negative and marginal revenue is positive. Therefore, we only focus on
the parameters that satisfy n < infiey [®7' (s) — 1/ (¢ (27" (s)) 5)]. Then, there exist (s, p), and (s',p'); s # s’
with p and p’ large enough satisfying those two conditions.

We pick different values of s, s’ € S, and the relative prices P = p/p’ so that they satisfy the following
equation.

/
S S

(@1 (s) =m @ (2" (s)) + O (p‘Q)] 7 [1 S @) —m e (@) + 02

Such two points can be chosen because given the relative price P, in the above equation, both sides are roughly
constant function of p and p’ for large p and p’. Equation (26) can be rewritten as,

MR=p|1l—

(26)

o opso (2T () P (T (8)
MRE=P- G —m+0p2 2 @ 1()-mNt0p2)
Now, consider p and $’ such that
st (07 (), e (07 ()
(O s e N @7

Denote B=®"'(s), B =&~ (s'), C =5/ (27" (s)), C'=5'/p (27 (s')), and P = ' /p. Then,

5] -7

(B—mn) (B —n) (1—P)—c(B’—n)+Pc’(B—n):o

sYalU / sYalU
nQ—{B—i—B/—ﬂ}n—i—BB/—w:O
1-P 1-P

Then,

_ prv B2 T 5Yal)
n:E{BJrB’fw}:I:lA, A= {B+Buc P?} LGB =PCB g
2 1-P 2 1-P 1-P

Now, set s = 1/2, hence, B =0 and C = 1/ (2¢ (0)). Then, from the assumption, it is easy to see that the slope
of market share with respect to price C/n is negative and the marginal revenue 1+ C/n is positive. In that case,

_ pc’ — PC’ ’ !
I P A A:\/[B/_CP?] +4CB
2 1_p 2 1-p 1-P

5=l m

Then, for B’ < 0 such that B’ > 7 close ton, C'/ (B’ — 1) can be made arbitrarily large. Hence, from Intermediate

Value Theorem, one can choose s’ < s, B’ < 0 such that —C/n < C'/(B'—n) < 1. Then, P > 1, hence

o4



cB'/ (1

77125

}5) > 0. Then, if we denote

C - PC’ 1 1 , C-PcC’ 1

L {BJFB’—i~ +-A m=-|B+B - —=| - A,

1-P 2 2 1-P 2

m > 0, and 12 < 0. Hence, only 72 is consistent with the negative demand curve slope. Furthermore n = 72

satisfying equation (27) can be made arbitrarily close to n satisfying equation (26). Therefore, claim holds.

Next, consider the case where 19 =1, 040 # 0. First, consider o4 such that oa0 > 0. Suppose Assumption
11 is not satisfied. Then, consider s # s’, and p, p'in the data such that the following holds: Given a (p), a’ (p)
satisfying

then,

exp (poa (& + a(p))) = _ & =g
/ [1+ exp (poa (a+a(p)))]¢(a e
)

/exp(poa( D)
[ o’ (

1 +exp (p'oa (& +d (p)

poe exp [po (6 +a (7)) & s
p—l—p[/d [1+ exp [poa (& + a (p))]]? ag(a U)d}

o [ [ Poeewbos@rd @) oo 17T
p +p |:/a [1+exp[p0a(a+a’())”2 ¢( ﬂ)d:|

Now, because of the assumption of nonidentification, the same relationship holds for o, instead of o4, that is,

given ag (p), ag (p) satisfying

then,

In that case, if we define p(*)
= (0a0/0a)p’ > p'and

p(l)/

This way, we can generate an increasing sequence of prices (p(o),p(())/), (p(l),p(l)/),...,(p(k),p(k)/),...

p+p[

/ exp (poao (& + ao (p)))
[1+ exp (poao (@ + ao (p)))]

(
/ exp (p'oao (@ + ag (p)))
[ (

1+ exp (p'oao (& + af (p)))]

Poa0 exp [prao (G +ao (P)] - oo oo ’18
1+ exp oo (@ + a0 @0 0" }

4y [/ P'0a0 exp [p'ao (& + ap {p})]&¢(d —n) dd]l S

(28) X a0 =

oo 4+ pM

(1) [ W (A

PV oaexp |p' oa (a4 ao (p))]
1y W

P o +p /

o [L+exp [Poao (& + a (p)]]
and p(l)/ such that p(l)aa = POa0, p(l)/
—1

a¢ (& —mn)da s

/ pMoa exp [pmaa (@+a (p))]
& [1+exp[pWoq (&+a(p))])

-1

a¢ (o —n) da s

[1+exp[pMWoq (&+ ao (p))”2
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(28)

0o = p'oao then, p = (0a0/0a)p > b,

such



that ( (© (O)/> = (p,p), ( (k),p(k)/> = ((O’ao/o’a)kp, (aao/a(,l)k;v')7 and for any integer k > 1 such that

—1
(k) (k) 5 (k)
p™ 4 p® / roeT [p i (a e )} o (d + a(k)) da| s
- p)
& [1+expp®aons(a—n)]
—1
(k)7 (k)7 5 (k)7
Wy oy | [P TP [p Ta (O‘ ta )] () s ,
+ — s—oap|a+a dé s
& [1+exp[p® oy (a+alk))]]
1
(k) [ *®) o ( (k >>}
P 000 €Xp |P a+ ag
p(k) + p(k) / 5 ad (oz + aék)> da s
el )]
-1
(k)1 (k) (k)1
wr o oo | [ PO [p o0 (64 )]
= P +p

i [1 +exp [p<k)’0‘ 0 (a + a(k)/)]r ag (& —n) do s’

where a®) satisfies

[ ool o)
[

& [1+exp(p®oq (a+ a(k)))]¢(d —n)da=s

/& [ exp (p(’“)aao (&+a ))

1+exp(p(k)o.a0 (Oé-l-a )))] ¢ (&—n)da=s

anda(()k) satisfies

and o™’ satisfying

/ exp (p““)’aa (d + a(k>'))
[

PV da—
s [ +exp (pF o, (& + a(k>’))]¢(0‘ n)dé =s
andaék)/ satisfies

exp((>l‘70(o‘+ak)/)) dé = s
/a [1+exp( Wro 0(0‘+a0 ))}

Therefore,

pkD) o exp[p(k+1)aa (d+a(k+1))} o ~ -1
plkt1) 1+ {f& [1+exp[pk+D) oq (a+ah+D)]]? a¢ (& —mn) da §

pk+1)/ o, exp[P(k+1)’aa(d+a(k+1)’) - - - -1
1+ |:f& [L+exp[pF+ Doy, (&+a(k+1)/)]]2 &g (& —n)da s/

p(k>o'a exp[p(k)o'a(&+a(k))] ~ ~ ~ -t
1+ {f& [rexp[p® an (a+a®)]° ag(a@—n)da| s o

- -1 (k)
p(k)’oa exp[p(k)’ua(a+a(k)’)] ~ - ~ , P
1+ {fa e[ on (ata®] ag(@—n)da| s

pHD)

/

S

(29)
and by taking the limit,

P explp®aa(ara®)] oo - . B
| e ey a0 @ - maal 1= )o@ )] sy
p®V g exp[p® o (G4a®)] 17, 14—t ()@ ()]
1+ [[a [Hexp[p(k[),aa(afa;),)”g] ag (@ —n) da} s K

Thus, for any k

OM. exp[p(k)aa(&+a(k))]d o s 718
G= v _ _ 1+ [(n—2 " (s)) o (2" S))Tls _ t {f& [1+exp[p®oq (a+a®)]]? pa-md ]
P14 —2 () g (@ (s))] s

p(k)'d(, exp[p(k)’a'a(d+a(k)')] - B ~ —1 ) .
1+ |:fd [1+exp[p(k>’oa(o?-&-a(k)’)ﬂz (%] (Oé - T)) dé S
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Hence, if we denote

g - [rrmen e 3eet)]

14 exp [p(k)ga ( + a(k))HQ ap (d - 77) dé,

'(k)a exp P ®o, (d+a<k)’>]
B'® = / &

[+ exp [pFon (onra(k)/)]] ¢ (& —n)da
14+ BW-1g
T+ B0y 5 =¢
B®Ws_agB®s = BWB® (G -1)

Now, denote B® = B+ B (p(k)), B'® = p4p (Gp(k)), where B = limy, oo B (p) = (n— @7 ()) ¢ (27 (5)),
B' =limp—eB' (p) = (77 -t (5/)) ¢ (CI)_I (5/))~

(B’ +B (Gp(k))) s—G (B +B (p<k))) s = (B +B (p(k))) (B’ +B (Gp(k))) G -1)

Because
B's—GBs' = BB'(G-1),
B (Gp<k)) s—GB (p<k)) s = [BB/ (Gp<k)) +B'B (p(k>) + B (Gp(k)) B (p<k))] (G-1)
s—B(G-1) _ B(G-1)+Gs
TBem) ey O
Now, from equation (25), we know that
_ ¢ (—a—n) ’ " L —4
Bw) = [ota-ntad-a-n) SEI g (camn) - 0" (Camn)| T+ 067
/ . / ’ / ¢/ (—CL, — 77) Z ’ n? —4
Bo) = [(o(-a =) +ad (-0 —n) SETI g (- 0) - G (- = 1) oz + O (7
Therefore, we can write the above equation as
s—B(G-1) B (G-1)+Gs
P2 ()~ (@b (Gp) TG
where
bo) = [(oa-mrad o) CET g (camn) - 56" (ca—m)| T 40 (7
¢(—a—mn) 2 6

(o ® 18 (p(k>) 02 (@Y p ()
[573(071)}17(6';) )f = =(G—-1)p b(Gp )b(p )
Notice that B’ (G — 1) + Gs' = B's/B, (s — B(G — 1)) = GBs'/B’. Hence,

B (o)) 6 (60)o(0)

The RHS is a linear function of p®2 and p™*20 (p_(k)2>, whereas the LHS is a linear function of constant and
(0] (pf(kﬂ). Therefore, in order for the equation to hold, either G = 1, or ¥’ (Gp(k)) =0 (pf(kﬂ) or b (p<k)) =
0 (pf(kﬁ) has to hold for any large k. That is, either G = 1 (implies p®) = p’““)), or b (Gp““)) =0 (pf(kﬂ)
or b (p(k)) =0 (p_(kp)‘ Now, consider b (p(k)), whose constant term is

77)) ¢' (—a—n)

(7¢(7a7n)+a¢l(7a7 ¢(_a_n)

+¢' (—a—n) = 56" (~a—n) = [(@a+n)’+1] S (-a—n),
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which is not 0 unless ¢ (—a —n) =0, i.e. a = too or a = 0. If a = 00, then s = ® (a + 7)) either equals 1 or 0.
If a = 0, then s = ® (). That is, in order for b (p(k>) =0 (pf(kﬂ) to hold at high k, s has to be either close to

0 or 1, or close to ® (n). Similarly for s’. Therefore, as long as both s, s’ take on values that are not close to 0,
or 1, or ® (n), equation (29) cannot hold for large k. Therefore, for those s, s’, and p # p’, claim holds.

Next, consider the case for g, > 0a0. Similarly, we generate a decreasing sequence of prices (pw),p(o)’),
(p<1),p(1)')7...,(p(k>,p(k)')7... such that (p(o),p(())/) = (p,0), p(k) = (UaO/Ua)kp < p<k71). Then, consider an

arbitrarily large (p(o),p(o)’) = (p,p’). Then, as before, we can show identification. Therefore, claim holds. m

B.3 Proof of Lemma 4

Proof. The identification of the price coefficient « of the logit model of demand with covariates X, is the same
as in the proof of Lemma 3. Next, consider including the observed product characteristics into the BLP random
coefficient model. Since we have shown in Lemma 3 that Assumption 11 is satisfied for pa,0, for the data with
X = 0, we assume that u.,0, are identified. Here, for simplicity, we assume its dimension to be one, and denote
it as X. Then,

exp(§+pa+Xp) 1 a — e B — s exp(+pla+AxfB) 1  (a—pa\ 1 (B—pg
Ll+exp(5+pa+Xﬁ>E¢< o )oﬁ( )ddﬁ RS on ¢( 7 >?ﬁ¢< o >da‘w'

Now, for identification, we choose in the data only firms whose observed control X is highly correlated with the
observed price p. That is, we choose data with X such that X = Axp for some positive constant Ax. Since o and
B are assumed to be normally distributed and independent, v = o+ Ax 8 ~ N (i, 0~), where py = pa + Axpgs,

and 0y = (/03 + A% 03. Similarly, we choose the other constant A’y # Ax such that X' = A’xp’. Without loss
of generality, we assume A’x > Ax > 0. Then, as before, find s, s’, p and p’ such that

exp (§+pa+XB) 1 (a—ua)i (B uﬁ) pexp(p(y+¢&/p) 1 (’Y‘Nv) _
L restermixmae (o) o0 s = | e (Tt ) =

and

/ exp (' (v +€/p") %(ﬁ(’Y—Mw)dV:s'

y1+exp(p (v+€/p)) o oy
and if we denote oxg = Axogs, uxs = Axug, the corresponding marginal revenue equations are:

pexp(p(y+&/p) 1 ( )i ((’Y_Oé)—NXB)d d]l
p+p[// 1+exp(p 7+£/p))] ¢ Oa UX/3¢ oxg et s
_ Pexp@(+€/p) 1 (a—ua) 1 ((’Y_Oé)_UX’B) }1/
vr U/ Lo o+e/mPE o’ o Joxa?\ ows  )OD] 0
Now, we have
(aua)er(aJrumv)z_ (aﬂa>2+(aﬂa+ﬂ77)2
Oa oxp - Oa oxg

- [(” (a—ua)>2 —2<a—ua><v—m>+<w—m2]

MR

where, if we set g (p) = ¢/ (o4p),
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[ e (752) e ()

exp(_;@—m)z) TR g R G KR

Ty ga0xp [L+exp (p (v + 0,9 (p))]* (0x50a) [0y

2 1 /7= \2
_ _L v
ua+( W) (v m)]exp( 2( ~ )>
Hence, for large p,

// pexp (p (v +&/p)) aiqﬁ(‘l_“a)L¢((7_a)_”m>dad~y
[1+exp(p(y+¢/p))° Oa oo ) oxp oxs

_ /[ pexp (p (v + 0,9 () Na+(::)2(7_ﬂv) e <_; (’Y;Wli'y)2> d

1
S L+ exp (p (v + 009 (D)2 04

ua+<0a>2 - _m}exp - (p)—m)2)+0(P_1)

G e

Furthermore,

pexp (p (v + 049 (p)))
[1+exp(p(v+0ovg (p)))* on

)
)

exp(poy (Y +9WP)) oz s -1y g
/71+exp(paw('~y+g(p)))¢(7 1) dy=®(g()+m,)+0(p ") =s,
where

g=1limp—oeg(p), g=2""(s) —n,,

By _ pa+ Axpp

megl = e
\/ %a x93

Now, take A’x > 0,Ax = 0 and s’ = s. Then, 0, = 0,. Choose large p, p’ such that the two points have the
same marginal revenue, i.e.

MR

p+pH“—“
g,

«

e (s)} cxp (%qvl (5)2) 40 (pfl)] o

ﬁ— - (j) o <s>} exp (—%@* <s>2) +0 (p/‘l)] 5. (30)

Let v' = 1/0”, be the precision of . If we define G = p’/p, then for large p, p’, the below equation is approximately
satisfied.

P+

_
]\/IRi/p [V po — o2d 1 (s) 1/2] exp (7%(1)—1 (3)2) =s (31)
p
251 2 ’ 11,2 i
ca® " (8) v — ot — sexp (§<I> (s) > R =

, whose RHS is a function of v'. Because the constant term is negative, LHS is negative if 2/ = 0. Therefore, if
we choose s > 1/2, @' (s) > 0, then one solution of v/ is positive and the other negative. Because v’ has to be
positive, there is only one value that satisfies the above equation. Since v’ = 1/0’, satisfying equation (31) can
be made arbitrarily close to v/ = 1/0’, satisfying equation (30) by making p’arbitrarily large, o, = v/~' > 0 is
identified. Furthermore, if s = 1/2, ®~! (s) = 0, then

141/ ﬁi‘i} G+a/ {2(’;0‘]

a ¥

holds approximately for large p, p’ and thus, U; is identified in the same manner. Therefore, using data on market
share satisfying s > 1/2, we can identify og. m
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C Nonparametric Identification of Marginal Revenue.

C.1 Proof of Proposition 2
Proof.

a. Given the above model set-up, we can write the conditional expectation of the firm’s total cost as:

E [Ci] (gons P 50)] = B [Con + 1l (G P 520)]

=Cn

where the first equality follows from Assumption 9, while the remaining equalities use Lemma 2 as well. Notice
also that the pseudo-cost function can be expressed as a function of ¢, p and s because it is a function of p, w and
M R, where w is suppressed and M R can be expressed as a function of p and s. For ¢, = ¢,y = ¢q it immediately
follows from Lemma 2,

MR,, > MR, & E [Cd\ (q,pm,sm)} >E [Cdl (q,pm',smf)]

MRy, < MR,y & E [Cd\ (q,pm,sm)] <E [Odl (q,pmusmf)]

and
MR,, = MR, < FE [Cd| (q,pm,sm)] =F [Cd| (q,pm/,smr)] .

Therefore,
MR (pnsm) = ¢ (0. B [CY] (¢ pims 5)])

where ( is an increasing and continuous function of the second element. That is, E [C’d| (q,pm,sm)}, is the
nonparametric estimator of the relative ranking of the marginal revenue, given gq.

b. Under the profit maximization assumption, M R; = MC; at both points i = 1,2. Given Q1 < Q2, it follows
from the strict convexity of the cost function that

aC (QZSla U)

(32)
C (Q282,v) is the cost function specification, where Q2s2 is the output and v the cost shock. Furthermore,
consider § such that Q25 = Qis1, which implies § < s;. From Assumption 12, there exists p > p; such that
5=1s5(p,€&). Since, from Assumption 12, MR (p,§) is strictly increasing in p,

oC (Q2§, ’U) _ oC (Q1S1,’U)

= MR (p1,§). (33)

It follows from equations (32) and (33), and the Intermediate Value Theorem that there exists p2 > p1 and sz
such that § < s2 = s(p2,§) < s1,

oC (Qz S2, ’U)
are satisfied. Furthermore, g1 = Q25 < Q252 = ¢2. It is also straightforward to show that s2 — s1 is a continuous
function of Q2 — @1 given £ and v remaining unchanged.
To complete the proof of part b. it remains to show that,

n 1 + lTLp2 — lnp1 _ E [Cd| (q27p2752):| - F [Cd‘ (q17p1751)] + 1o}
Inss — Insy q2 — q1

(1Q2 — @1]).

It is easy to show that the first order condition for profit maximization can be re-written as,

1+ (%S (ph&))l} — me, = 29@isY)

MEB1=p dlnp dq

where (%f;’é)) is the elasticity of demand. Marginal cost can be approximated using finite differences in total
costs and quantities between points 1 and 2:

9C (Qus1,v) _ C(Q282,v) — C(Q151,v)
0q Q252 — Q151

+ O (|Q252 — Qus1|) = C(sté;;)z - gl(glshv) +0(|Q2—Q1l).
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Now, notice that both price p and market share s can be expressed as a function of exogenous variables (Q, &, v),
ie, p=p(Q,&v) and s = s(Q,&,v), where we continue to simplify notation and suppress the dependence on
observed product characteristics x and input prices w. This is because, given p, & uniquely determins s, i.e.,
s =5(p,&). Then, given Q, ¢ = Qs and &, v uniquely determins p by,

MR=p |1+ <L”s (p, 5))_1] = MC = La(q’ v),

dlnp q

Then, similarly as before, the elasticity of demand can be approximated using finite differences in prices and
market shares between points 1 and 2:

dlns (p1,€)\ ' In(p(Q2,€,v)) — In(p(Q1,£,v))
( Binp ) = (s (@.6.0) —In(s(@u.&0)

The last part of the proposition immediately follows from the above re-written first order condition and these two
approximations.

(1Q2 — Qu1l).

c. In proving the final part of the proposition, it is useful to distinguish between the true marginal cost and
its estimate. We denote the true marginal cost as
9C (q1,v1)

MCl = T,

and MC| as the marginal cost estimate at (q1,v1). From the first order condition, we know that the true marginal
cost and marginal revenue are equal to each other. That is,

MCy = MR (p1,&1) =p1 |1+ [

Olnp

dins (pl,a)}”] 7

which can be re-arranged to obtain the following equation,

8[718(]?1,51) -1 _ MCl 1
Olnp 1 ’

Recall from our proof of part b that for sufficiently small AQ > 0, the points (p (Q1 + AQ, &1,v1), s (Q1 + AQ, &1, v1))
satisfy the following equation,

In(p(@1+AQ,&,v1)) —In(p(Q1,61,v1))
In(s(Q1+ AQ,&1,v1)) —In(s(Q1,&1,v1))

P (Qu,&1,01) [1+ = MG+ 0 ((AQ)).

Hence,
In(p(@1+AQ,&,vn)) —In(p(@Q1,&,v1)) MG

In(s(Q1+AQ,&,v1)) —In(s(Q1,&,v1)  p(Q1,&,v1)

Now, suppose that the estimated marginal cost is less than the true marginal cost, i.e., ]\//12'1 < MCi. Then,
consider a vector of price and market share (p, §) such that § = s (Q1 + AQ, &1,v1)* and p satisfy

-1+ 0((AQ))

l

(5) = In(p(Qu:61,01)] _ 7.
l

p(thl,Ul) 1+ (§)—ln(3(Q1,€17U1))

n
n
That is,

In(p) —In(p(Q1,&1,v1)) MC, MC,

— = 1< ——
ln(s)—ln(s(thl,vl)) p(thl,Ul) p(Q1,§17U1)
for sufficiently small AQ > 0. Hence, for sufficiently small AQ > 0, we have

In (p) —In(p(Q1,&1,v1)) < In(p(Q1+AQ,&1,v1)) —In(p(Q1,61,v1))
In(8) —in(s(Q1,&1,v1))  In(s(Q1+AQ,&,v1)) —In(s(Q1,&1,v1))

Given § = s (Q1 + AQ, &1,v1) < s(Q1,&1,v1) and Assumption 13, for the above inequality to hold it must follow
that p > p (Ql + AQ,£1, ’Ul).
We now show that there exists such pair (8, p): specifically that there exists ({2, v2) such that § = s (Q1 + AQ, &2, v2)
and p = p(Q1+ AQ,&2,v2). For that, we need to show that & satisfying § = s(p,&2) and v, satisfying
MR (p,&) = MC (5(Q1+ AQ),v2) exist. s(p,&) being a continuous and decreasing function of price, and

—140(AQ).

< 0.

YSince Q1 + AQ > Q1, 5 (Q1 + AQ, &1, v1) < s(Q1,&1,v1)
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P> p(Q1+ AQ, & ,v1) imply s (5,&1) < s(p(Q1+ AQ,&1,v1),&1). Since from Assumption 13, limeroos (5, €) =
1>s(p(Q1+ AQ,&,v1),&1), it follows from the Intermediate Value Theorem that there exists such & > &;.
Next, we show that there exists v2 that equates marginal revenue to marginal cost at (p, §). The marginal

revenue of the point (p, s (p,&2)) is
dlns (p, &)\
14 (SefREl) ),

Since in Assumption 3’, we assue that M C is an increasing and continuous function of v, lim, 0 MC (8 (Q1 + AQ) ,v) =
0 and limy1oo MC (8 (Q1 + AQ) ,v) = 00, again, by Intermediate Value Theorem, we can find such v that satisfies
MR (p,&2) = MC (5(Q1 + AQ) ,v2).

Figure 1 provides an illustrative exposition of the above argument, where (p (Q1 + AQ, &2,v2), s (Q1 + AQ, &2, v2))
is point F on the (incorrect) red demand curve one would infer based on the incorrect marginal cost esti-

MR(ﬁ7§2) :ﬁ

mate. Since the inferred demand curve (in red) has a steeper slope [gi:ﬁf ]) than the true demand curve

(in blue) in the figure, point F necessarily lies above the true demand curve going through point E. Because

5 =s5(p(@Q1+AQ,&,v2),82) = s(P(Q1+ AQ,&1,v1),&1) and p(Q1 + AQ, &2, v2) > p(Q1 + AQ, &1, v1), from

Assumption 12 we know that the marginal revenue is higher at such a point (e.g., point F in the example):

MR (p(Q1+ AQ,&2,v2),62) > MR (p(Q1 + AQ, &1,v1),61)

The two red downward sloping lines in Figure 2 are the (true) demand curve going through point F, and its
marginal revenue curve. Furthermore,

5(Q1+AQ,&2,v2) (@1 +AQ) = 5(Q1+ AQ,&1,v1) (Q1 + AQ) = g1 + Ag.

Therefore,

_ 9C(a +Agqv2)  OC (a1 + Ag,v1)

MR(p(Q1+AQ7€2’U2)7€2) aq 8(]

=MR (p(Ql + AQ551701) 751) ;
which implies that vz > v1. The upward sloping red line in Figure 2 is the marginal cost curve with ve. Therefore,
MC (q1,v5) > MC (q1,v1) > MCh

and thus, for sufficiently small Ag > 0,

C(q1 4+ Agq,v2) — C(q1,v1) _ C(q1 + Aq,v2) — C(q1,v2)
>
Ag Ag

> MC:

and (C(q1 + Aq,v2) — C (q1,v1)) /Aq — MC; won't converge to zero as Aq goes to zero. Therefore, equation
(17) does not hold. The proof for the case with the estimated marginal cost is greater than the true marginal
cost (e.g., MC1 > MC) follows similarly. m
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Figure 2
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C.2 Nonparametric Identification of Oligopoly Marginal Revenue.

Let pm = (pim, P—1m), where pip, is the price of firm 1 in market m and p_1m is the vector of prices of firms
other than 1. Market share and other variables of market m are denoted similarly. Market share can be expressed
as a function of price p,, and the unobserved product characteristics £,,, i.e. s(pm,&,,).- Let s (pPm,&,,,J) be the
corresponding market share of firm j in market m. Then, marginal revenue of firm 1 can be expressed as a function
of own price pim, price of other firms p_1im, and the vector of unobserved product (firm) characteristics &,, of all
firms in the market, i.e., M R(pim, P—1m;&,,, 1). Here, we again suppress observed product characteristics X and
input price w. They are assumed to be the same for all markets under consideration in the following Lemma. .
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Next, we impose the following two assumptions, which are similar to Assumptions 11 and 12 for the monopoly
case.

Assumption 14 Marginal revenue is strictly increasing in own price pim given p—im and §,,. Furthermore,
suppose that we have two markets with (p1,s1,&;) and (p2,82,&,), such that s11 = s12 = 8, p11 > pi2, and
P-11 =pP-12 =p-1. Then,

MRy (p11,p-1,5,5-11,€1,1) > MR(p12,P-1,5,8-12,&,,1).

Assumption 15 Given the price p and the unobserved quality of other firms €_,, market share of firm 1,
s (p,ﬁ,{fl, 1) is strictly increasing and continuous in . Furthermore, given the other firms’ prices p—1 and the
unobserved characteristics &, market share of firm 1, s(p,p—1,€&,1) is strictly decreasing and continuous in p.
Furthermore,

lime,—0os (P,€,€_1,1) =0, limgroos (p,€,€_1,1) =1 and limproos (p, p—1,€,1) = 0.

Lemma 5 Suppose Assumptions 1,2,3’,4,5 and Assumptions 13,14 are satisfied. Then,
a. Given q, the ordering of marginal revenue is nonparametrically identified from the cost data.

b. Suppose we have two points, (Q1,d1,P1,81) and (Q2,qz, P2, s2), with the same demand shocks (€, = €, =€),
cost shocks that satisfy vi1 = vi2 = v, and different market sizes: Q1 < Q2. Then, there exist cost shocks
v_11 and v_12 that are consistent with p_11 = p—12 = p—1. Furthermore, it follows that

S11 > S12, P11 < P12, qi11 < q12, (34)
and 4 "
- E|C ) ) -E|C ) ’
oo 13tz = oo ] _ E[C o pnsa)] = E[Clanpis)] | oo o0 )
Ins12 — Insi1 qi12 — q11
50

c. Consider two close points, (Q1,d1,P1,81) and (Q2,dz2, P2,S2), such that

Q1 < Q2, s11 > s12, p11 < p12, qu1 < q12, and P—11 = P—12 = P—1,

and

o [t Inpi —lnp1| _ E [C (q12, P2,82)] — E [C? (q11,p1,51)] Lo
lnSlg — l’rl511 qdi2 — q11

(|Q2 — Q1) -

Then, the true marginal cost at point 1, MCh satisfies

E [CY(q12,p2,82)] — E [C? (q11,p1,51)] 40
q12 — q11

MCy = (1Q2 — Q1])

Proof.

a. The proof is the same as in Proposition 2, except for the price and market share being the vector pm, Sm
instead of the scalar p,,, Sm.

b. Under the profit maximization assumption, M R1,,, = MC1,, at both markets m = 1,2. Given Q2 > Q1, it
follows from the strict convexity of the cost function,

Q2511,v)

ocC
MR (pis,po1,&61) < 2L (36)

Furthermore, consider § such that Q25 = Q1511 which implies § < s11. From Assumption 14, there exists p > p11
such that § = s (p, p-1,&,1). Since, from Assumption 13, MR (p,p—1,&,1) is strictly increasing in p,

oC (Q2§,v) _ oC (len,v)
9 dq

MR(ﬁ7p—17£71)> :MR(pllvp—17£71)' (37)
Because both marginal revenue and marginal cost functions are continuous, it follows from equations (36) and (37),
and the Intermediate Value Theorem that there exists p12 > pi1 and s12 such that § < si12 = s (p12,pP-1,&,1) < s11

and
0C (Q2512,v)

MR (p12,p-1,§,1) = 94

*0The notation C? (g, p,s), where ¢ is the own firm’s (or, wlog. firm j’s) output and p, s are the vectors of
prices and market shares of all firms in the market, is valid because, suppressing w, the pseudo-cost function is
defined to be PC (¢, MR; (p,s)).
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Then, qi12 = Q2812 > Q1§ = (q11-
We also need to show that cost shocks v_11 and v_12 can be chosen at such level such that p_11 = p_12 = p-1
is satisfied. But this is obvious from Assumption 3’, i.e. for any j # 1, one can find v;1 such that

9C (Q1s (p11,P-1,&,7) ,v51)
dq

MR(pllvp—17£7j) =

and similarly, one can find v;2 such that

oC (le (p12,P71>£7j)an2)
9q

MR (p12,p-1,€,j) =

Finally, it remains to show that,

- {1 Inpi2 — lnpn} _ B [C?] (q12, p2,82)] — E [C?] (q11,p1,81)]
Insi2 — Insy1 q12 — q11

+0(|Q2 — Q1)

It is easy to show that the first order condition for profit maximization for firm 1 can be re-written as,

-1
1 14+ Olns (p17p—17£7 1) = MC, = oC (621317’0)7
Jlnp dq

BlnS(m,pfl&,l)

where Binp

is the elasticity of demand. Further, marginal cost can be approximated using finite

differences in total costs and quantities of firm 1 in markets 1 and 2,

0C (Qis11,v) _ C(Q2812,v) — C(Q1511,v) C(Q2512,v) — C(Qrs11,v)

94 = Ors1o — Qrsnr +0 (|Q2512 — Q1s11]) = Orsre — Qrsns +0 (|Q2 — Q1)
because both s11 and si2, are continuous functions of @1, Q2, respectively. Now, we can also express price and
market share of firm 1 as functions of relevant exogenous variables (market size @}, demand shock &€, own cost shock
v) and the price of other firms p_i. The argument for this is similar as the one for the monopoly case. That is,
given p—1 and p, from market share equation, £ uniquely determines s; as a function of p by s1 = s(p,p-1,&,1).
Then, given Q, ¢ = @s1, and v uniquely determines ¢, p and s; from the F.O.C:

14 (Mw&l))’l] o = @)

p dlnp dq

To see this, suppose that for the same Q,£ and v, we have two values of own price p*, p’ such that p* > p’ that
satify the F.O.C. Then, because marginal revenue is increasing in p, MR* > MR’. On the other hand, since
si < sh, ¢° < ¢, and thus, MC* < MC’, contradicting the F.O.C. Therefore, the elasticity of demand can be
approximated using finite differences in prices and market shares of firm 1 in markets 1 and 2,

(8ZTLS (p17 p*17€7 1)>1 — In (p (Q27£7 v,P-1, 1)) —In (p (Q1’€7U7 P-1, 1))
8lnp In (S (Q27 £7 v, P-1, 1)) —lIn (S (Qh &7 v, P-1, 1))

The last part of the proposition immediately follows from the above re-written first order condition and these two
approximations.

c. In proving the final part of the proposition it is useful to distinguish between the true marginal cost and its
estimate. Denote the true marginal cost as

+0 (|Q2—Q1]).

9C (qu1,v1)

MC, =
! 0q11

and let ]\/4\01 be the marginal cost estimate at (gi1,v1). From the first order condition we know that true marginal
cost and marginal revenue must be equal

—1

dlns (p11,P-1,€;1,1)
8[71])11

MCy = MR (p11,p-1,&;,1) = p1a {1 +

which can be re-arranged to obtain the following equation,

(8ln8 (pllyp—17£171))_1 — Mcy 1
Alnp11 b1 .
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Recall from our proof of part b that for sufficiently small AQ > 0, the points (p (Q1 + AQ, &;,v11,p-1,1),5(Q1 + AQ, &, v11,p-1,1))
satisfy the following equation,

In(p(@1+AQ,&,v11,p-1,1)) = In(p(Q1,§,,v11,P-1,1))
In (’S (Ql + AQ7£17U117P—15 1)) —In (’5 (Q17£17’U117p—1, 1))

p(Q1,&,v11,p-1,1) [1+ = MC + 0 ((AQ)) .

Hence,

In(p(@1+AQ,&,vi11,p-1,1)) —In(p(Q1,€&,,v11,p-1,1)) _ MCy B A
In (5 (Ql + AQ7£17U11,p—171)) —In (5 (Q17€17U117p—17 1)) N p(Q17€17U117P—17 1) L+ O(( Q))

Now, suppose that the estimated marginal cost for firm 1 is less than the true marginal cost, i.e., MCy < MCy.
Then, consider a vector of price and market share (p, §) such that § = s (Q1 + AQ, &;,v11,p-1,1) and p satisfies

ln(ﬁ)iln(p(th 7’U115p*151)) I
p(Ql:&la’Ullyp—lyl) 1+ l’I’L(SA) — ln (S (Q17£i7’l}11,p,1,1)) - MCl
In (p) = In(p(Q1,€1,v11,p-1,1)) _ MCh - MGy -
In(3) —In(s(Q1,€&,v11,p-1,1))  p(Q1,&,v11,p-1,1) < r(Q1,§,,v11,P-1,1) L+0(AQ).

Hence, for sufficiently small AQ > 0, we have

In(®) —In(p(Q1,&,vi1,p-1,1)) In(p(Q1+AQ, & ,vi1,p-1,1)) —In(p(Q1,€&,,v11,P-1,1))
In (§) —In (S (Qlyglyvlhp—h 1)) In (S (Ql + AQ7£15U117P—17 1)) —In (S (Q17£17vllap—1’ 1))

Given § = s (Q1 + AQ, &, v11,P-1,1) < s(Q1,&;,v11,p-1,1), for the above inequality to hold, it must follow
that ﬁ >p (Ql + AQ7£17U117 P-1, 1)'
We now show that there exists such pair (8, p), specifically that there exists (£€,,v2) such that 12 > €11, €_15 =
& ,and § =5 (Q1+ AQ,&,,v12,p-1,1), p =0 (Q1 + AQ, &5, v12,P-1, 1). s(p, &, p-1,1) being a continuous and
decreasing function of price and p > p (Q1 + AQ, &;,v11,p—1,1) implies s (p, &, p-1,1) < s (p(Q1 + AQ, &, v11,p-1,1),&;,P-1,1).
Since s (p,&,&€_y,p-1,1) is continuous in € and limetroos (P, €, €15, P-1,1) =1 > s (p(Q1 + AQ, &1, v11,P-1,1) ,&;,P-1,1),
it follows from the Intermediate Value Theorem that there exists such &,.
Next, we show that there exists vs that equates marginal revenue to marginal cost. The marginal revenue of

the pOiIlt (ﬁv S (ﬁa £2) yP—1, 1) is

< 0.

MR (ﬁ7£27p—17 1) :ﬁ

Ly (Ons €01, DY |
Olnp

Since MC is an increasing and continuous function of v and lim, 0 MC (5 (Q1 + AQ) ,v) = 0 and lim1ee MC (5 (Q1 + AQ) ,v) =
oo, from Intermediate Value Theorem, there exists v12 that satisfies

MR (P, €5, p-1,1) = MC (5 (Q1 + AQ) ,v12),
Similarly, we can show that there exists v;2, j # 1 such that

MR (5.por.&5.5) = 20 Q152 %;1762’1) 052).

Because § = s(Q1+ AQ, &5, v12,P-1,1) = s(Q1 +AQ,&;,v11,p-1,1) and p = p(Q1 + AQ, &, v12,p-1,1) >
p(Q1+ AQ, &, v11,p-1,1), from Assumption 13 we know that the marginal revenue is higher for firm 1 in
market 2:

MR (p(Q1+ AQ, &y, v12,p-1,1) €5, P-1,1) > MR (p(Q1 + AQ, &y, v11,P-1,1) , &4, P-1,1)
Furthermore,
5s((Q1+AQ, &y, v12,p-1,1),€5,P-1,1) (Q1 + AQ) = s (@1 + AQ, &y, v11,P-1,1) (Q1 + AQ) = qu1 + Aqu.
where ¢q11 = s11Q1. Therefore,

%ﬁqhw =MR (p (Ql + AQ7£27U127P*17 1) 7£2>P—1» 1)

>MR(p(Ql+AQ7§17U117P—171)75171)—171):%ﬁqhm )
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which implies that via > vi1. Therefore,
MC (q11,v12) > MC (q11,v11) > ]\//fbl

and thus, for sufficiently small Ag; > 0,

C (q11 + Agi,v12) — C (q11,v11) > C (q11 + Aqi,v12) — C(q11,v12)

> MC
A(h Aql !

and (C (q11 + Aq1,v12) — C (q11,v11)) /Aql—l\//[bl won’t converge to zero as Aq; goes to zero. Therefore, equation
(35) does not hold. The proof for the case with the estimated marginal cost is greater than the true marginal
cost (e.g., MC1 > MCh) follows similarly. m

D Semi-Parametric Cost Function Estimation.

Once we have estimated the market share parameters, we can use the recovered marginal revenue and the pseudo-
cost function to nonparametrically reconstruct the cost function. We do so in 3 steps, where we extensively use
the supply-side F.O.C.’s and estimated marginal revenue.

Step 1

Suppose that we already estimated the pseudo-cost function PC (¢, w, MR,%,,). Then, we can derive the non-
parametric pseudo-marginal cost function as follows:

MC (¢,w,C) ZMR( s Py S35 001 ) Wi (@ = @iy W = Wi, © = PC (g, Wims MRjon (831) 911 )

where the weight function is
th (q - Qjm) KhW (W - ij) KhMR (C - ﬁajm)

>k K, (@ = gr) Kny (W —wWii) Knyp (C - ﬁakl)

Wi, (q = Qjm; W — Wi, C — Fbjm) =

MR (Xm, Pm;Sm, Js éM) can be both parametric or nonparametric.

Step 2

Start with an input price, output and (true) cost triple w, g, and C. Then, there exists a cost shock © that
corresponds to MR = MC ((j,w, C_') = MC (g,w,v). Notice that we cannot derive the value of o because we
have not constructed the cost function yet. For small Agq, the cost estimate for output g+ Ag, input price w and

the same cost shock v is R _ _
C(q+ Aq,w,0) = C + MRAq.

Then, from the consistency of the marginal revenue estimator (which we will prove later) and the Taylor series
expansion, R ~
C(q+ Agq,w,0) = C (7 + Aq,w,0) + MRAq+ O ((Ag)*) + 0, (1) Ag.

At iteration k;1, given Ceo1=C (@+ (k—1)Aq,w,D)
C (G+ kAq,w,0) = Cr1+MC ((j—l— (k—1)Aq,w, C\k,l) Ag.
Thus, from Taylor expansion, we know that for any k& > 0,
C(7+kAq,w,7) = C (7+ kAq,w,T) + O (k (Ag)*) + kop (1) Ag
Thus, we can derive the approximate cost function for given input price w and quantity ¢

Step 3

Next we derive the nonparametric estimate of the input demand. Denote 1(g,w,C) to be the vector of input
demand given output ¢, input price w and cost C'. Then, its nonparametric estimate is:

1(¢,w,C) Zl]mWh( qjm,wfwjm,CfFa(qjm,wjm,Mij (éM),’?M))
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where 1;,,, is the vector of inputs of firm j in market m. Notice that from Shepard’s Lemma,

_ 9C(g,w,v)

! ow

Start, as before, with g, w, and C. Next, we derive the cost for the output ¢, w + Aw for small Aw that has the
same cost shock U. It is approximately:

Cr=CG,w+Aw,0) =C+1(g,w,C) Aw + O ((|Aw[]*)) + 0, (1) [|AW]|.
At iteration k;1, given Ceo1=C (g, w+ (k—1) Aw, D)
C(q,w+ kAw, D) = Cr_1 +1 (q,w +(k—1) Aw,@k,l) Aw
By iterating this, we can derive the approximated cost function, which satisfies
C (G, w+kAw,0) = C (g, w + kAw, D) + O ((k|Aw||*)) + ko, (1) || Aw]|

for any k& > 0.

E Large Sample Properties of the NLLS-GMM Estimator.

In this section we show that the estimator is consistent and asymptotically normal. Notice that in our sample, we
have oligopolistic firms in the same market. Because of strategic interaction, equilibrium prices and outputs of
the firms in the same market are likely to be correlated. To avoid the difficulty arising from such within-market
correlation, our consistency proof will primarily exploit the large number of isolated markets, with the assumption
that wages, unobserved product quality and cost shocks are independent across markets®. Without loss of
generality, we assume that in each market, the number of firms is J. Notice that in our objective function, we have
two separate components: one that involves the difference between the cost in the data and the nonparametrically
approximated pseudo-cost function, which identifies « for the Berry logit model and (pqa, 0« ) and og for the BLP
random coefficient logit model. The second component is the objective function that is based on the orthogonality
condition &,, 1 X,,, which identifies 3 for the logit model and pg for the BLP. We denote 6 = (03, 6.), where 6.
is the vector of the parameters identified from the difference between the cost data and the pseudo-cost function.
That is, 8. = « for the Berry logit model and 0. = (fia,0a,08) for the BLP model. We denote 03 to be the
vector of parameters that are identified by the orthogonality condition §,,1X,,, which is3@ for the Berry logit
model and pg for the BLP model.

In our proof, for the pseudo-cost function part, we follow Bierens (2014) closely. Most of the assumptions
below are slight modifications of the ones by Bierens 2014, where we changed the signs to use them for minimization
of the joint objective function rather than maximization of the likelihood function.

Let ym = (qm,vec (W,,),CL,vec(Xm), vec (pm)' , vec (sm)/),7 where C%, = (Cfm,Cgm, ...,C?m)/, W, =
(Wim, W2m, ..., Wjm) and define

f(ymzx) :Z Cfm—Z’WU)l (QJm7wjm7MR(XM7PM7Sm7j7OC)) ) (38)
=1 !
and Q (x) = E[f (ym,x)], where x = (0.,7)" = {xn}ne;, with
_ Ocn forn=1,...,p,
Xn = Vn—p forn>p+ 1.

where p is the number of parameters in 0.. Parameter space is E = 0. x I' (T'), where 0. € O. is compact and
D(T)={y={mhz Il T},

and is endowed with the metric d (x;,X.) = [[x1 — X2l|, where ||x|| = v/>re: X3

51The assumption of independence of variables across markets are employed for simplicity. We leave the
asymptotic analysis with some across market dependence for future research. For Strong Law of Large Numbers
under weaker assumptions, see Andrews (1988) and the related literature. As we have discussed earlier, those
assumptions are not required for identification.
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Let x, be the vector of true parameters. Define also

— { © for k <p,
=2 =

= OXTpp(T) fork >p+1,

oo
n=1’

where k € N, 'y (T') = {m~ : ||mry|| < T}, and 7y is the operator that applies to an infinite sequence v = {7y, }
replacing all the v,,’s for n > k with zeros.
The following assumptions are made:

Assumption E.1
(a) y1, ¥2, .., ym are i.i.d. with support contained in a bounded open set V of a Euclidean space.
(b) For each x € E, f (ym,X) is a Borel measurable real function of y,.
(¢) f(ym,Xx) is a.s. continuous in x € E.
)

(d) There exists a non-negative borel measurable real function f (y) such that E [f (ym)] > —oco and f (Ym,Xx) >

f(y) for all x € =.

(e) There exists an element x, € Z such that Q (x) > Q (x,) for all x € E\ {x,}, and Q (x,) < o©.

(f) There exists an increasing sequence of compact subspaces Zx in Z such that x, € Jge,Zx =
Furthermore, each sieve space Zj is isomorph to a compact subset of a Euclidean space.

(g) Each sieve space Zj contains an element X, such that, limi— oo E [f (Ym, X)] = E [f (¥m,X0)]-

(h) The set Zoc = {x € 2: E[f (ym,Xx)] = oo} does not contain an open ball.

(11|
N
[1]

(i) There exists a compact set =. containing X, such that Q (x,) < E [m xes\=.f (Y, X)] < 0.

Assumptions (a)-(f) are well established in the literature (see e.g. Bierens 2014). For example, (d) is satisfied
because of the definition of f () > 0 from equation 38. (e) follows from the identification of x, in Proposition 2.
(f) is required in order to make estimation feasible. In particular, since minimising @M =M1 Zﬁle (¥Yms X)
over E is not possible given that = is not even compact, (f) ensures that the minimization problem can be solved
in terms of Eg,,, i.e.

X =arg min Qum (X),
XEEk,,

where kjs is an arbitrary sequence of M that satisfies kas < M, limy— 00 kar = 00. We will assume
E [f (ym7XO)] < Tli)HoloE |:Zn XE?\ETf(yWhX)] )

where 2; = X321 [-X,,7, =X, 7], and {X, }o., satisfies 3 %, < 00; sup,>1 |xo0,n| /X, < 1. Then, there exists
n=1 -
T < oo such that, if we set 2, = E., (i) holds. Then, from Kolmogorov’s Strong Law of Large Numbers, for a

given x € =-

1 M

i D infx.ezix—x.l<ef YmiX) @SE [infy ez ix—x.<cf (ym:X.)] as M — oo

m=1
Furthermore, Now, for an arbitrarily small n > 0, let 2, = {x : |[x — X0l = 7} N Ec. Then,
limeioinfx*EEn,Hx—x*H<ef (ym7 X*) 2 f (y’m7 X)
And from Monotone Convergence Theorem,

limeJ,OE [ian*EEn,Hx—x* H<ef (ym,X*)] > E[f (ym7x)}

Let {B. (X)}xea,, be the open cover of the compact set Z,, i.e. Be (x) = {X : |lXx — x|l < €} Then, it has a
finite subcover of {Be (x,) }1<, satisfying

M
Ming=1,..., Keqf Z infx*eBé(Xk)ﬁE,,f(ymvx*)(ﬁsminkzl,...,KEE [infx.eB.xw)nzgf (Ym, X)) -

m=1

as M — oo. Therefore, from Assumption E.1, (e)

. . 1 . . .
infxez,plima o3 D f (YmsX) 2 limego [mink=1, k. B [infx, e .oz, (Fm: x.)]]

= infxez, Ef (ym,x)] > E[f (ym, X0l (39)
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Furthermore, from SLLN, we obtain

M M
infeesiz, 17 S rmX) 2 12 O infyemis f(ymX) a5 F [infyesiz £ (ymox)] > EIF (mx0)] - (40)
m=1

m=1
From 39 and 40, we derive

M
. . 1
infxez. Ix—xollznPlimarsoe g s D f (Ym:X) > E[f (¥m: Xo))
m=1
Next, we consider the moment-based objective function. Denote v, = (¥m,vec (Zyn)) where Zj,, is the vector
of instruments for firm j. Furthermore, let g (Vin,J,0) = &; (Pm, X, Sm, 0) Zjm, gum (5,0) = ﬁ Zi\f:l & (Pmy, Xn,Sm, 0) Zijm,
ie.,
g(v’ﬂhlae) gM (Vm7179)
g(vm,0) = : 8um (0) = :
g(vm,J, 9) gMm (Vm,J, 0)

, and G (@) = 0gjnm (0) /00. Then, we assume the following.
Assumption E.2
a) We assume that v1, ..., vas are i.i.d. distributed, and therefore, for any parameter 8 € O, g (v,,,0), m =1,...., M
are also i.i.d. distributed.
b) W is symmetric and positive definite, and WE [g (v.,,80)] = 0 only if 05 = 3¢.
¢) g (Vm, 0) is a continuously differentiable function of 6.
d) E[supeco,; ||g (vm, j,0)]] < oc.
e) E [g (Vim, 00) g (Vin, 90)/] is positive definite.
f) SUP|0—0,| <5 HagM (0) /80” =0, (1) for pr — 0 as M — oo.
Assumption (c) and (f) implies stochastic equicontinuity, which implies Assumption (v) of Theorem 7.2,
Newey and McFadden (1994). This result is used late for asymptotic normality proof.
Following the proof by Newey and McFadden (1994), Theorem 2.6, we can show that

supece ||grr (0) Wgnr () — E[g (vin, 0)] WE [g (vin, 0)]|| P,0.
For any 6 # 0y, suppose first that 0. # 0., i.e. ||@. — 00| > n for some 1 > 0. Then,

plimarcogrr (0) Wgn (0) > 0= E[g (vin, 00)] WE [g (Vim, 00)] = plimar—cogn (60) Wegar (60) -

Furthermore, since || x — Xl > |0 — 00l > 7

M
plimk{ﬁooinfer,Hx—xoHZnM Z f (miX) >F [f (Ym,Xo)]

m=1

and similarly, for 8 such that |83 — 00| > 7,
Plimas-»sogar (0) Wear (8) > 0 = Eg (v, 80)] WE g (v, 60)]

and
M

PlimMaminfer,HX*XoHZnM Z f (ym:X) >FE [f (ymaXO)}'

m=1
Therefore, limnr—ooP ((||tanr — psoll = n) U (||@ear — Bco|| > 1)) = 0, and we have shown that plim [0, v,,] =
[60,7,]. If we were to use the two-step GMM, then the weighting matrix is W = E [g (Vin,60) & (Vim, 60)’] !

and its sample analog, Wy, = [gM (Orr) gm (OM)']_I. Then, if @) is the estimator with the initial positive
definite weight matrix Wy, then, we have shown that plima/—oc@on = 6o. Hence, from continuity of g (v, )
with respect to 6. and intertibility of E [g (Vim,0) g (vm,0)],

plimy oWy = W.

Then, since the assumptions of theorem 2.6, Newey and McFadden (1994) are satisfied, 0as £)0as M — 0.
Next, we prove asymptotic normality. To do so, let

I (T) = {7 ={mlis: in || < T} ;

n=1
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e}
for some T' large enough such that v, € I's (T') and associated metric |7, — 5|, = > n" |[y1,n —
n=1

» Vi =

{7Vi,;n}or . Furthermore, the sieve space is replaced by

E = {x=0ehixl <7, T> lIxoll, } 5
Er,k = {7TkX : ||7"kX||r < T} :

The following assumptions are employeed:

Assumption E.3
(a) Parameter space E is defined with a norm |x||, = > oo, n" |xm| and the associated metric d (x;,Xxs) =
Ix1 = xll,-
(b) True parameter x = {Xo,n}ne, satisfies ||x,]], < oo.
(c) There exists k € N such that for k large enough x, ; = mxx, € =it where Zi™ is the interior of the sieve
space Z.
(d) f (ym,Xx) is a.s. twice continuously differentiable in an open neighborhood of .
(e) For any subsequence k = ks of the sample size M satisfying kns — 0o as M — oo, plimar—oo||Xy,, —Xollr = 0.

(b) imposes a boundedness condition on the true parameter values. (c) employs stronger requirements on the
parameters than Assumption E.1. That is, the true parameters need to be in the interior of the parameter space.
The differentiability of the objective function in (d) is necessary for the derivation of the asymptotic distribution
of the estimator. (e) is straightforward to show given (a)-(d) and Assumption E.1. Furthermore, we also assume:

Assumption E.4
(a) There exists a nonnegative integer ro < r such that the following local Lipschitz conditions hold for all positive
integer j € N we have
E ||ij (%Xo) -Vif (%Xo,k)” <Cj HXo - Xo,k”m

where V; f (ym;Xo) = 0f (¥ym,Xo) /0X0 ;5 Z;’il 279C; < oo and the sieve order k = kjs is chosen such that

oo
lim VM E n" |xo.,| = 0.
M — o0 ’
n=kp+1

(b) For all j € N, E[V,/ (v, xg)] = 0.
() X2, 1279 B [(V, £ (. X0))°] < oc.

For some 7 > 0,
d) Zjoi1 Zﬁil (3171)727‘r E “Vj»nf(Y’Xo)H < 0o, where Vi f (YmaXo) = 82f (Ym7X0) / (8X0,j8X0,k)-

(
(€) limeyo 3252, 3202, (jn) T E [S“pl\xfx(’HTSe IVimf (¥, x) = Vinf (y7X0)|] =0.
E )

f) For at least one pair of positive integers j,n, E[Vjptnf (¥, X0)] # 0.

g) rank (B,x) = k for each k > p, where
ENVif(y,x0)] - EViaf (¥ X0)]
ENVf (xo)l -o ElVinf (¥,%0)]

(b) postulates that the F.O.C. holds for the true parameter value, which we know is satisfied. (c) imposes
boundedness for the first-order derivatives. (d),(e) are necessary in order to extract the parameters of interest via
projection residuals. (f), (g) impose necessary regularity conditions on the second-order derivatives, in fact (f) is
already implied by identification of x.

Let
K, n

kafj (Xn)] e (u)

Vi (u) = Z [ lM Z Vifi (x) = Vi fs (X%))] e ()

Jj=1

Ky |:
k=1

Z Vifi( Xn)] M (w)

ﬁ\
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i (u)

Ky M
bin (u) == [Vlﬂ D Viali (06 + Ak (X — X3))

k=1 j=1

where 75, (u) = 27%v/2cos (kwu). Recall that in this case, n denotes the number of parameters, including sieve
polynomials. Now, as in Bierens 2014, let

be the residual of the following projection

bip(u)=A [Z;,,.Hm () s e, b (u)} + ain (u)

Then, given the Assumptions E.1-E.4 we have
1 1 . . .
/ i (u) i () du/ D (Bons — 0.0) = / i () (Zn () = Wor () = Vo (u)) s
0 0

where @, (u) dn (u)' is a p by p matrix, and éCM — 0. a p by 1 vector. Now, from the arguments similar to the
Theorem 7.2 of Newey and McFadden (1994),
G (00m) Wargnr (Oar)
= Gu (0m) Wargn (00) + Gur (1) WarGas (é) (Orr — 6o) .

where Gs (0a) = 9gnm (0ar) /00, and Ois the intermediate value between 8 and ;. Hence, together,
R , R A
A [GM (0r) Wa Gy ( )] A [GM (0r) WuGy (9)]1724) 7 [ O — O }
Al o W 9)], Ao 0 Wi ()], i s | L0
2:p,2:p

A [GM (GM)/WMgIAW (00)} I .
A [GM (GM) Waign (00 ] 2ip + f‘o anM u) (ZnM (u) — WnM (U) - VnM (U)) du

- VN

Now, we impose an addititional assumption that
Assumption E.5

A[G'WG], , A[G'WG],

F=1 A vvc;.]m1 A[G'WG], . + [ a(u)a(u) du ]

is a full rank matrix, thus, invertible.

Then,
VM (éM - 00) 4 N, (0,F'YF Y,
where
r_ A’ [G'WXE,WG], A [G'WE vvc;]1 2ip
A[GWE,WG],,, A’ [G'WE,WG], , + [, [ a I‘(uhuQ)a(ug)duldug

and I' (u1,u2) = E[Z (u1) Z (u2)].
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