Math Review for ECON 222

Jean-Francois Rouillard

January 20th, 2011



Outline

Exponents
Logarithms
Growth rates

Differentiation

vV v v v Y

Elasticities



General Properties of Exponents
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B~ W N

~ o~ o~ o~ o~
~— N N N N



Useful Rules for logs

explna = a (a is any positive number)

In(xy) = Inx+Iny (x and y are positive)
X = Inx—In y
y
InxP = plnx
Inl = 0
Inexp = 1

Example: Simplify exp [In(xz) —2In y]

= exp[Inx? —2Iny]
= exp[2Inx —2Iny]

= exp[2In (i)]

= 2()
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Growth Rate Formulas

» Let X and Z be any two variables, not necessarily related by a
function, that are changing over time.

» Let AX/X and AZ/Z represent the growth rates (percentage
changes)

» Rule 1. The growth rate of the product of X and Z equals
the growth rate of X plus the growth rate of Z.



Proof of Rule 1

> Proof. Suppose that X increases by AX and Z increases by
AZ. Then the absolute increase in the product of X and Z is
(X + AX)(Z + AZ) — XZ, and the growth rate of the
product of X and Z is:

 (X+AX)(Z+AZ)-XZ
- XZ

_ (AX)ZH(AZ)X+AXAZ
- XZ

_ AX AZ AXNZ
= X TZ7Tt7xz

» The last term can be ignored if both term deviations are very
small.



Growth Rate Formulas

» Rule 2. The growth rate of the ratio of X to Z is the growth
rate of X minus the growth rate of Z.

» Proof. Let W be the ratio of X to Z, so W = X/Z. Then
X =ZW. By Rule 1, as X equals the product of Z and W,
the growth rate of X equals the growth rate Z plus the
growth rate of W:
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Growth Rates and Logarithms
» For small values of x, the following approximation holds :
In(1+ x) ~ x

» From that property let us show that the growth rate is also
equal to the difference in logarithms:

Xer1 — X
%zlnXH_l—lnXt
Solution:
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Single-variable Differentiation

> % measures how Y changes if we increase X by one unit.

» With derivatives it is possible to find the instantaneous rate of

change.

> '(x) = limp_o w

Rules:
fix)=A = f’(x) =
y=A+f(x) = y =f(x)
y=Af(x) = y =Af(x)
fx)=x = f(x)=ax"!
fx)=Inx = f(x)= %



More Rules
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» The Chain Rule:



Marginal Products with Calculus

» Finding the MPK of a Cobb-Douglas production:
Y = AKeNL-@

» MPK is the change in output for a one unit change in capital
(% when AK = 1) keeping everything else equal.

» The MPK is the slope of the tangent line to the production
function and is equal to the derivative of the function.

» Example: Y = 4K%5 Find the MPK when K = 100
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Elasticities

>

The elasticity of Y with respect to N is defined to be the
percentage change in Y, AY/Y, divided by the percentage
change in N, AN/N: ny y = Av/Y

AN/N
> Or if we use derivatives: ny y = %g—% = g'l%
» How so? (Hint: apply the chain rule): g:g,’\; = ag}vyg—xla‘?;v,v

Example 1.: Find ny n for the following Cobb-Douglas
production function: Y = AK“NI—®

N

W(l — Gf)AKaNia =1—-a

ny.N =

Example 2.: Suppose that the real money demand function is:

L(Y,r+7°) = 8‘21:). What is the income elasticity of

money demand?

Y 0.01

LY = doiy - c
r—+me r+m




Elasticity of substitution

» Marginal rate of substitution between y and x is:

Fi(x.y)
MRS, . FZ(X,}y/)

» When F(x,y) = c, the elasticity of substitution between y
and x is: oy = (%), MRS,

» Example: Find ok n for the following Cobb-Douglas
production function: Y = AK“NI—@

MPN  A(l— a)K*N~

MRSk = WPK = “AaKo-INi-a
_ l1—-aK
- a N
K Q
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MRSk n «
OK,N = ’ =1
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Back to growth rate rules

» Rule 3. Suppose that Y is a variable that is a function of two
other variables X and Z. Then &Y = nyx X 4 ny,z 5% Z

» Proof.: informal. The overall efFect on Y is approximately
equal to the sum of the individual effects on Y of the change
in X and the change in Z.

» Rule 4. The growth rate of X raised to the power a, or X?, is

: AX
a times the growth rate of X, growth rate of (X?) = a55~

> Proof.: Let Y = X?. Using Rule 3, we find the elasticity of Y
with respect to X equals a.



To Wrap Up: A Last Exercise

» Another type of production function is called the constant
elasticity of substitution (CES) production function. (In fact,
it can be shown that a Cobb-Douglas function is a subcase of
the CES function)

1

Y:(w-K_E—i—(l—w)-N_e) c

» Let us find MPK and MPN and then the elasticity of
substitution between K and N.

. OY - 1 —¢ s —%—1 —e—1
MPN = % = K N ) T A - w) (N
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Solution to the Last Exercise

(1-—w)N=1  (1-w) (K\
KN wK—e1 w N
1
K w et 1
N~ (l_w> (MRScw) =
1
MR =T
OKN = SN v 2 (MRSKN)‘TI“l_l
’ " 1 \1—-w e+1 ’
(v25) ™" MRS
1
OKN =
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