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Abstract

This paper explores contracting in the presence of ambiguity. It revisits Holm-
strom’s (1979) sufficient statistic result of when to condition a contract on an outside
signal. It is shown that if the signal is ambiguous, in the sense that its probabil-
ity distribution is unknown, then Holmstréom’s result can be overturned. Specifically,

uninformative ambiguous signals can be valuable.
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1 Introduction

In recent years a number of papers on contracting and mechanism design under ambiguity

have appeared. The increasing interest is well motivated, as ambiguity seems especially
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relevant for such problems. However, it is important to fully understand the implications of
introducing ambiguity. Specifically, there is a number of well-known results for contracting
in standard settings that may or may not hold under ambiguity.

The present paper shows that when allowing for ambiguity, one such well-known standard
result, namely Holmstrom’s (1979) sufficient statistic result no longer holds. In a standard
model with no ambiguity, Holmstrom considers the conditions under which a principal can
improve upon a contract by conditioning on an outside signal. His sufficient statistic result
shows that it is optimal to make the contract contingent on the outside signal if and only if
the signal is not orthogonal to the directly payoff relevant variables of interest.

This paper considers the canonical principal-agent model with hidden information with
the distinctive feature that there exists an ambiguous public signal which the contract may
be made contingent on. Both the principal (she) and the agent (he) are assumed to have
preferences that are represented by the a-maxmin expected utility model axiomatized in
Ghirardato, Maccheroni, and Marinacci (2004). Here, each party has a set of priors (rather
than a single prior) on the underlying state space and an attitude towards the realization
of ambiguity that is captured by a parameter «, which can be interpreted as the party’s
optimism. The payoff from any action is computed by weighing the maximum and the
minimum expected utility of the action over the set of priors with weight a on the maximum
and 1 — « on the minimum.

The first result of this paper is that for a public signal that is uninformative about the
private information of the agent, that is, for a signal which is a payoff irrelevant random
variable (henceforth PIRV), the principal can benefit from conditioning the contract on the
public signal if and only if the signal is ambiguous. Hence, even PIRVs can be of value if
they are ambiguous. Contracts that condition on the signal are denoted ‘bait contracts’.!
The second result shows that a bait contract cannot be decomposed into a standard (non
conditioning) contract and a pure side bet. The optimality of a bait contract which conditions
on a PIRV shows that ambiguity overturns Holmstrom’s result.

The presence of the ambiguous public signal provides the principal with an additional
instrument she can use when designing the contract, namely that of deliberately introducing

ambiguity into the contract. By doing so, she can exploit optimistic ambiguity attitudes,

IThe intuition for the use of the term ‘bait contract’ should become clear below.



which will be left unexploited with a contract that does not condition on the signal. By
conditioning on the PIRV the principal creates endogenous heterogeneity in the parties’
overall decision weights, or effective beliefs. Such heterogeneity results in the parties having
a motive to bet on the resolution of the PIRV. If the agent is optimistic, the betting will be
to the principal’s advantage, and the optimal contract is a bait contract.

A bait contract thus fulfills two purposes. On one hand, it serves the usual purpose
of ensuring participation of and providing incentives for the agent. On the other hand,
the parties are betting on their differences in effective beliefs through the contract. If the
problem was broken up into separate contracting and betting problems, the betting would
upset the marginal trade-offs in the solution to the contracting problem. Thus, bundling the
two problems dominates solving them separately, as the joint solution allows all marginal
trade-offs, both those for given and those across signal realizations, to be at their optima.

The introduction of ambiguity is motivated by experimental and theoretical work. Ells-
berg (1961) showed that ambiguity can affect the choice of a decision maker in a fundamental
way that cannot be captured by a framework that assumes a unique prior. Many subsequent
papers have underlined the importance of ambiguity and of decision makers’ attitude towards
it in understanding observed behavior.

As mentioned, there appears to have been increasing interest recently in contracting under
ambiguity and in other non-standard choice theoretic settings. Mukerji (1998) considers a
moral hazard problem with firms in a vertical relationship and a discrete choice set and shows
that ambiguity aversion among the parties can rationalize incomplete contracts. Mukerji
and Tallon (2004) also consider a contracting problem where agents are ambiguity averse.
Lopomo, Rigotti, and Shannon (2011) consider a principal-agent model with moral hazard
where the agent’s beliefs are imprecise due to incomplete preferences. Vierg (2012) considers
contracting between risk neutral parties when the contracting environment itself is vague
(or ambiguous), and shows that the presence of vagueness or ambiguity often leads to the
standard ‘sell the firm to the agent’ contract being suboptimal. None of these papers consider
the issue of conditioning on an outside signal. Kotowski (2012) considers a principal-agent
problem with moral hazard in which the agent is ambiguity averse and the principal can be
ambiguous concerning the contract’s evaluative criteria.

A different group of related papers considers contracting when the parties have hetero-



geneous beliefs. These include Adrian and Westerfield (2009) and Carlier and Renou (2005,
2006). When beliefs are heterogeneous, the parties also have a motive to bet on the resolu-
tion of uncertainty, but there is no possibility for the principal to influence the agent’s weight
on the different final scenarios. With precise information and heterogeneous beliefs, all dif-
ferences between the contracting parties are exogenous. These papers also do not consider
the issue of conditioning on an outside signal.

A third group of related papers analyzes mechanism design problems under uncertainty.
Levin and Ozdenoren (2004) consider auctions when there is ambiguity about the number
of bidders, while Bose, Ozdenoren, and Pape (2006) and Bose and Daripa (2009) study
auctions when there is ambiguity about the bidders’ valuations. De Castro and Yanellis
(2011) show that when individuals have MEU preferences, then any efficient allocation is
incentive compatible. Lopomo, Rigotti, and Shannon (2009) consider mechanism design
when preferences are incomplete.

The paper is organized as follows: Section 2 presents the model with ambiguity. Section

3 contains the results. Section 4 concludes. Proofs can be found in the appendix.

2 Model

Consider the canonical principal-agent problem with hidden information.? A principal, who
is risk neutral, wants to hire a risk averse agent to complete a task. It is assumed that the
agent’s effort can be measured by a one-dimensional variable e € [0,00). The principal’s
gross profit is a continuous function of the agent’s effort, 7(e), with 7(0) = 0, first-order
derivative 7’(e) > 0 Ve > 0, and second-order derivative 7”(e) < 0 Ve > 0. The principal’s

Bernoulli utility function is given by her net profits,
up(w,e) = m(e) —w,

where w denotes the wage she pays to the agent.
The agent’s utility is assumed to depend on a variable, measuring how well suited to the
required task he will find himself. The value of this variable is realized after the contract

is signed. For convenience, it is referred to as the agent’s efficiency level, but it could be

2See, for example, Mas-Colell, Whinston, and Green (1995, chp. 14.C).



interpreted in a variety of ways. The agent’s Bernoulli utility function depends on his wage
w, how much effort he exerts e, and his efficiency x, which affects how much disutility,
denoted g(e,x), he experiences from effort. There are assumed to be two possible values
of x: the agent will be either of high-efficiency type xg or of low-efficiency type xy. It is
assumed that the efficiency level is unobservable to the principal. Effort, on the other hand,
is observable and contractible.

Assume further that the agent’s Bernoulli utility function is of the form
ua(w,e,z) =v(w — g(e,x)), with v'(-) > 0 and v"(-) < 0.

The disutility g(e, x) is assumed to satisfy the following standard conditions: the first-order
derivative w.r.t. e is ge(e, x) > 0 Ve > 0 and the second-order derivative w.r.t. e is ge.(e, x) >
0 Ve, such that his disutility from effort is increasing at an increasing rate, ¢(0,xy) =
9(0,21) = g(0,25) = ge(0,2) = 0, such that the agent suffers no disutility if he does not
exert any effort, and g.(e,z;) > ge(e,xg) Ve > 0, such that his marginal disutility from
positive effort is higher if he is of low-efficiency type. Note that these conditions imply that
gle,xp) > gle,zy) Ve > 0, that is, the disutility of any positive effort level is also higher
for the low-efficiency type. Finally, let @ denote the agent’s reservation utility, which for
simplicity (and without effect on the results) is assumed to equal zero.

Suppose there is a publicly observable and verifiable outside signal, which can take values
yg or yr. The state space is the Cartesian product of the two possible realizations of the
agent’s type and the two possible realizations of the signal. Thus, there are four possible
states of the world.

I assume that the signal and the agent’s type are independent, i.e. the probability of
realizing the pair (x;,vy;), ¢,j = H, L, is the product of the relevant marginal probabilities.
Because the signal is orthogonal to, and thus uninformative about, the agent’s type, it is
referred to as a PIRV. Let p = (pg,pr), with pg € (0,1), denote the marginal probability
distribution over the agent’s types. That is, the agent will be of type z; with probability p;.
This probability is known to both parties to the contract. Hence, the contracting environment
itself is unambiguous, i.e. there is no ambiguity about the directly payoff relevant variable
x.

The PIRV, however, is potentially ambiguous. That is, the contracting parties may not

know the precise marginal probability with which the PIRV will take the value yy. Instead



they only know a possible set Q = {q = (qm,q1) : qm € [a,b],q. =1 —qu,0 < a <b <1} of
this marginal distribution. That is, the probability of yg is ¢y € [a,b] C [0,1]. The parties
therefore have common but, in general, ambiguous knowledge of the marginal probability of
the PIRV taking value yz. The PIRV is only unambiguous in the special case a = b.3

Contracting is assumed to take place ex-ante, i.e. before the agent learns his type and
before the PIRV is realized. Ex-ante contracting has two stages: the agent first agrees to
a menu of wage-effort pairs. Then, once he learns his type, the agent selects one of the
wage-effort pairs in the menu by announcing his type. It is assumed that the principal is
unable to observe the agent’s efficiency level at any point in time; hence there is asymmetric
information at the interim.

The principal can choose whether or not to make the contract contingent on the am-
biguous signal. That is, she can decide whether or not to make it a bait contract. A bait
contract, denoted C', consists of different wage-effort pairs for different values of the agent’s

type and of the signal:

¢ = (e(xhﬁ yH)7 UJ(CCH, yH>7 6(‘rH7 yL)7 UJ(CCH, yL)7 €(IL‘L, ?JH), U)(Z‘L, ?JH), G(I'L, yL)u U}(IL, yL))

= (eHH7 WHH,€HL, WHL, €LH, WLH, €LL, wLL) .

Since the PIRV is publicly observable, conditioning the wage-effort pairs on it does not
lead to any further informational asymmetry between the contracting parties. For a particu-
lar realization of the PIRV, the agent must choose one of the corresponding wage-effort pairs
at the interim: If y = yy, then the agent’s choice is between (eypy, wyy) and (epy, wrm),
while if y = yy,, then the agent’s choice is between (e, wyy) and (err, wrr). A bait contract
therefore has to be incentive compatible given each value of the signal.

For an incentive compatible contract, the agent will truthfully reveal his type. Given a
high value of the PIRV, he will thus exercise effort ey and be paid wage wyy when he
is of high-efficiency type xg, and exercise effort e,y and be paid wage wpy when he is of
low-efficiency type xy. Similarly, if the value of the PIRV is low, he will exercise effort ey,
and be paid wage wgy, when he is of high-efficiency type xy, and exercise effort ey, and be

paid wage wyr, when he is of low-efficiency type x;. Note that the agent’s Bernoulli utility is

31t is assumed that we do not have a = b = 0 or @ = b = 1, in which case there would be ex-ante certainty

about the realization of the PIRV.



state-dependent, since his disutility depends on the realization of his type. This is captured
by letting x be an argument of the utility function. For ease of notation, define z = (w, e, x).

The preferences of the parties are represented by the a-maxmin expected utility (hence-
forth a-MMEU) model axiomatized in Ghirardato, Maccheroni, and Marinacci (2004). A
similar representation under objective ambiguity is axiomatized in Olszewski (2007) and
Vierg (2009).* In the present context, the assumption of a-MMEU preferences implies that

both the principal and the agent maximize utility of the following form:

Ur(C) = a Z Gr. jpiun(zij) + (1 — o) Z gk,jpiuk(zz’j% (1)
JE{H,L} JE{H,L}
ie{H,L} i€{H,L}

where j indexes the value of the PIRV, i indexes the agent’s type, k € {P, A}, uy is k’s
Bernoulli utility function defined over z;; = (w;;,e;5,2;), and oy € [0,1] is a parameter
that captures k’s ambiguity attitude or degree of optimism. Finally, g, = (¢4 x,qy, ) and
q, = (gh . L) are, respectively, the best and worst marginal probability distributions in

the set () from k’s point of view given the contract C'. That is,

) = arg max > apiu(ziy) @)
=7 ey
€{H,L}
and
Qk:argr%ic? Z qjpitk(2i5), )
I JE{H,L}
ie{H,L}

where z;; is specified by the contract. Since x and y are independent, there is a one-to-one
correspondence between these best and worst marginal probabilities and the best and worst
overall probabilities over the four states.

It is important to note that which probabilities are best and worst depend on the contract
offered. Therefore, the contract offered endogenously determines the beliefs of the agent and
principal. Consequently, the agent and the principal may endogenously have heterogeneous
beliefs. This is the driving force behind the optimality of bait contracts. The ambiguous
PIRV provides the principal with an extra instrument when designing the contract, which

enables her to exploit optimistic ambiguity attitudes.

4Gilboa and Schmeidler (1989) axiomatize the case of a = 0, while Ahn (2008) provides an alternative

representation of preferences under objective ambiguity.
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To focus on the case in which the principal cares about expected profits, it is henceforth
assumed that she is ambiguity neutral, that is, ap = % Given this assumption, the principal’s
nd
thus independent of whether the principal is best off when the PIRV takes value yy or yy.

effective weight on (or effective belief about) the PIRV taking value yp is %Gp’ g+ %g @
Put differently, when the principal is ambiguity neutral her effective weight on the PIRV

taking value yp is the same when qp = b and when gpy = b, ¢, ,, = a, since this

=& 4py
weight will be equal to the midpoint of the interval [a, b].?

Let ¢py denote the midpoint of the interval [a,b], i.e. ¢py = %a + %b. As described in
the previous paragraph, the principal’s effective weight on the PIRV taking value yy will
be equal to qpy. Also, any set @ of possible marginal probability distributions over the
signal y can be described by the corresponding ¢p ; and a parameter 6 > 0, and is given
by Q = {(qu,1 —qu) | qu € [gpy — 0,qpy + 6]} where § = b — ¢f . Thus, for any set @,
ambiguity is symmetric around the ambiguity neutral principal’s effective weight g% ;. This
situation is the same as one in which the principal has standard preferences with belief ¢
that the signal takes value yg and ambiguity being symmetric around the principal’s beliefs.
It is in this sense that the principal cares about expected profits.

Using the notation just introduced, the agent’s effective weight on the PIRV taking high

value yy will be
Gam = qpu+ (204 —1)0 (4)

if the contract makes the agent best off when the PIRV takes value yy, and

dam=dpu+ (1 —2aa)o (5)

if the contract makes the agent worst off when the PIRV takes value yg. If 6 = 0, the PIRV
is unambiguous, and by (4) and (5) the parties’ effective weights will be equal. If 6 > 0, the
PIRV is ambiguous, and, moreover, by (4) and (5) the parties will have different effective

weights for all as # 3.

5Tt follows immediately that the principal’s weight on the PIRV taking value y;, is also independent of
the value of the PIRV under which she is best off.



3 Bait contracts

It is now shown that there exists a set of principals and agents for which the principal
will write deliberately ambiguous contracts. That is, the principal will introduce ambiguity
into a contracting situation where there is otherwise no ambiguity, since the principal will
optimally choose to condition the contract on the ambiguous PIRV. Therefore, signals can
be valuable, even if they are independent of the unobserved variables that directly affect the
parties’ payoffs, as long as they are ambiguous.

In a standard model with no ambiguity, Holmstrom (1979) considers the question of when
an outside signal can be used to improve upon a contract. He shows that it is optimal to
make the contract contingent on the outside signal if and only if the signal is not orthogonal
to the directly payoff relevant variables of interest. Holmstrém obtains his result in a moral
hazard model, but a similar result is easily derived in a model with adverse selection and
unambiguous information. I now show that Holmstrom’s result can be overturned if the
outside event adds ambiguity to the contracting situation.

The principal can choose whether or not to make the contract contingent on the am-
biguous PIRV, i.e. whether to write a bait contract or a standard contract. A standard
contract does not condition on the signal and therefore has e(xy,yy) = e(zy,yr) = en,
e(rr,yg) = e(xp,yr) = ep, w(xy,yy) = w(ry,yr) = wy, and w(zr, yg) = w(zrp,yr) = wr.
Hence, it is a special case of conditioning and will appear as the solution to the problem
below if optimal.

Vierg (2012, Theorem 1) shows that the revelation principle holds in the presence of
ambiguity, i.e., that any general incentive compatible contract can be implemented with a
truthful revelation mechanism. Given that, the principal’s problem of finding the optimal
contract is given by

mam%ﬁ;’i:iﬁﬁé} 4P (pH (W(SHH) — wHH) +PL (W(GLH) - wLH))

wrH,eLH >0
wrr,err >0

+(1—app) (pH (m(emr) —wnr) + pr(mlers) — wLL))



subject to

CIZ,H (PH’U (wHH - g(eHHa JUH)) +pLv (wLH - g(eLHa xL))

(PC)
+(1—q5n) (pHv(wHL —glenr,xn)) + prv(wrr — glerr, xL))) >0,
v(wir — glenn,vn)) 2 v(wen — glern, vnm)), (ICun)
v(wrr — glerm xr)) > v(win — glenn, x1)), (ICLh)
v(wir — glenr, wn)) = v(wrr — glerr. vn)), (IChy)
v(wrr — g(ern,zr)) > v(wyr — glenr, zr)), (ICyLL)

where 5 ;; = 50+ 3b and ¢ y is given by (4) if the agent is best off when y = yg, by (5) if
he is best off when y = y;, and equals ¢ j; if he is equally well off under the two realizations
of the PIRV .S

Conditioning on the ambiguous PIRV results in the agent receiving different utility for
each possible realization of the PIRV. His effective weight on y = yy will be given by (4)
or (5) and thus be different from the principal’s. Hence, conditioning generally creates
an endogenous heterogeneity in the effective weights (or effective beliefs) that the parties
assign to the two possible realizations of the signal. Consequently, the contract fulfills two
purposes. Not only does it serve the usual purpose of ensuring participation of and providing
incentives for the agent, but the parties are also placing side-bets on their differences in
effective beliefs through the contract. If the agent is ambiguity loving, the principal can
exploit the heterogeneity, and therefore it is worthwhile for her to generate a difference in
the agent’s utility. Thus, with ambiguity loving (or optimistic) agents, the principal can use
the ambiguous PIRV to her advantage.

The following theorem shows that bait contracts can be optimal when there is ambiguity,
i.e. that there exist principals and agents for which the principal will condition the wage-effort

pairs on an ambiguous PIRV.

Theorem 1 (Optimality of bait contracts). Let the set of possible marginal probability dis-
tributions over the PIRV y be given by Q@ = {(qu,1 —qu) | qu € lqpy — 6, ¢y + 9]}, where

0 > 0. Then the following two statements are equivalent:

When the agent is equally well off under the two realizations of the PIRV, all probabilities in @ are

equally good from his point of view, and g4 z and g, ,, can be chosen such that ¢4 y = ¢p -
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i. There exists a set of agents characterized by {aa,v(-),g(e,x)} for which the optimal

contract conditions on the PIRV.

it. The PIRV is ambiguous, that is, § > 0.

Proof: See the appendix.

Theorem 1 states that if and only if the outside signal is ambiguous, there exists a set
of principals and agents for which the principal will optimally choose to make the contract
contingent on the realization of the outside signal, even when this signal is uninformative
about the variable that is subject to asymmetric information at the interim and directly
affects the parties’ payoffs. By conditioning on the ambiguous PIRV, the principal introduces
ambiguity into the otherwise unambiguous contracting situation. That way she creates
an endogenous heterogeneity in the effective beliefs that the parties assign to the different
realizations of the PIRV. This endogenous heterogeneity is a consequence of the ambiguity
and depends on the contract offered.

The heterogeneity in effective beliefs introduces a betting motive into the contract. If the
agent’s effective weight on the signal realization being high is higher than the principal’s, the
principal can improve upon the standard contract by offering the agent a higher utility when
y = yg. With such a contract, the best distribution in () from the agent’s point of view has
Gay = b, while the worst has G, ; = a. In this case, the agent will therefore assign higher
effective weight to the signal realization being high if and only if he is ambiguity loving, i.e.
g > % If instead the agent’s effective weight on the signal realization being low is higher
than the principal’s, the principal can improve upon the standard contract by offering the
agent a higher utility when y = y;. By an argument similar to that just made, the agent
will in this case again assign higher effective weight to the signal realization being low if and

only if he is ambiguity loving.”

"In the present paper, it is assumed that the principal is ambiguity neutral, i.e. that ap = % Although
not fully explored, numerical computations indicate that the result in Theorem 1 continues to hold for
ap # % as long as a4 + ap > 1, that is, if the parties are on average ambiguity loving. When ap = %,
the condition that ay > % ensures that the parties are ambiguity loving on average. For general ap, the
endogenous heterogeneity in effective beliefs has two possible sources. The first source of heterogeneity is the
potential difference in those marginal probability distributions that are the best and worst for each of the

contracting parties, and the second source is the parties’ ambiguity attitudes as captured by the parameters
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The side bet makes it easier to get the agent to participate: with a bait contract the
average (according to the ambiguity neutral principal’s beliefs) compensation needed for the
agent’s participation is lower than with a contract that does not condition on the signal. By
writing a bait contract, the principal attempts to bait the agent by offering him a high payoff
given one value of the signal. If the agent is sufficiently optimistic, he will put a lot of weight
on this high payoff and take the bait. This means that the agent will accept contracts with
an average compensation that would otherwise be insufficient to ensure his participation.

The next theorem turns to the question of whether it is possible to mimic a bait contract

by offering a contract and a side bet separately.

Theorem 2 (No decomposition). There exists a set of agents characterized by {aa,v(-), g(e, x)}
for which the optimal contact is a bait contract and this bait contract cannot be decomposed

into a standard contract and a pure side bet.

Proof: See the appendix.

By Theorem 2, bundling dominates breaking up the problem into distinct contracting and
betting problems. The intuition is as follows. Since a standard contract does not condition on
the PIRV, it specifies the same effort level and wage for a particular type of agent, regardless
of the value of the PIRV. As it is the case for the bait contract, the optimal non-bait contract
distorts effort for the low-efficiency type in order to ensure incentive compatibility for the
high-efficiency type. The exact amount of distortion is such that the principal’s marginal loss
in profit for the low-efficiency type x, equals the marginal gain in profit for the high-efficiency
type xg:

(1 —pu)[7'(er) — ge(ew, zL)]

_ . v'(wr—g(ep,zm)) _
~PH [1 pH'U/(wL_g(eLJH))""(l_PH)'U/(wL_g(eLw’UL))] [Qe(eL, w1) — geler, xH)} ’

which is the non-conditioning equivalent to conditions (24) and (25) in the proof of Theorem
1 in the appendix. Suppose now that the principal also offers a side bet, which consists of
a payment of Ty that the principal pays to the agent when the PIRV takes value yy and
a payment 77 that the agent pays to the principal when the PIRV takes value y;. The

optimal payments will be such that the parties’ marginal rates of substitution between the

(a,ap).
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two possible realizations of the signal are equal. That is, the optimal Ty and 77, are such that
(22) and (23) in the appendix hold for e,y = er;, = er, wpy = wr+ Ty, and wr, = wyp —T7.
However, since the agent is risk averse with strictly concave v, (24) and (25) will no longer
be satisfied after the transfer.

When the principal instead solves the contracting and betting problems jointly, she can
adjust the effort level for the low-efficiency type for the two values of the signal such that not
only the parties’ marginal rates of substitution given the two possible signal realizations are
equal, but also the marginal loss in profit for the low-efficiency type continues to equal the
marginal gain in profit for the high-efficiency type for either value of the PIRV. By bundling
the problems, the principal thus ensures that all marginal trade-offs will be at their optima.
This cannot be achieved by the decomposed contract.

As an example of the results in Theorems 1 and 2, consider the solution to the principal’s

o2

problem when v(-) = log(-), g(e,z) = £, and w(e) = 2¢'/2, and the parameters take values

v, =1, 2y =8, pg = %, ay = 0.95, and the interval [a, b] is symmetric around % In this

case, the solution when there is no ambiguity (i.e. when § = 0) has (egy, wyy, ey, wry) =
(egr,wyr,ern,wrr) = (4.000,2.197,0.908,1.248). This optimal contract consists of the
same wage-effort pairs for either realization of the PIRV and has effort for the high-efficiency
type at the first-best level, while effort for the low-efficiency type is distorted downwards to
ensure incentive compatibility for the high-efficiency type. With this contract, the utility for
either type of agent is zero (the reservation utility).

If instead § = 0.1, the PIRV is ambiguous. In this case, (egm,Wny,ery, Wry) =
(4.000, 2.355,0.918,1.408) and (eyr,wyr,ern, wrr) = (4.000,2.005,0.893,1.055). The op-
timal contract thus consists of different wage-effort pairs for the two realization of the PIRV.
Effort for the high-efficiency type remains at the first-best level for either realization, but
the effort levels for the low-efficiency type and the wages differ. When the signal takes value
yH, either type of agent is paid a higher wage and the effort for the low-efficiency type is less
distorted than when there is no ambiguity. On the contrary, when the PIRV takes value vy,
either type of agent is paid a lower wage and the effort for the low-efficiency type is more
distorted than when there is no ambiguity. The agent gets positive utility when the PIRV-
realization is high and negative utility when the PIRV-realization is low. The principal gets

higher utility with this bait contract than with a standard contract. Figure 1 illustrates that,
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Figure 1: Numerical example
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for the example under consideration, the principal’s utility (Panel A) as well as the difference
ery — e, (Panel B) and the difference in the agent’s utility given the two realizations of the
PIRV (Panel C) are all increasing in the level of ambiguity 4.

The presence of ambiguity and the assumption of a-MMEU preferences together drive the
results. If the outside signal is unambiguous, the set of probability distributions is a singleton
and the best and worst distributions always coincide. In that case, we are in the standard
model. When the signal is ambiguous on the other hand, the best and worst probability

distributions differ and the assumption of a-MMEU preferences makes a difference.

4 Concluding remarks

This paper has revisited Holmstrém’s (1979) sufficient statistic result and shown that for
a signal that is uninformative about the agent’s superior information, the optimal contract
conditions on this signal if and only if the signal is ambiguous. Contracts that condition on

the realization of the signal are referred to as “bait contracts.” The basic intuition behind
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the optimality of bait contracts is that the ambiguous signal gives the principal an extra
instrument she can use when designing contracts. By conditioning on the ambiguous sig-
nal, the principal creates a motive for betting and can thereby take advantage of optimistic
ambiguity attitudes. The analysis above showed that this extra instrument can indeed be
valuable. It was also shown that the bait contract cannot be decomposed into a standard
(non-conditioning) contract and a pure side bet. The reason is that when solving the con-
tracting and betting problems jointly, the principal can adjust the agent’s effort such that
the amount of distortion that occurs to ensure incentive compatibility for each realization of

the signal is optimal given the wealth transfer across states.

Appendix

Proof of Theorem 1: It is first shown that i. implies 7. by showing the contrapositive.
This follows simply by noting that if 7. is not true (i.e., if a = b) we are in the standard
model with precise information, which implies that 7. is not true.

It is now shown that #. implies .. The Lagrangian for the principal’s problem is

2 = dqpy (pH (m(enn) — wun) + (1 —pu)(r(eLw) — wLH))

+(1 - CI%H) (pH(ﬂ'(eHL) - wHL) + (1 = pu)(r(ers) — wLL))
+ 7 [CIZH (pH U(wHH —g(enm, JTH)) + (1 — pH)U(wLH —glern, SC'L))>

+(1 - QZ,H) (pH U(wHL - g(eHL733H)) + (1 - pH)U(wLL - g(eLLJCL)))]
AHH [U (wHH —glenn, IH)) - U(wLH —glern, xH))}

HL [U(

[v(

Mg |v(wer — g(ern, OCL)) - U(wHH - 9<€HH7«'EL))}

WHL — €HL, JCH)) - U(wLL - g(eLLa iBH))}

+ o+ + +

ALL [U(wLL - eLL>~77L)) - U(wHL - g(eHL,JJL))]a

where v, Agg, Agr, Arg, and App are the Lagrange multipliers. The first-order conditions
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for the problem are

pudp ™ (enm) — vpuda gV (Wnn — g(enm, vr))ge(€nm, Tr)

_/\HHU/(wHH — g(GHH7 $H))9e(€HH, IEH) + ALHU/('U]HH - Q(GHH, xL))ge<€HH> fL) <0,
—pudpn +Pada gV (Wan — g(enn, Tr))
+>\HHU/(?UHH - g(eHHa xH)) - )\LHU/(U)HH - g(eHHa fl?L)) =0,

(1- PH)Q?),HW,(‘?LH) —y(1 - pH)QZ,HU,(wLH —glern,xr))ge(ern, v1)

AV (weg — glerm, vm))ge(ern, xa) — AppV (weg — gepw, vr))ge(ern, xr) <0,

—(1=pu)dpn + (1 —pr)ga yv'(wim — glern, vr))

—/\HHU/(UJLH - g(@LH7 xH)) - >\LHvl<wLH - Q(GLH, HCL)) =0,

pu (1= qp ) (enr) —vou (1 — ¢4 p)V (WL — g(enr, wr))ge(enr, Tr)

_)\HLUI(U)HL - Q(GHL wH))ge<€HLa 5EH) + )\LLU/(U}HL - g(@HL7 IL))ge(eHLa 5EL) <0,

—pH(1 - QfD,H) + ’YPH(l - q,eal,H)U/(wHL —glenr,vu))

—i-)\HLU/(wHL - g(eHLa IBH)) - )\LLU,<7UHL - 9(€HL7 $L)) =0,

(1=pu)(1 = qpu) 7 (ere) —v(1 = pu) (1 — ¢.5) v (wir — g(err, w1))ge(err, 1)

(12)
v (wor — g(err, om))ge(err, xu) — AoV’ (wer — glerr, xr))ge(err, vr) <0,
—(1 —PH)(l - va,H) + (1 - pH)(l - qZ,H)U’(wLL —glerr, 1)) (13)
—)\HLU/(UJLL - g(eLL7 JJH)) - ALLU/(U)LL - Q(GLL, $L)) =0,
QZ,H (pH U(wHH - Q(GHH, iEH)) + (1 —pH)U(wLH - Q(GLH, IL”L)))
(PC)
+(1 — QZ,H) (pH U(wHL —glenr, I'H)) + (1 - pH)U(wLL —glecrr, SUL))> > u,
U(UJHH - Q(BHH,ZEH)) U(wLH - €LH, TH ), ([OHH)
U(wLH —glewn, T ) (wHH —glenn, v ), ({Cru)
U(wHL - g(eHL,wH)) (wLL —glerr, rn ), ({Chr)
U(wLL —glerr,vr ) (wHL —g(enr, iUL)), ({Crr)

where (6), (8), (10), (12), (PC), ([CHH), (ICLH), ([CHL)a and (ICLL) hold with equality lf,

respectively, egy, erm, €ur, €rn, Vs A, A\Lu, gL, and App are strictly greater than zero.
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It follows from (7) and (9) that v > 0. Furthermore, since 7/(0) > 0 and g.(0,z1) =
9e(0,2g) = 0, it follows from (6), (8), (10), and (12), respectively, that egg > 0, ey > 0,
epr, > 0, and ery, > 0. Thus, we have equality in (PC), (6), (8), (10), and (12).

The following constellations of the Lagrange multipliers,
>\HL = (0 and )\LL = O,

Agr > 0and A > 0,
Agr =0and A\ > 0,
Agg =0and A\pg =0,
Agg > 0and Ay > 0,

and

Agg =0 and A\pg > 0,

all lead to contradictions, as will now be shown. When Ay = A =0, (11) and (13) imply
that wr, — g(err,xr) = wyr — glewr, xy), which violates (ICyy) and (ICp). A similar
argument gives a contradiction when Ayy = Apg = 0.

When Agy >0 and Ay > 0, (ICyxy) and (ICLy) give that egy = epy and wyy = wpy.
By (6), (7), (8), and (9), it then follows that 7'(epn) — ge(enn, vu) < 7'(enn) — ge(enm, L),
which contradicts the assumptions on the function g(e,x). A similar argument can be used
to show that Mgy, > 0 and A;;, > 0 leads to a contradiction.

Finally, when Ag;, = 0 and A\, > 0, (11), (13), and (/CLL) can be combined to solve
for A1, as a function of ey and wyy. The condition that A\r; > 0 then gives that wgy —
glenr,ry) < wrr — g(epr, xr), which violates (ICgy) and (ICpp). By a similar argument,
Agg = 0 and Ay > 0 leads to a contradiction.

This leaves one case to investigate, namely
)\HH > O, )\LH = O, )\HL > O, and )\LL =0.
In this case, (6) and (7) imply that

m'(enn) = gelemn, Tn), (14)
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while (10) and (11) imply that
7' (enr) = gelenr, vm). (15)
Thus, ey = egr = €%, i.e. at their undistorted levels. Also, by (8) and (9),

(1= pu) oy (7' (e — gelerm. L))

(16)
= MV (wrg — glepn, vn)(gelern, v1) — ge(eru, zm)),
and by (12) and (13),
(1 - pH)(l qu) (7T (€LL - ge(eLL7 xL)) (17)
= Agrv'(wrr — glern, Tu ( (err,wr) — gelerr, $H))
It follows from (ICyp) and (ICyy) that
wyy — 9(enwn, vu) = wry — g(ern, Tu)
and
wyr — g(enr, vy) = wrp — g(err, o).
Then (7) and (ICyp) imply that
PP H
)\ = . - y ) 18
HH (wir — glern, Tr) YPHA A H (18)
which together with (9) implies that
y= Q%,H ) (19)
pHQZHU/(wLH —glerm,ry) + (1 - pH)qz,H'U,(wLH —g(ern,rr))
Similarly, (11) and (/Cyyp) give that
pH(1 - CI%H)
ApL = ’ - 1—q% ), 20
HL V(wir — glers, vr) VPH( QA,H) (20)
which together with (13) results in
v = - Q;’,H (21)
pu(l = ¢4 )" (wir — glerr, vm)) + (1 — pu)(L — ¢ y)v'(wrr — g(err, x1))
Using (19) and (21), I now have that
Q%,H - QZ,H pHU/(wLH - g(eLH; xH) + (1 - pH)?/(wLH - g(eLHa xL) (22)

l—¢5y  1—q4y puv'(wer — glerr, zu) + (1 — pu)v'(wir — glerr,xn)

18



Also, (PC), (ICug), and (ICgyp) imply that

da.n (pHU(wLH - g(eLHaxH)) +(1— pH)v(wLH —g(ery, IL)))
(23)
+(1 - ¢4n) (pHv(wLL —glerr,zn)) + (1 — pu)v(wrr — g(eLL,g;L))) —0.

From equations (16), (18), and (19) it follows that

pav'(wrn — glepw, vy)) [W'(eLH) — gelerm, Z’H)]
+(1 = pa)v'(wew — glepm, x)) [7'(eLn) — gelepn, xr)] (24)

= puv'(wry — glepw, vr) [ge(eLHa rr) — gelern, SUH)] .

Furthermore, it follows from equations (17), (20), and (21) that

pav'(wrr — glern, vw)) [W'(BLL) — ge(err, iUH)]
+(1 = pu)v'(wrr — glewr, xr)) [7(err) — gelerr, xL)] (25)

= puv'(wrr — g(err, vr) [ge(eLL, rr) — gelerr, iUH)] .

Equations (24) and (25) reflect the well-known requirement that the exact amount of distor-
tion of the low-efficiency type’s effort is such that the principal’s marginal loss in profit for
the low-efficiency type equals the marginal gain in profit for the high-efficiency type. Equa-
tion (22) is the, also well-known, condition that the parties’ marginal rates of substitution
with respect to consumption in different states are equal. The latter equation implies that if
the parties’ decision weights differ, then there must be conditioning on the signal. However,
since the decision weights depend on the contract offered, further investigation is required.

With a contract that does not condition on the signal, all marginal distributions in
are equally good for each of the parties. With such a contract, the distributions g, and q,.
k € {A, P}, can therefore be any of the distributions in () and thus chosen such that the
parties have equal marginal rates of substitution. Hence, there exists a contract that does
not condition on the signal that satisfies the first-order conditions.

However, there may also be bait contracts that satisfy the first-order conditions with
different wage-effort pairs given the two realizations of the signal. Hence, the first-order
conditions must be solved for these, and the value of the principal’s objective function must

be compared with the value when there is no conditioning.
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Equations (14) and (15) pin down epyy and egy. The other variables are, however,
determined by the set of nonlinear equations (22)-(25), which can not be solved for general
functional forms. Therefore, to show existence, consider the specific functional forms

2
v(-) = log(-), gle,x) = 5—33 and 7(e) = 2172,

The nonlinear system of equations (22)-(25), and hence the principal’s optimization prob-
lem, is solved numerically using Ox for the case where x;, = 1, xy = 8, and a4 = 0.95 on
a grid of (pu,qp ) where both probabilities range from 0.001 to 0.999, with increments of
0.001. In the computations, ¢ ; is assumed to be defined by (4) and below it is confirmed
that this is indeed correct.

For positive levels of §, on a grid with 0.001 increments from 0 to min{qp ;, 1 —qp 5 }, the
difference in the principal’s utility is computed when the contract conditions on the PIRV
and when the contract does not condition on the PIRV. This difference is positive for all
values on the grid. This implies that the principal will condition on the PIRV when ¢ is
strictly positive. The difference in the agent’s utility given y = yy and his utility given
y = yr is also computed under the optimal contract, and this difference is positive when
d > 0, showing that it is indeed equation (4) that is relevant for computing the agent’s weight
on yg.®

The numerical computations finally show that the derivative of the principal’s utility is
positive when evaluated at § = 0 for all values of (pg,qpy) on the grid. Thus even an

infinitesimal amount of ambiguity will make the principal condition on the PIRV. B

Proof of Theorem 2: Equations (22)-(25) in the proof of Theorem 1 together with equa-
tion (4) implicitly define epy,wry,err, and wyy as functions of the ambiguity parameter
0. This can be used to find the derivatives of ery and er; with respect to d. For the same
functional forms, parameter values, and grid for (pm, ¢% ) as used in the proof of Theorem

1, numerical computations show that when evaluated at § = 0 the values of these derivatives

8There are actually two optimal contracts for each level of ambiguity. The two contracts are symmetric
in the sense that (er g, wry) for one contract will equal (err,wrr) for the other contract, and vice versa.
With the symmetric contract, ey < err and the agent will be best off when the PIRV takes value yy,, thus

it will be (5) that is relevant for computing the agent’s weight on yg.
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are non-zero and that of ey is positive while that of ey is negative.”

For positive levels of d, on the same grid as in the proof of Theorem 1, the difference ez —

err is computed for the optimal bait contract, and this difference is positive as illustrated

in Panel B of Figure 1 for py = oy =

1
3

Since the optimal contract always has ey # err, and a contract that does not condition

on the PIRV necessarily has e,y = ey, the bait contract cannot be mimicked by breaking

up the problem into separate contracting and betting problems for any 6 > 0. B
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