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Abstract

This paper characterizes how the short-lived nature of derivative securities, such as option
and futures contracts, affects trading behavior and pricing. Specifically, the paper explores
strategic trade in short-lived derivative securities by agents that possess long-term informa-
tion about an underlying asset. In contrast to trading equity, where an informed agent will ul-
timately benefit from his trades, trading short-lived securities is profitable only if the private
information is impounded in the price before expiry. A consequence is that a risk neutral in-
formed agent’s holdings of the short-lived security affects his trading behavior: Past informed
trading leads to greater future informed trading. The shorter horizon in which information
must be impounded for a short-lived security to pay off makes an informed agent more reluc-
tant to trade at earlier dates. By characterizing the conditions under which liquidity traders
choose to incur extra costs to roll over their short-term positions rather than trade in distant
contracts, this paper provides a possible explanation for why most markets for longer-term
derivative securities have little liquidity and large bid-ask spreads. The paper also shows
how fixed trading costs and round lot restrictions can lead to multiple equilibria.



This paper explores strategic trading by agents who have long-term information about an
underlying asset but trade short-lived derivative products. To illustrate the issues involved,
consider the following hypothetical example. Suppose that in 1995, an individual becomes
aware that most computer databases cannot properly recognize the year 2000 (the “Y2K com-
puter bug”). The general public has not yet become aware of the magnitude of the problem
and, as such, this information has not been reflected in the stock price of a database man-
agement company, BigRed. The individual, who has limited funds, would like to trade on his

“private” information.

Although the information will be revealed with certainty on January 1, 2000, the company
may make a public announcement prior to this date. The individual, the “informed agent”,
can engage in at least two possible trading strategies. One strategy is to shortsell BigRed. An
advantage of shortselling is that as long as the informed agent can maintain his position, his
information will eventually be incorporated into the share price. A possible disadvantage is
that a temporary rise in the share price might expose the informed agent to large losses and
force him to close his position. An alternative is to purchase put options for BigRed. Put op-
tions allow the informed agent to leverage his position and limit downside risk. Unfortunately
for the informed agent, his private information may not be revealed publicly by the time the
option expires, and hence may not be impounded in the price, in which case the option will not
pay off. Since the informed agent will have the opportunity to purchase newly-issued options
with later expiration dates as time passes, the question becomes when, and how frequently,

should the informed agent purchase options? This paper addresses these issues.

When the informed agent purchases a derivative security, he conveys information to the
market, even if the contract does not pay off, thereby adversely affecting the price of future
contracts. We show that these strategic information costs are higher for derivative securities
than for equity, and more generally for shorter-term contracts than longer-term contracts.
This is because, in contrast to trading equity, where an informed agent will ultimately ben-
efit from his trades, trading short-term derivative securities is only profitable if the private
information is impounded in the price before expiry. Ignoring leverage concerns, this makes
an informed agent more reluctant to trade immediately in short-term derivative securities
than in equity. Indeed, an informed agent may not act immediately on his private informa-
tion even if it is profitable in expectation to do so, preferring to defer in the hope of obtaining
better prices in the future. The attendant risk with this strategy is that the information may

be revealed publicly before he can exploit his information.



In further contrast to equity, a risk neutral informed agent’s holding of the short-lived
security affects his trading behavior: Higher past informed trading leads to greater future
informed trading. This is because the larger is the informed agent’s holding of the short-lived
security, the less he minds if his additional trading reveals his information, since he will profit
on his existing stake. In contrast, with equity, as long as the informed agent does not have to
close his position, he will eventually profit on his existing stake, so his holdings do not affect
his trading strategy. So, too, the time-to-expiry of the short-lived derivative affects trading
intensities. We provide innocuous sufficient conditions for the informed’s trading intensity to

rise as the time-to-expiry approaches, so that prices become more sensitive to order flow.

Our model also provides insights into a puzzling empirical feature of derivative security
markets — despite the existence of a widespread desire to hedge against long-term risk,
longer-term option and futures contracts have little liquidity and large spreads. For exam-
ple, Fleming and Sarkar (1999) found that 90% of total trading volume in Treasury Futures
in 1993 occurred in the nearby contract (the contract with expiration month closest to the
trading date), and that distant contracts generally had far lower trading volumes and larger

realized spreads. The following quote from an energy industry newsletter describes the issue:

The main dilemma is that many students of commodity and financial derivatives are so
busy trying to confect econometric masterpieces that they have completely disregarded
the basic mechanics of futures trading. I have always told my students that beyond 9 or
10 months, the derivatives market in most commodities generally narrows to the swaps
market, with activity in futures and options being reduced to a comparatively low level.
This has become common knowledge in New York and Chicago; but at the Washington
meeting, we were grandly informed that futures contracts for crude oil now exist with
maturities up to 7 years. When I asked one of the gentlemen active in this market if
this were true, his reply was that if contracts of this maturity are what producers and
consumers of oil naively desire, then The Market will make them available.

What he did not say, however, was that liquidity in such long duration ‘paper’ markets
was almost non-existent, and if at some point late in those 7 years a transactor wanted to
close a position, then he or she might have to accept a resounding loss. The advantages
presented by copious liquidity (i.e., always being able to trade at or near the last quoted
price) are why large traders elect to employ short-dated contracts, although ‘rolling over’
these contracts poses dangers of its own. (“An Outlook on the Supply of Oil,” Ferdinand
E. Banks, International Association for Energy Economics, Winter 1998 Newsletter.)

Our paper details conditions under which liquidity traders chose to incur extra costs to
roll over their short-term positions, “rolling the hedge”, rather than trade distant option and
futures contracts. The intuition is that informed agents place a greater value on distant
contracts because their information is more likely to be revealed before the contract expires,

while liquidity traders value only the reduced roll-over costs. As long as fixed trading costs



are slight, the greater adverse selection costs in distant contracts more than offset the greater
fixed trading costs, so that long-term liquidity traders prefer to trade nearby contracts. If all

liquidity traders prefer the nearby contract, informed agents must also trade it.

Our exposition considers an agent attempting to leverage up his capital by trading in op-
tions. Our model captures a number of other situations where informed agents, with trading
horizons extending beyond the date when their information will become public knowledge,
trade in markets where they have to realize their position before this date. For example, our
model also captures futures trading in the commodities market, where an informed agent can-
not readily take an ‘equity’ position by purchasing the commodity (e.g. soy beans) and where
futures contracts with longer time horizons either do not exist or have poor liquidity. So, too,
our analysis is relevant for an informed agent who wants to short-sell and faces margin re-
quirements. If the informed agent has limited resources, and the price moves against him, he

may have to close his position before his information is incorporated into the price.

Our model incorporates features of the model proposed in Dow and Gorton (1994) in order
to consider an informed agent contemplating purchases of a series of call options competi-
tively priced by a market maker who also receives orders from random liquidity traders. We
show that the informed agent’s trading decisions and profit depend subtly on both the like-
lihood of liquidity trade and how far the price is expected to diverge from its ‘fundamental’
value. We then extend the model to consider how the informed agent’s strategy depends on

his accumulated position and the availability of options of different durations.

The paper is organized as follows. We next detail how this paper relates to previous litera-
ture on informed trading in equity. Section 1 sets out the basic model. Section 2 characterizes
the informed agent’s equilibrium trading strategy and details how outcomes vary with the
parameters describing the economy. Section 3 characterizes how the likelihood of liquidity
trade affects equilibrium outcomes. It shows that multiple trading equilibria can arise even
in a simple two period context. If the informed agent’s private information is slight, then he
prefers to defer from trading, hoping, instead to manipulate favorably market maker beliefs.
In this case, he values a high likelihood of liquidity trade. In contrast, if the informed agent’s
private information diverges more from expectations, then he prefers that liquidity trade be
less likely. Consequently, expected trading profits need not rise with the volatility of liquidity
trade. Section 4 explores how the informed agent’s accumulated position affects his trading
strategy. An informed agent with an accumulated position takes into consideration that sub-

mitting an order this period increases the probability that his information will be revealed



and that his previously purchased option will then be exercised at a profit. Section 5 extends
the analysis to consider: (i) longer holding periods; longer-lived liquidity traders; and (ii) the
choice between trading derivative securities with different holding periods. We characterize
how the time until expiry affects trading behavior, and show that when agents can choose
whether to trade long- or short-term derivatives, then for reasonable parameterizations of

the economy, only shorter-term derivatives are traded. Section 6 concludes.

Related Literature: Our model shares features of the overlapping generations model
proposed by Dow and Gorton (1994). Dow and Gorton endogenize the choice to act on private
information made by informed agents with short-horizons and one trading opportunity. In
their model, information is only revealed through trade. Hence, an informed agent trades
only if he believes it sufficiently likely that a future informed agent will trade before he has to
realize his position, so that prices will reflect his information. Therefore, an ‘arbitrage chain’

only commences so far in advance of the event.

Because Dow and Gorton allow an informed agent only one opportunity to trade, their
model does not capture the essence of repeatedly trading short-lived derivative securities
written on a longer-lived asset about which informed agents have private information. In
particular, their informed agents do not internalize the effects of current trade on future
trading opportunities, so that immediate trade is more attractive and private information

becomes public sooner.

In another model with short trading horizons, De Long et al. (1990) offer a rationale for
why risk averse arbitrageurs may have a limited willingness to bet against noise traders: a
concern that noise trader beliefs may not revert to the true value for a long time, but may in-
stead deviate further away. Even if there is no ‘fundamental’ risk associated with purchasing

‘under-priced’ stocks, ‘arbitrage’ may be imperfect because of this ‘noise trader’ risk.

Treynor and Ferguson (1985) highlight the issues explored in our paper. They discuss an
investor who receives what he believes to be nonpublic information about a security. They
observe that to use this information effectively, the investor must be concerned with: (i) the
value of the information in terms of its price impact; (ii) the process by which information is
transmitted to the market; (iii) the probability the market will receive the information at a
particular time; and (iv) a portfolio strategy which permits capitalizing on the information.
These issues are central for an investor who must determine how best to exploit his long-term

information when trading short-lived securities, and underlie our key modeling assumptions.



Models of strategic informed trade in options markets include Back (1993), Biais and
Hillion (1994), and John et al. (2000). Back integrates a long-lived call option into a con-
tinuous time Kyle model. Biais and Hillion consider a static model in which a single trader
(either informed or a rational, risk averse liquidity trader) chooses whether to trade the stock
or the option. Adding the opportunity to trade options may reduce informed profits because
of the effects on liquidity trading strategies. Also in a static model, John et al. explore how

margin requirements affect the choice by informed agents of which asset to trade.

Our model also contrasts with models of informed trading in equity (e.g., Kyle (1985),
Back et al. (1999), Holden and Subrahmanyam (1992), Foster and Viswanathan (1996)) where
informed agents have multiple opportunities to trade a long-lived asset, but do not need to
realize positions before their information becomes public. As in our setting, informed agents
care about both current and future prices, but because they do not have to unwind positions

there is no penalty to investing early; eventually stock prices reflect all private information.

1 The Basic Model

Consider a multi-period economy with two primitive assets: a safe asset and a risky asset.
The risky asset may pay a one-time dividend at some distant date, 7. At date 7', the value of
the underlying risky asset is Dy € {B, G}, where Dy = B in the bad state, Dy = G in the good
state, and G > B. The ex ante probability that the good state occurs is . Let i = T'— ¢t denote
the number of periods remaining until date T: Period 7 corresponds to the date with i periods

remaining until date 7.

We consider a trading environment with three types of market participants: (1) a risk
neutral, competitive market maker; (2) short-lived liquidity traders who arrive randomly;
and (3) an informed agent. With probability ¢, an informed agent has private information
about the risky asset: he knows whether the realization was G or B. The true future state
may be revealed to the public in period i either by the equilibrium trading order flow (in a
manner detailed below), or if the information leaks out. The probability the information leaks
out to the public exogenously in period i is );. As date T approaches, the asset’s value is more
likely to be revealed to the public, \; < \;_;. Let a; € {b,n, g} reflect whether bad news (b), no

news (n), or good news (g) leaked out at period i.

In addition to the risky asset, our economy has two other types of assets. The first asset

type is riskless with return » = 0.The second asset type is a derivative based on the under-



lying risky asset. Each derivative security is short term, existing only for one period. This
assumption permits us to capture the essence of trading short-lived derivative securities writ-
ten on longer-lived assets, while circumventing the need to model trade in multiple markets

at each date. Section 4 extends the model to consider longer-term derivative securities.

Underlying risky asset: Each period, the market maker sets the prices of the underlying
risky asset and the derivative security. We first assume that informed agents choose not to
trade the underlying risky asset directly. This decision can be motivated by the informed
agent’s desire to maximize their leverage or by practical considerations associated with de-
livery of commodities. Since order flow in the underlying asset does not provide the market

maker information, the model permits us to focus on trade in the derivative asset market.

Competitive pricing ensures that the current price of the underlying risky asset is equal to
the market maker’s expectation of its value at date T" (period 0). In other words, the basis be-
tween the current spot price and the expected future price of the underlying asset is assumed
to be zero. This assumption simplifies the analysis by allowing us to focus on adverse selec-
tion considerations without complications arising from basis risk. At the beginning of period
i, given current and past order flows, the market maker assigns a probability 5 to the good
state occurring at date 7. The price of the underlying risky asset at the beginning of period ¢
is then set at D¢ = 3°G + (1 — 37) B. At the end of period i, the market maker updates her be-
lief about the good state to 3; to reflect the possible leak of the private information during the
period. At the end of period 7, the price of the underlying risky asset is D = 3G + (1 — 5¢)B.

All agents have a sufficient endowment of money, M > 1, that they are not wealth con-
strained in equilibrium. Agents incur a transaction cost of ¢ > 0 when buying or selling the
derivative asset. This fixed trading cost represents brokerage fees plus time costs, etc. We
assume that agents can only submit orders in round (i.e. integer) lots; this assumption never

impacts on equilibrium outcomes, and hence is without loss of generality.

This environment can be used to investigate a variety of derivative types. For clarity,
we consider derivatives with simple payoff structures that ease algebraic derivations. The

derivative can be interpreted as a European binary call option or as a futures contract:

European Binary Call Option: The “derivative” asset can be interpreted as a one-period
European binary call option written on the value of the underlying risky asset. The binary
option is available for purchase at the beginning of each period 7 at price p? and expires at the

end of period i for a payoff of p{. The payoff at expiration to a European binary call option that



matures at the end of period i with strike price K is:

1 ifDf > K
(& C, _ 1 —
Pi(Di: K) = {o if Df < K

The strike price for the binary call option is selected such that the option is in-the-money
if and only if the good state is revealed. Specifically, the strike price is selected such that
K=G>kG+(1—-k)B> B, Yk € (0,1). We focus on binary options for the same reason that
Dow and Gorton (1994) consider assets that pay off zero or one — they reduce algebra and the

qualitative predictions extend to more general options.

At the beginning of period i, the market maker assigns a probability 37 to the good state
occurring at date T given the current and past order flows that she observes. She then prices
the option sold at the beginning of period ¢ at

1 ifge =
0D K — c o] _ i .
PUDEK) = probiD; = KD = { 4y i - &)
Futures contract: The derivative security can also be interpreted as a futures contract
to purchase the underlying risky asset. We first consider futures contracts with a time-to-
maturity of one period. Let F? be the price of a futures contract written at the beginning of
period i that matures at the end of period i: F?(D?) = E[D¢|D?] = D?. At the end of period ¢,
the offsetting position is taken at a cost of —F°, where F° = D¢, resulting in a profit of Df — F°.

New futures contracts are available for purchase at the beginning of each period.

The analysis using futures contracts is equivalent to the analysis using one period binary
options (most transparently so when G = 1 and B = 0). For the most part, however, we will

refer to the derivative security using option terminology.

For simplicity, the basic model only considers the “buy” side of the market.! As a result,
the subgame equilibrium when the bad state occurs just has the informed agent declining
to place an order. We later discuss how incorporating a non-trivial “sell” side of the market
affects outcomes. Until then, without loss of generality, we focus on the case where the good

state occurs so that the informed agent may trade.

Short-lived liquidity traders: Each period i, a short-lived liquidity trader enters the mar-
ket with probability 7 to place a buy order of size one for the derivative security. The liquidity

1Our modeling assumptions can be motivated by Easley et al. (1997). They document empirically that (i) option
markets are a key venue for information-based trading; and (ii) it is important to distinguish between ‘positive’
and ‘negative’ news option volumes.



trader is uninformed and trades only once. With probability 1 — 7, no short-lived liquidity
trader trades in period i. Let NZ-S € {0, 1} represent the order of the short-lived liquidity trader
at period 7 for the short-lived derivative security. This stark contrast between high noise trad-
ing (one order) and low noise trading (no orders) allows the model to capture as simply as
possible the feature that with positive probability the market maker will detect the informed
agent’s presence in the market. While we do not offer a rationale for the noise traders, one
can endogenize the behavior of the noise traders along the lines of Dow and Gorton (1994).
They assume that the risky asset pays a stream of serially uncorrelated dividends that are
negatively correlated with an outside wage received in the second period of an uninformed

agent’s two period life so that the stock represents a means of hedging.

Informed agent: There is at most one privately informed agent in the market. The informed
agent can trade the derivative security as often as he wishes. Of course, given positive trans-
actions costs, he will not want to trade once his information becomes public. The informed
agent and the possible liquidity trader submit their orders simultaneously. Trade occurs
through a risk neutral market maker who observes the aggregate order flow and sets a price
equal to the conditional expected value of the derivative security given her information about

the history of order flow and the history of public announcements.
Sequence of Events: The sequence of events during period i is as follows:
1. The market maker enters with a prior f, ; that reflects past trade and announcements.

2. The informed agent, having observed past order flows and public announcements, selects a

trading probability. With probability n, a liquidity trader also submits an order.

3. The market maker observes total order flow, updates her beliefs to 37, and sets an opening

option price of p.

4. During the period, the informed agent’s private information may or may not be revealed.

This information is revealed publicly with probability \;.

5. At period’s end, the market maker updates her prior (5) to reflect whether the private

information was revealed publicly.

6. Outstanding options either are exercised or expire. If the good state was revealed, the
informed agent can exercise the options (and receive 1 for each option) or sell them at their

closing price, pf = 1. If the good state was not revealed, the options expire worthlessly, p§ = 0.



Equilibrium: Let S; = Y;° + N/ represent the total order flow for the short-lived derivative
security at period i. Let HY = {S7, S7_1,...,S;} and A; = {ar,ar_1, ..., a;} denote respectively,

the histories through period i of past order flows and past public announcements.

The order submission function, ~; (YZ-S = 29Dy, H, Ai+1>, is a period strategy for the
informed agent, mapping the date T asset value, D, and history of order flows and announce-
ments into a probability distribution over the set of feasible individual orders for the short-
lived derivative security, X°, for each period i. A period strategy for the market maker is a
pair of pricing functions, p¢(H?, A; 1) and pf(H?, A;), for the open and close of trading respec-

tively,2 that map the order flow and public announcement histories into prices.

In a sequentially rational (perfect Bayesian) equilibrium: (i) the order submission strategy
of the informed agent maximizes (recursively) lifetime expected profits given correct beliefs
about pricing functions; and (ii) the pricing function is consistent with the behavior of the

informed and earns the market maker zero expected profits conditional on the order flow.

We solve for the equilibrium recursively. If the total order flow in the market exceeds one
or is a non-integer quantity, the market maker knows that the informed agent was present.
Hence, if the informed agent submits an order, he will try to conceal his trade from the market
maker by placing an order of size one. Therefore, in equilibrium, Y;° € {0, 1}. For simplicity,
let ~; denote the probability that the informed agent submits an order of size one at period ¢,

so that 1 — ~; is the probability that the informed agent defers from trading at period i.

Given competitive pricing, in equilibrium, the history of order flow and public announce-
ments through period i can be summarized by the market maker’s belief at the end of period
i that the good state will occur (5f). Since the informed agent only trades when Dy = G, the
informed agent’s strategy can be summarized by v;(3f, ;). In equilibrium, the market maker’s

pricing strategy at period i can also be summarized by p?(3f, ;, S;) and p§(55, ;, Si, a;).

We now develop the economy formally. We first derive the beliefs the market maker forms
about the probability that the good state will occur. At the beginning of period 7', market
maker beliefs correspond to the ex ante probability that the good state occurs: 57, = x. At
any period i < T, the market maker will receive either zero, one or two orders. In equilibrium,

market maker beliefs will reflect the equilibrium trading probabilities of the informed agent.

2The pricing functions for futures contracts are denoted by F? and FY.



If there are no orders, the market maker assigns equilibrium probability,

(1 —7%(B71)9]55 1
1- %-(ﬂfﬂ)éﬁfﬂ

to the good state. This reflects that there are three possible situations in which no orders will

B (B, 8= 0) = (2)

be submitted: (i) with probability, 6(1— 3, ,)(1—7), no liquidity trader enters and the informed
sees bad news; (i) with probability, 657, ,[1 — 7:(37,,)](1 — n), no liquidity trader enters and
the informed agent receives good news but refrains from trading; and (iii) with probability

(1 =9)(1 —n), no liquidity trader enters and there is no informed agent.

If there is one order, the market maker assigns equilibrium probability

o/ QcC (1 - 277)5ﬂzc+171(ﬁ16+1) + ﬂic—i-ln
0(3¢, S =1) =
BBz ) (L —2n)éB17(Bg) + 1

to the good state. This reflects that there are four possible situations in which one order will

3

be submitted: (i) with probability né(1—43f, ), a liquidity trader enters, but the informed agent
sees bad news; (ii) with probability 703{,;[1 — v:(5f,,)], a liquidity trader enters, and the in-
formed agent has good news but refrains from trading; (iii) with probability (1 —¢) a liquidity
trader enters and there is no informed agent; and (iv) with probability (1 —7)d3{, vi(5{, ), no

liquidity traders enter,and the informed agent sees good news and places an order.

Finally, if the market maker observes two orders, she realizes that the liquidity trader

entered the market and the informed agent has good news and placed an order, so that

37 (B, 8i=2) = 1. (4)

It is important to emphasize that these updating rules reflect the equilibrium outcome
resulting from the consistency of market maker beliefs and the informed agent’s actions. The
probability 37(3¢, |, 5;) determines the price at which the option is purchased at the beginning
of period i. The closing price will reflect whether the true state was revealed publicly. If the
information is not revealed, 3{ = 3?. Otherwise, 5 = 1 if the good state is revealed and 5 = 0

if the bad state is revealed. To reduce notation, in what follows we denote { as simply £;.

The extreme revision of market maker beliefs in response to an order flow of two is a con-
sequence of restricting attention to only the “buy” side of the market. If market participants
can trade on both sides of the market, then the informed agent may sometimes want to trade
against his information in order to manipulate market maker beliefs. If so, the market maker
revises her beliefs less dramatically in response to an order flow of two. The model’s qual-
itative predictions are otherwise unchanged if market participants can trade on both sides.

Hence, in the interest of analytical clarity, we only consider the “buy” side of the market.

10



2 Informed Agent’s Problem

One Opportunity to Trade: To begin, consider an informed agent with just one opportunity
to trade. We use this to illustrate the equivalence of the analysis using one-period binary op-
tions and futures contracts. If the derivative security is a one-period call option, the expected

payoff from submitting an order at the beginning of period i is
Elpi|Biv1,Yi = 1] = E[p{|Biv1,Yi = 1] —c = (1 = n)[Ai — p7(Bi+1,Si = 1)] —c. (5)

If the derivative security is a futures contract, the expected one-period payoff from submitting

an order at the beginning of period i is
E[F;|Biy1,Y: = 1] = E[F?|Biy1,Yi = 1] —c= (1 =)\l — F(Bit1,5 = 1)] —c. (6)

Since F?(Biy1,S: = 1) = Bi(Biy1,S: = 1) in the futures contract case® and p¢(8;41,5; = 1) =
Bi(Bi+1,S; = 1)\; in the options case, we observe that expressions (5) and (6) are identical: the
analysis for the two types of financial assets is equivalent. For simplicity, the remainder of

the paper refers to the derivative security as a binary option.

Substituting for 3;(8;+1,.5; = 1) yields the expected trading profits of an informed agent with
one opportunity to trade:

(1 = 20)6Bi+1%i(Biv1) + Bivan (A =mAin(l = Bit1)

— ) — Al —e= —c
(1=n) (1 —=20)0Bi417%i(Bi+1) +1 ¢ (1 =210)0Bix17i(Bix1) + 1 ¢

(7

Multiple Trading Opportunities: Now consider an informed agent with additional trading
opportunities. The structure of the economy is such that equilibrium outcomes can be charac-
terized by solving the appropriate specification of the informed agent’s dynamic programming
problem characterizing his decision in each period of whether or not to submit an order, when
we substitute in consistent beliefs of the market maker. The analysis exploits the fact that
trading is less attractive (prices are higher) when the market maker believes the informed
agent is more likely to trade. The functional equation can be written as:
Vi(Bit1) = Elél%ﬁ}E 7i(Bix1, Si(Yi)) + Vic1(Bi(Biv1, Si(Yi))) | s

where 7; are period payoffs and V() = 0. In equilibrium, the informed agent’s mixed trading
strategy (v;) will correspond to the probability that the market maker assigns to an informed

investor with good news trading this period. If equilibrium is characterized by a mixed trading

3Assuming that G =1 and B = 0.
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strategy at period i, then we can solve for the equilibrium probability by finding the market
maker’s beliefs about the trading probability implicit in the updating rule, 5;(5;+1, S;), that

leave the informed agent indifferent between trading and not.

3 Equilibrium outcomes: n = 0.5

We first characterize equilibrium outcomes analytically when, as in Dow and Gorton (1994),
the probability of a liquidity trade is one-half (n = 0.5). For other liquidity trading probabili-
ties, we characterize outcomes numerically, because analytical (closed-form) solutions for the
equilibrium do not obtain. When the probability of liquidity trade is one-half, market maker

beliefs about the probability of the good state do not change following an order flow of one:
Bi(Bir1,Si = 1;m = 0.5) = Bit1.

Period 1: The value of the informed agent’s private information with one period remaining

until his private information is sure to be revealed publicly is:
Vl(ﬁQ) = Imax {0.5)\1(1 — 52) — C, 0f. (8)

The value function is independent of 1, so it is easy to compute the informed agent’s equilib-

rium trading probabilities: 71 (82) = 0if o > 1 — ?\—f, and y;(62) = 1if 3o < 1 — i—f

Period 2: The value function with two periods remaining is

VQ(,B?,) = 0.5(1 — )\2)V1(ﬁ3) + 0.5 max |:)\2 (1 — ﬂg) — 2¢, (1 — )\Q)Vl (,82(,83, Sy = 0)) . )

In equilibrium, the market maker’s beliefs must be consistent with the informed agent’s (ei-
ther pure or mixed) strategies. Consistency of the market maker’s posterior beliefs with
informed trading may require that the informed agent use a mixed trading strategy. This
reflects the fact that 55(5s3,S2 = 0) decreases in 5. As a result, the market maker’s belief
about the probability of the good state falls more in response to an order flow of zero when
the informed agent has a pure strategy to buy than when he has a pure strategy to sell. The

equilibrium is characterized by a non-degenerate mixed trading strategy when:

(1= A2)V1(B2(B3,52 = 0,72 = 1)) > Aa(1 — f3) — 2¢ > (1 — A2)Vi(B2(83, 92 = 0,72 = 0)).

If the informed agent mixes in equilibrium, he must be indifferent between trading and not:
Ao(1 = B3) —2¢c = (1 — A)Vi(B2(B3, 52 = 0)). (10)

Our first result is that the more likely the market maker believes the good state is, the less

likely the informed agent is to trade on his (good) private information:
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Lemma 1 The probability that the informed agent with good news trades with two periods

remaining, v2(033), decreases in (3s; strictly decreasing with (s if it is interior, 0 < v2(03) < 1.

Period i: The value function with i periods remaining is:
Vi(Bi+1) = 0.5(1 = A) Vi1 (Bi+1) + 0.5 max | Ai(1 — Biv1) — 2¢, (1 — A)Vie1(Bi(Bit1, 5 = 0)) |-
If the informed agent adopts a non-trivial mixed strategy with i periods remaining, then:

Ai(1 = Bit1) — 2¢ = (1 = X)Vi—1(Bi(Bit1, Si = 0)). (11)

Before extending lemma 1 to the general period i case, it is useful to characterize how in-
formed trading intensities vary as time passes. One might conjecture that the informed agent
would trade more aggressively as the number of remaining trading opportunities falls. The
following example illustrates that the analysis is more subtle. Without imposing conditions
on the likelihood with which the informed agent’s information is publicly revealed, it may be
that for a given market maker prior, 3, the informed agent trades less aggressively as i falls.
To see this, suppose that 5 = 0.5, § = 0.4, ¢ = 0.1, Ay = 0.8, Ay = 0.5, and A3 = 0.49. Then,
73(B) = 0.897 > 0 = v2(/3). Intuitively, because information is far more likely to become public
in period 1 than period 2, (i.e. A1 >> )\2), the gain from deferring in period 2 in hopes of prof-
iting on trade in period 1 is high. Information, however, is only marginally more likely to be
revealed at the end of period 2 than period 3, so in period 3 the choice boils down to a choice
between trading in period 3 or waiting until period 1. But since his information is sufficiently

likely to become public before period 1, it does not pay to defer in period 3.

What appears to lead to this non-monotonicity appears is that the probability information
is revealed publicly evolves in a convex pattern. If the probability that the event is revealed

publicly, )\;, varies over time, we can verify in the three period environment that:

Result 1 A sufficient condition for 2(3) > v3(3) is 3\\—2 < A—f

More generally, we conjecture that

Conjecture 1 If 3= < 2o i < T, then vi(B) > vis1(5).

i+1’

The intuition underlying this conjecture is that this condition ensures that the probability
of information release does not jump in a non-convex way so that fixing beliefs the expected

future trading profits as the number of remaining trading opportunities falls.
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What we can prove is that if the probability that the information leaks out does not vary

over time, then the informed agent’s trading intensity rises as the date T is approached:

Proposition 1 Let \; = A, Vi. Then in any period i, the informed agent trades with positive
probability if and only if the price is not too close to its fundamental value, i.e., f < 1 — % If
B <1-— %, then the informed agent is more likely to submit an order as date T approaches:
Y%(B) > vit1(B), and vi(B) > vir1(B) if vir1(B) < 1. Hence, as date T approaches, equilibrium

prices become more sensitive to order flow.

Underlying this result is a lemma that we prove in the appendix. Lemma 5 details that
if the probability of information leakage does not vary over time, then the informed agent’s
expected profits rise with the number of periods available for him to trade on his information:
Vi(B) < Vi_i(B) VB € [0,1].Using this result, the proposition can be interpreted as follows.
When )\; = ), Vi, the expected return from submitting an order, 0.5\(1 — 3) — ¢, does not vary
over time. Accordingly, to keep the informed agent indifferent between trading and not as
time passes, continuation profits from deferring must not fall even though fewer opportuni-
ties remain in which to benefit from the potential price improvement gained from deferring.
Hence, as time passes, the price must fall by more following an order of zero: market maker
beliefs must be revised downward by more following an order of zero. In turn, this requires

that the informed agent trade more aggressively on his information as date 7" approaches.

We now return our attention to extending lemma 1 to the general period i case. When
the probability of information leakage jumps in a non-convex way, it is difficult to rule out
the possibility of multiple solutions to (11) and hence the possibility that the informed agent’s

trading intensity rises with an increase in the market maker’s prior.
To preclude this possibility, the remainder of this section makes the following assumption:
Assumption (Al): v;(5) > 0 implies that ~;(3) > 0, Vj < i.

This assumption (which Proposition 1 ensures is satisfied if \; = \, Vi) is sufficient to rule
out multiple solutions to (11). Given this assumption, it is now possible to extend lemma 1
and characterize the informed agent’s equilibrium trading strategy for the general ¢ period
case. The next proposition details that the more likely the market maker believes the good

state is, the less likely the informed agent is to trade:

Proposition 2 The equilibrium probability with which the informed agent submits an order,

vi(Bi+1), declines monotonically in (;1; strictly decreasing where it is interior.
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This result is subtle. The more likely the market maker believes the good state is to occur,
the smaller are period trading profits. However, future market maker beliefs about the good
state will also be higher (if the information is not revealed), so future trading profits are also
lower. The key is to show that current profits fall more rapidly with 8 than do continuation
profits. The assumption that +;(5) > 0 implies that v;(5) > 0,j < i ensures that continuation
payoffs following an order flow of zero are a concave function of 3, while trading profits are a
linear function of 3. Then, ceteris paribus, increasing ( reduces the value the informed agent
places on trading relative to manipulating market maker beliefs. To keep the informed agent
indifferent, market maker beliefs must fall by less following an order flow of zero — so the

informed agent must be less likely to trade.

Proposition 2 implies that if the informed agent defers from trading at period ¢ when the
market maker’s prior belief about the probability of the good state is zero, the informed agent
will always defer from trading at period i. Corollary 1 offers sufficient conditions for beliefs to

exist such that the informed agent will submit an order with positive probability in period i.

Corollary 1 A sufficient condition for the existence of a range of B;+1 € [0,1] such that the

informed agent trades with positive probability at period i is:

i — 2¢ > i ((0.5)1—1(% — 2¢) { ]‘[ (1— )\k)])
j=1

k=j+1

and M1 > 2c. If \; = )\, Vi, then the sufficient condition reduces to A > 2c.
We next characterize how the parameters describing the economy affect informed trading.

Proposition 3 When n = 0.5, the probability with which the informed agent submits an order
at period i, vy;, is characterized by the following:

e The more likely the informed agent’s information is to be revealed publicly, the more
aggressively he trades: v; is weakly increasing in \;; strictly increasing for interior values

of 7i. Also, when \; = \ Vi, v; is weakly increasing in \.

e The greater are the fixed trading costs, the less aggressively the informed agent trades: ~;

is weakly decreasing in c; strictly decreasing for interior values of ~;.

e The more likely there is to be an informed trader, the less aggressively the informed agent

trades: v; is weakly decreasing in §; strictly decreasing for interior values of ;.
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These findings are quite intuitive. As \; rises, the informed agent’s information is more
likely to be impounded into the closing period ¢ price, raising the expected return from an
option purchased at period i. Further, an increase in ); reduces the expected gain from defer-
ring from trade because the informed agent is less likely to have private information to trade
on in the next period. Less obviously, this relationship still holds when the probability that
the private information is revealed is constant across periods. There are three direct effects:
First, an increase in \ increases the informed agent’s expected return from submitting an
order this period. Second, an increase in A also reduces the expected return from deferring
since it increases the probability that information will be revealed before next period. The
third, potentially offsetting effect, is that, if the information is not revealed this period, the
expected return of submitting an order next period increases. We show, however, that the first

two effects dominate the third.

The fixed trading cost (c¢) reduces the expected return from submitting an order each pe-
riod. When c is high, the benefit from trading is low unless the price deviates substantially
from the true value. As crises, the informed agent is more likely to defer from trading, hoping

to obtain possibly lower prices next period, which would raise the net profit margin.

As § increases, the market maker believes that an informed agent is more likely, so her
beliefs about the likelihood of a good state fall more sharply following an order flow of zero.

Hence, as ¢ increases, it becomes more profitable for the informed agent to defer from trading.

3.1 Equilibrium Characterizations: 7 € [0, 1]

Analytical results obtain only when the probability of liquidity trade is one-half. One conse-
quence of n = 0.5 was that market maker beliefs did not change following an order flow of size
one. n = .5 also maximizes the variance of liquidity trade. In Kyle (1985), the more volatile is
liquidity trade, the easier it is for the informed agent to “hide” his trades and hence, the larger
is his profit. Here, however, informed profits are typically not maximized by n = 0.5, because
as 7 rises, the market maker is more likely to receive two orders when the informed agent
trades, and this would reveal his information. The probability of liquidity trade (n) affects in

subtle ways how the market maker updates her beliefs in response to observing one order:

Proposition 4 When one order has been received, the price of an option at period i rises with

~v; when n < 0.5, but falls as a function of v; when n > 0.5.
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That is, if the probability of a liquidity trader is high, then raising the probability that the
informed agent places an order reduces the price charged for an option, in response to obseruv-
ing one order. The intuition is as follows. If n and v; are high, the market market expects two
orders. If the market maker only receives one order, she views this as a probable indication
that the informed agent did not trade. Since a higher value of ~; suggests that the informed
agent would almost certainly trade if he had good news, the market maker’s prior changes to

reflect a lower belief that the good news event will occur. As a result, the option price falls.

Result 2 If n > 0.5, multiple equilibria may exist.

Figure 1 illustrates this possibility. The figure plots equilibrium trading probabilities,
~1, for different values of liquidity trade, n € (0,1), when ¢ = .1, 6 = 4, \y = 8 and (» =
5.4 For values of € (0.75,0.7864208074), there are three possible consistent equilibrium
trading probability levels (and associated pricing). For 7 in this range, in one equilibrium, the
informed agent always trades when he has good news; and in another he always defers. For
other values of 7, the equilibrium is unique. If the probability of liquidity trade is low (i.e.
n is small), the market maker tends to attribute order flow to the informed agent, reducing
informed trading incentives, so that v, is small. If, instead, 7 is high, the informed agent will

not place an order, since doing so is too likely to reveal his information to the market maker.

(Always trades) 1 F =
0.8 _
0.6 _
M
04 _
0.2 _
(Always defers) 0 | | | -

0 0.2 0.4 0.6 0.8 1
Probability of liquidity trade (1)

Figure 1: Informed agent’s period 1 trading strategy when ¢ = .1, 6 = .4, \; = .8, 32 = .5.
The more likely the market maker believes the good state, the less likely the informed

agent is to trade. To illustrate, we modify the example illustrated in figure 1, by increasing the

market maker’s prior to 82 = .8, while keeping the other parameters the same. Figure 2 plots

“We chose a relatively high value for the fixed transaction cost in order to provide sufficient contrast in the
figures to illustrate the main points of interest.
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equilibrium values of v; for different values of 7. Increasing n has two (potentially) opposing
effects on the payoff from submitting an order. First, if liquidity trade is more likely, the
informed agent is more likely to be revealed by an order flow of two. Obviously, this reduces
the informed agent’s expected payoff. Second, an increase in the probability of liquidity trade
affects how the market maker adjusts her beliefs in response to an order flow of one. For
n < .5, an increase in 7 reduces 3;(S1 = 1, 32). For n < .25, the first effect dominates — the
decrease in prices more than offsets the increase in the probability of getting “caught”. For
n > .25, the second effect dominates — the increase in the probability of getting “caught” is
not sufficiently compensated for by lower prices. Since the informed agent mixes between
submitting and not in equilibrium, his expected payoff from submitting an order at period 1
is always zero. For n > .5, the second effect goes in the wrong direction — an increase in 7

raises (31(S1 = 1, #2), so the informed agent does not trade.

(Always trades) 1 F ! W N N I -
0.8 _
0.6 _
m
04 _
0.2 - / \ .
(Always defers) 0 | i

0 0.2 0.4 0.6 0.8 1
Probability of liquidity trade ()

Figure 2: Informed agent’s period 1 trading strategy when ¢ = .1, = .4, \; = .8, 32 = .8.

The analysis can be extended to two periods. In contrast to a one period trading horizon,
where the payoff from deferring was zero, the period 2 payoff from deferring may be positive.
Figure 3 plots equilibrium values of 75 for n € (0,1) when ¢ = .1, 6 = .4, A\ = .8, A2 = .6, and
B3 = .5. The kink resulting around n = .08, corresponds to v1(52(S2 = 1,33)) = 1. For n < .08,
v1(B2(S2 = 1,33)) < 1 so that V1(82(S2 = 1,33)) = 0. There is no kink corresponding to when
71 (B2(Se = 0,3)) = 1 because (32(S2 = 0, 33) is independent of the probability of liquidity trade
(if S5 = 0, the market maker knows that there is no liquidity trade).

The remainder of this paper uses the two period model to investigate two key features of
trading in derivative securities. Section 4 details how the informed agent’s accumulated po-
sition affects his trading strategy. Section 5 provides a possible explanation for why markets

for shorter-term derivatives are so much more liquid than those for longer-term derivatives.
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(Always trades) 1 [ N
0.8 7
0.6 - 7
72
04 .
0.2 - .
(Always defers) 0 ! ! I 1 L]

0 0.2 0.4 0.6 0.8 1
Probability of liquidity trade (1)

Figure 3: Period 2 informed trading strategy when ¢ = .1, § = .4, \; = .8, A\y = .6, 33 = .5.

4 Accumulated position

An implication of Proposition 3 is that the longer is the holding period, the more aggressively
the informed agent trades. That is, an increase in A\ captures the effects of a longer holding
period, ignoring the impact of an informed agent’s accumulated position on his trading be-
havior. We now show that an informed agent’s accumulated position further increases the
informed agent’s trading intensity. An informed agent with an accumulated position takes
into consideration that submitting an order for an option this period increases the probabil-
ity that his information will be revealed, in which case his previously purchased options will
then be exercised at a profit. This situation does not arise in equity because, as long as an
informed agent can hold his stake, his information will eventually be incorporated into the
price of a previously-accumulated equity position. In contrast, with options there is a risk
that the option contract may expire before the information is revealed publicly. In this con-
text, increasing the probability that the information will be revealed has a positive value, a

value which rises with the size of the informed agent’s accumulated position.

We document this in the simplest possible context. We consider the last two periods re-
maining before date 7" of an environment with a long-lived option that is written at the be-
ginning of period 3 and expires at the end of period 1. We assume that \; < 1, so that the
informed agent’s accumulated position could expire unexercised. Each period, market partic-
ipants can purchase options that expire at the end of period 1. Each period, with probability

one-half, a liquidity trader places an order.

Let W, = ZLT:Z' Y, denote the informed agent’s accumulated position at the end of period

1. For simplicity, we do not model trading activity at period 3, but rather assume that 5, is
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within the range where the informed agent adopts a mixed trading strategy, submitting an
order of size one with probability v3 € (0,1). Therefore, the informed agent enters period 2
with an accumulated position, W3 € {0,1}. The informed agent’s period i trading strategy,
vi (Y =x|D,H;11, A1, Wi41) is a probability distribution over feasible order sizes, z € X.

Note that the informed agent’s strategy depends on his accumulated position.

In equilibrium, any informed order of size Y; ¢ {0,1} reveals the informed agent’s infor-
mation to the market maker, in which case the price reflects his information. Hence, without
loss of generality, we need only consider the following informed period trading strategies: (1)
submit an order of size two that reveals his information; (2) submit an order of size one; (3)

defer from trading. The associated expected period i payoffs are:

Wi+1 — C lfY; =2
F [71’@' (Y;'|Hi+1, Wi+1)] =<¢0.5 ()\z — D; (Sz = 1‘Hi+1)) —c+ (0.5 + 0-5)\i) Wi+1 ifY, =1
AiWit1 ifY; =0

The period 1 value function is therefore:

Vi (HQ, Wg) = Ylg%gl}l(2}E [7‘(‘1 (}/1|H2, WQ)] .

Proposition 5 For any given market maker beliefs, the expected size of the informed agent’s

order in period 1 rises with the size of his accumulated position.

The period 2 value function is:

Vo (H3, W3) = YQgg)fQ}E [m2 (Ya|H3, W3) + (1 — A2)Vi (Ha(Y2), W3 + Ya)].

Lemma 2 In equilibrium, the informed agent never places a period 2 order of size two.

In a more general multi-period context, the informed agent would never submit an order
of size two until the option is about to expire.’ The intuition is that the informed agent can
always submit an order of size two at the last period if his private information has not been
revealed. Rather than submit an order of size two at period i > 1, he can defer from trading.
If he defers, his information may be revealed through a public announcement prior to period
1 so that he would not incur the trading cost c; if, instead, the information is not revealed, he

can always place an order of size two at period 1, thereby revealing the information.

We now extend proposition 5 to show that a greater accumulated position at date 2 in-

creases the probability that the informed agent submits an order at period 2:

5This result depends on the assumption that » = 0. If » > 0, the opportunity cost of potentially waiting until
the last period may make it worthwhile for the informed agent to attempt to reveal his information earlier.
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Proposition 6 Given market maker beliefs, 33, an informed agent is more likely to submit an

order at period 2 if he has an accumulated position than if he does not.

Propositions 5 and 6 reveal that holding both the informed agent’s information and total
past (informed plus liquidity) trade the same, future expected informed trade and hence fu-
ture expected volume will be greater when the informed agent has a greater share of past
trade. That is, the market maker updates prices in the same manner independently of who
submitted the orders, but the informed agent trades more aggressively in the future if he

traded more aggressively in the past and hence acquired a greater stake.

5 Time-to-maturity and the liquidity of derivative markets

This section investigates why option and futures contracts that are relatively close to maturity
are far more liquid than similar contracts with more distant expiration dates. This empirical
regularity is especially puzzling given the numerous reasons why agents might want to use

longer-term derivative securities to hedge against long-term risk.

To provide context, consider the pattern of open interest and daily trading volume for
the Chicago Mercantile Exchange’s Live Cattle December 1999 Futures Contract, illustrated
in figure 4. The expiry cycle is such that contracts for delivery in the upcoming months of
February, April, June, August, October and December are always available. The timeline is

divided into six sections to represent the last trading day of each contract.

80,000
1=25 1=4 1=23 1=2 1=1 1=0
60,000
L Open
40,000 Interest
20,000 |- /
0 50 100 150 200 250

Trading Day (January 1 to December 31, 1999)

Figure 4: CME December 1999 Live Cattle Futures Contract: Daily trading volume
(indicated by bars) and daily open interest (indicated by solid line).

In general, cattle farmers and food producers know well in advance that they will be selling

or buying cattle on a regular basis. Suppose that in January a farmer knew that he was going
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to sell cattle in November. The farmer has three possible strategies: (a) sell the cattle at the
harvest-time cash price; (b) use a December futures contract to guarantee (approximately) a
price for his cattle today; (c) sequentially roll over futures contracts — i.e. every two months

roll over into the nearest to expiration contract.

Heuristic industry evidence suggests that the strategy of sequentially rolling over nearby
futures contracts is quite common. Rolling over shorter-term positions, often referred to as

“rolling the hedge”, has two additional costs over buying the longer-term futures contract:

1. Transaction costs (commissions, bid-ask spread) incurred each time a position is rolled

over.

2. Agents must pay for the “spread” between two futures contracts with different expira-
tion dates. This cost may be significant if there are systematic differences in the basis

between the local cash price and the price of futures contracts with different durations.

To focus on issues related to adverse selection, we do not address this second cost associated
with rolling over futures contracts. Specifically, our model has no rollover risk because the
basis between the cash price and futures contract price is always zero, for all maturities.
Neuberger (1999) considers the implications of rollover risk. He derives optimal long-term

hedging strategies using multiple short-term futures contracts to minimize this risk.

Within the context of the widespread use of rolling the hedge, figure 4 can be interpreted
as follows. In general, agents prefer not to hold a commodity-based futures contract into the
delivery month unless actually delivering against the contract. This provides a buffer against
holding a contract on the delivery date and either not being able to supply the commodity
or not having to take delivery (this is less of a concern if the underlying asset is a financial
product.) Agents also normally select a futures contract that expires after their planned cash
sale. This eliminates the need to buy back the hedge before the commodity is sold. These two
factors explain the significant drop in open interest and daily volume in period i = 0 as agents

close out their positions prior to the delivery month (December).

As a result, period i = 1 most accurately captures the period in which the December
futures contract has the shortest effective time-to-maturity. During this period, there is a
significant increase in both open interest and daily volume that would partially correspond
to agents rolling over their positions from October contracts. Also consistent with our inter-

pretation, the contract’s liquidity, as measured by open interest and volume, falls as time-to-
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maturity increases. These trading patterns characterize other derivative security contracts,

(e.g. longer-term options such as LEAPs ( Long-term Equity AnticiPation Securities)).

To investigate why markets for nearby options and futures contracts are so much more

liquid than those for distant contracts we now extend the two-period model to

e Allow for the possible arrival of a second, long-lived liquidity trader who can trade in
both periods. The long-lived and short-lived liquidity agents each trade with probability
one-half, and these probabilities are independently distributed.

To simplify the exposition we also assume that

¢ Information is revealed with certainty at period 1 (A\; = 1). Consequently, the informed

agent does not have to submit a large order in period 1 to reveal his information.

e Fixed trading costs are sufficiently small that it is always profitable for the informed
agent to trade in the last period if his information has not been revealed through trading
or a public announcement. Lemma 6 in the appendix details that a sufficient condition
for the informed agent to trade in the last period if his information has not been revealed

is that the ex ante probability that the good state will occur is sufficiently small.

Until now, we have considered only short-lived options that expire after one period. In
practice, options exist for various lengths of time. As an option’s time until expiry increases,
the model tends to that of a long-lived trader in equity (Kyle 1985), with agents able to hold
on to positions for as long as it takes the market maker to learn the asset’s true value. In
contrast to Kyle, in our model, agents may not commence trading once they receive private
(good) information; if the price of the asset is too close to its fundamental value an informed
agent prefers to strategically defer in the hope of manipulating the market. This result is a
consequence of fact that our model allows for non-convexities — the fixed trading costs and
round lot restrictions. Kyle’s normality assumptions preclude consideration of these features,

so that submitting a sufficiently small order dominates the strategy of delaying trade.

To investigate how time-to-expiry matters, we introduce an additional market for 2—period
(or long-lived) options. The market maker observes total order flows in both markets. Let S;
denote total orders received by the market maker for the short-lived option at period i. Let
L; denote total orders received by the market maker for the long-lived option at period i. At

period 1, orders received for the short- and long-lived options are equivalent.
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Let W; denote the informed agent’s accumulated position at the end of period i of long-lived
options which expire in period i — 1. The set of feasible individual order sizes for the short-
and long-lived option, are respectively denoted by X° and X%, and X° and X’ represent
the corresponding sets of feasible aggregate order flows for the short- and long-lived option.
Let Y;° and Y;* denote the size of the informed agent’s order for the short- and long-lived
option, respectively, at period i. The informed agent’s strategy at period 7 is a joint probability
distribution, ~; (Y;S = 2%, Y} = 21| Dy, WHI,HZSH, HZ-LJr17 Ai+1> , over feasible orders in each
market. The market maker selects a set of pricing functions for the short-lived option at the
open and close, P2 (H? , HF A1) P2(HY, HF A;), and a set of pricing functions for the long-
lived option at the open and close, P%(HY, HF, A; 1), PL(HY , HF A;). Note that the pricing

functions depend on order flow in both markets.

Given the additional long-lived option market, the long-lived liquidity trader can choose
between two possible strategies that hedge him against the possible arrival of good news in
both periods. One hedging strategy is to purchase the short-lived option at period 2 and, if the
information is not revealed through trading or a public announcement, purchase the short-
lived option at period 1. The other hedging strategy is to purchase the long-lived option at
period 2. The liquidity trader will select the strategy with the lowest expected cost.

5.1 Long-lived liquidity trader always trades in short-lived option market

We first consider the possibility that the long-lived liquidity trader purchases the short-lived
option each period, as long as the private information is not revealed through trading or a
public announcement. If the long-lived liquidity trader never submits an order for the long-
lived option, then any order from the informed agent for the long-lived option would reveal
his existence to the market maker. Therefore, the informed agent only submits orders to the

short-lived option market, so liquidity in the long-lived option market dries up.

The possibility of two liquidity traders provides the opportunity for the informed agent to
submit an order of size two without being revealed with certainty to the market maker. The

following result, however, reveals that this strategy is never optimal:
Lemma 3 It is never profit-maximizing for the informed agent to submit an order of size two.

Essentially, the probability that a short-lived liquidity trader places a trade is high enough to

discourage the informed agent from submitting a larger order. This result holds in period 1
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even though the informed agent may know from period 2 order flow net of his trade that there
is no long-lived liquidity trader (so that the maximum liquidity trade is one), whereas, the
market maker is unable to make such a distinction. That is, if the market maker observes one
order at period 2, the market maker cannot determine which market participant submitted
the order, but if the informed agent submitted that order he knows that there is no long-lived
liquidity trader. Consequently, the informed agent has better information than the market

maker in period one about both the value of the asset and the likely level of liquidity trade.

Market Maker Beliefs: At the beginning of period 2, the market maker’s beliefs about the
likelihood of the good state correspond to the ex ante prior, . If the market maker observed an
order for the long-lived option she would update her conditional belief that the good state will
occur to one. Since equilibrium order flow in the long-lived option is therefore zero, to reduce
notation, we suppress the order flow in the long-lived option in this section. At period 2, the
market maker updates her beliefs, 55(.53), in response to the order flow, Sy, in the short-lived

option market, where S, € {0, 1,2, 3} along the equilibrium path.

The market maker updates her period 1 beliefs, 3;(S1,.52), based on order flows in the
short-lived option market in periods 1 and 2. Now, the history of order flow and public an-
nouncements up to the end of period 2 cannot be summarized just by 3. This is because the
order flow in period 2 reveals information to the market maker about the existence of the
long-lived liquidity trader. If no orders are submitted in period 2, the market maker knows
that there is no long-lived liquidity trader, so that an order flow of 2 or greater in period 1
reveals the informed agent. If one order is submitted at period 2, then the market maker
cannot rule out the possibility of either an informed agent or a long-lived liquidity trader. In
this situation, a period one order flow of 2 or less does not reveal the informed agent. Finally,
if two orders are received at period 2, the market maker knows that a long-lived trader (either

liquidity or informed) exists. The market maker’s updating rules are outlined in the appendix.

Given the market maker’s updating rules, the long-lived liquidity trader’s expected cost

from submitting an order for the short-lived option each period is:

C% =05 l:(SIﬂpS + 2(2) A2 + (1 — 6kps)B2(1)A2| + ¢+ (1 — A2)(1 — 0.50kpg)c

10.25(1 — M) {25/@ — Skps + B1(2,2) + 1 — SkpslBi(2,1) 4 [1 — 6k181(1,2) + [1 — 6x1B1 (1,1)

Section 5.2 compares these costs with the long-lived liquidity trader’s expected cost from sub-
mitting an order for the long-lived option. First, it it is useful to provide intuition about the

market maker’s equilibrium pricing strategies in this environment.
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The market maker prices so that her expected losses to informed agents are offset by her
profits from uninformed liquidity traders. In the appendix, we derive the market maker’s ex-
pected losses to the informed agent (E[¥/]), the period 2 short-lived liquidity trader (E[Vg2)),
the period 1 short-lived liquidity trader (E[¥¢]), and the long-lived liquidity trader (E[¥]).
In equilibrium, E[¥;] 4+ E[V s3] + E[¥Ys1] + E[¥Y ] = 0. Figure 5 illustrates the market maker’s
expected loss from each type of market participant when § = 0.4, k = 0.2, and ¢ = 0.005. Ob-
serve that the market maker expects to lose money to the informed agent for all values of \,.
To offset these losses, the market maker expects to earn non-negative profits from each of the

short-lived liquidity traders and strictly positive profits from the long-lived liquidity trader.

(expected loss)  0.04 y x x N 7

‘M’
0.03 /

Informed agent

0.02 - _
0.01 - . . . . —
Period 2 short-lived Period 1 short—lived
W, liquidity trader liquidity trader

—0.01
—0.02
—0.03 Long-lived liquidity trader .
(expected gain) * 1 1 1
0 0.2 0.4 0.6 0.8 1

Probability of information leak at period 2 (A2)

Figure 5: Ex ante expected market maker losses from each market participant if the long-lived
liquidity trader always trades the short-lived option: 6 = .4, K = .2, ¢ = .005, and \; = 1.

The period 2 short-lived liquidity trader benefits from a decrease in A\, since the market
maker reduces prices to reflect a reduced likelihood of informed trade. In contrast, the period
1 short-lived liquidity trader benefits from an increase in )\, since it reduces the probability
that he will have to enter an unprofitable trade. When )\ = 1, the market maker expects the

same profit from the long-lived liquidity trader and the period 2 short-lived liquidity trader.

Note that when Ay = 0, the market maker does not expect the same profit from the long-
lived liquidity trader and the period 1 short-lived liquidity trader: E[¥;] > E[Vg;] when

A2 = 0. The reason for this result is as follows. If there is a long-lived liquidity trader, he will

26



place an order in period 2 regardless of the value of \2. The informed agent also submits an
order at period 2 with positive probability even if Ay = 0. This is because it is advantageous for
the informed agent to have the market maker believe that there could be a long-lived liquidity
trader; if no orders are received in period 2, the market maker knows that there is no long-
lived liquidity trader so that an order flow of two at period 1 would reveal the informed agent.

As a result, the informed agent’s period 2 trades may reveal his presence.

5.2 Long-lived liquidity trader always trades in long-lived option market

Suppose now that the long-lived liquidity trader always trades in the long-lived option mar-
ket. Because order flow at period 2 can provide the market maker with information regarding
the existence of the long-lived liquidity trader, the market maker’s updating rule at period 1
depends on both her original prior and observed past order flow. Given that x is sufficiently

small, the informed agent’s value function at the last period is
‘/1(52, LQ) =1L+ 0.5[1 — 51(51 =1,55, Lg)] — C.

The informed agent has four possible period 2 trading strategies: (1) buy the long-lived option;
(2) buy the short-lived option; (3) buy both the long-lived option and the short-lived option; or

(4) defer from trading. The associated period 2 value function is:

Vo= mas B [m (Y9 0F) + (1= XV (8208, 20

where

2Xg — 32(0,1) — B2(1,1) — 4e ifYy =0,Y =1

0,1
s v\l _ 2Xo — B2(1,0) A2 — Ba(1, )N —4c if Yy =1,YL =0

B |m (Y5 ¥5)] =025 S 7 Bo(1,1)ha — Bo(1,1) — 8¢ ifY, S =1,V =1
0 if Yy =0, =0

The next lemma shows that we can rule out the third trading strategy:
Lemma 4 The informed agent never buys both options in equilibrium: vo(Yy = 1,Y: = 1) = 0.

In the appendix, we use lemma 4 to describe how the market maker updates her beliefs in
response to different period order flows. At this point, it is convenient to denote the probability
that the informed agent submits an order to the long-lived option market at period 2 by py,
where p; = 12(Ys® = 0,Y)" = 1) and to denote the probability that the informed agent submits
an order to the short-lived option market at period 2 by pg where ps = 12(Ys" = 1,Y¥ = 0).

The following result characterizing the informed agent’s period 2 strategy obtains:
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Proposition 7 The informed agent is more likely to trade the longer-term option than the

shorter term option: If Ay < 1, then py, > pg.

The intuition for why the informed agent finds the longer-term option more attractive is
the following: If the informed agent’s information becomes public in the second period, he
profits from trade in either market. If, instead, his information does not become public in
period 2, then he still profits from trading the longer-lived option, but not from trading the
shorter one. Independently of which option the informed agent traded in the second period,

he will trade again in the first period if his information was not revealed.

1 I I I I I |
0.8 - Y~ o, — i
0.6 _

Pi .
04 r _
0.2* / ,05 —_ _
OHj ........... g S [ 1 —

0 0.2 0.4 0.6 0.8 1

Probability of information leak at period 2 (A2)

Figure 6: Informed agent’s period 2 strategy when 6 = .4, k = .2, ¢ = .005, and \; = 1. The
informed agent submits an order in the long-lived option market with probability p;, and with
probability ps = 1 — p;, he submits an order to the short-lived option market.

Figure 6 illustrates the informed agent’s period 2 strategy when § = .6, k = .2, ¢ = .005,
and \; = 1. For \s < 1, the informed agent prefers to trade in the long-lived option market.
As Ay — 1, the long- and short-lived option markets become equivalent and the informed
agent begins to mix his order flow between the two markets. Paradoxically, it is the informed
agent’s preference for the long-lived option market that contributes to its poor liquidity. The
long-lived liquidity trader faces higher adverse selection costs from trading the long-lived

option since a higher proportion of the order flow there is attributed to the informed agent.
The long-lived liquidity trader’s expected cost of buying the long-lived option is:
Ch = 6kpr +0.5(1 = 8k(ps + pr))(B2(0,1) + B2(1,1)) 4 0.56kps(1 + B2(1,1)) + c.

Even if the market maker believes the long-lived liquidity trader will always buy the long-
lived option (the best possible scenario), it is still not always optimal for the the long-lived

liquidity trader to do so. The expected cost of submitting an order to the short-lived option
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market at period 2 and rolling over the position in the period 1 short-lived option market if

the information is not revealed publicly is:
C% =0.54 0.56kps + 0.5[pnkd + 1 — k] 2(1,0) A2 + 0.5pLk0F2(1, 1) Ag + ¢

+(1 = X2)(1 — 0.5 = 0.50kps)c+ 0.25(1 — A2) [(1 — 0k)B2(1,0) + 2pLkd + 2pNKd + 1 — K]

When CF < €S, both long- and short-lived option markets can potentially exist in equilibrium.

This condition will hold for most reasonable parameter ranges.

In summary, our model suggests that there are two possible equilibrium outcomes: (1)
pooling equilibrium (only trade in the short-lived option market); (2) separating equilibrium
(trade in both the short- and long-lived option markets).® Empirically, some derivative secu-
rity markets seem to have a greater concentration of trade in nearby contracts than others.
A relevant question is then: What characteristics determine which equilibrium outcome will
prevail? Our model offers some intuition about how transaction costs, the percentage of in-
formed trade, the rate of information dispersion, and the distribution of time horizons of

liquidity traders impact the equilibrium outcome.

Suppose that the equilibrium outcome which prevails is the equilibrium that minimizes
the long-lived liquidity trader’s expected costs. In equilibrium, the long-lived liquidity trader
will elect to trade in the short-lived option market if and only if C* > C°. Under these
conditions, the liquidity in the long-lived option market will vanish. We now consider how the

difference C* — C® changes in response to changes in our parameters of interest.

Transaction costs: The long-lived liquidity trader’s relative cost of rolling over his position
in the short-term option market rise as c increases. As figure 7 illustrates using representa-
tive parameter values, the pooling equilibrium will occur when the transaction cost is suffi-
ciently small that the increased transaction costs associated with rolling over his position are

more than compensated for by lower adverse selection costs.

The advent of electronic trading and discount brokerages have reduced transactions costs.
Ceteris paribus, this would reduce the cost of sequentially trading short-lived options and tend
to concentrate trade in nearby contracts. Also, our model predicts that markets for derivative
securities with smaller fixed transaction costs should have relatively less liquidity in more

distant contracts.

5The possibility for stable pooling and separating equilibrium outcomes frequently arises in market microstruc-
ture models with asymmetric information. For example, Seppi (1990) characterizes possible equilibrium outcomes
when informed institutional trade can be executed either as a large block trade or as a sequence of smaller trades.
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Figure 7: Effect of transaction cost, ¢, on the difference between the long-lived liquidity
trader’s expected cost from trading in the long- and short-lived option markets when § = .4,
R = .2, )\2 = .7, and )\1 = 1.

Percentage of informed trade: The parameter 6 represents the probability that an agent
has private information. As § increases, the importance of adverse selection costs rise, raising
the relative costs of the long-lived option market for the long-lived liquidity trader. Figure 8
illustrates this result for representative parameter values. Thus, ceteris paribus, derivative
markets with more informed trade should have relatively greater concentrations of trade in

nearby contracts.
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Figure 8: Effect of the probability that the informed agent has private information, §, on
the difference between the long-lived liquidity trader’s expected cost trading in the long- and
short-lived option markets when x = .2, Ao =.7,¢c=.1 and A\; = 1.

Rate of information dispersion: The parameter )\, represents the probability that the
informed agent’s private information is revealed publicly at period 2. Using representative
parameter values, figure 9 illustrates how changing )\, affects the difference between the long-

lived liquidity trader’s expected costs from trading in the short-lived option market (when
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only the short-lived option market exists) and his expected costs from trading in the long-
lived option market (when both markets exist). As long as )y is not too low, the long-lived

liquidity trader incurs lower expected costs by selecting the short-lived option market.

0.27 T T T T
0.26 Submits order to long-lived asset market -
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CZ .. ............................................
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0.23
0.22 | | | |
0 0.2 0.4 0.6 0.8 1

Probability of information leak at period 2 (A2)

Figure 9: Long-lived liquidity trader’s expected costs from always trading in the short-lived
option market vs always trading in the long-lived option market, when 0 = .4, xk = .2, ¢ = .005,
and \; = 1.

For most values of )y, the expected cost of submitting an order to the long-lived option
market is constant. Only as Ay — 1, so the long-lived option market and the short-lived
option market become similar, does the informed agent begin to split order flow between the
two markets, instead on sending all orders to the long-lived option market. As p;, falls, the

adverse selection costs of the long-lived liquidity trader fall, reducing expected costs.

The expected cost of purchasing the short-lived option first rise as the informed agent
increases the probability of submitting an order in period 2 (i.e. 5 increases). Once 7, reaches
one, the expected costs of submitting an order to the short-lived option market begin to fall
with \o. This decrease in costs results because the period 2 short-lived liquidity trader bears

a disproportionate amount of the increased level of adverse selection.

A2 is a proxy for the rate at which private information is revealed to the marketplace.
The development of the Internet, 24 hour business news television stations, etc. have in-
creased the rate at which private information is revealed and incorporated into asset prices.
Over most (intermediate) parameter values, our model predicts that these trends will reduce
adverse selection costs for liquidity traders and increase the relative attractiveness of hedg-
ing long-term risk using longer-lived derivative securities. Our model, however, implies that

these predictions could be reversed for extremely high or low values of \,.
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Distribution of liquidity trader time horizons: Our previous analysis assumed that long-
lived and short-lived liquidity trade are equally likely. We now enrich the analysis, and allow
these two probabilities to differ. Let 1, denote the probability that a long-lived liquidity trader
places an order and let g denote the probability that a short-lived liquidity trader places an
order. The expressions for cost functions, expected payoffs, and pricing functions (available
upon request from the authors) are now far more complex and are therefore not reproduced

here.

Holding g = 0.5 fixed, we vary n, over the range (0, 0.5] to determine how the relative pro-
portion of long-lived liquidity traders affects equilibrium outcomes. As figure 10 illustrates,
an increase in 1y, reduces the long-lived liquidity trader’s expected costs in both possible equi-
librium outcomes. An increase in 77, reduces adverse selection costs and has an impact similar
to that of a decrease in §. Lower adverse selection costs reduce the long-lived liquidity trader’s
expected cost of always submitting an order to the long-lived option market faster than the

expected cost of always submitting an order to the short-lived option market.

These results suggest that we should observe increased liquidity levels in longer-lived
derivative securities based on underlying assets that are more likely to be hedged over longer
time horizons. It seems reasonable to conjecture that the time horizon of liquidity traders in
commodity-based derivatives is shorter than the time horizon of liquidity traders in financial
instruments such as interest rate and exchange rate futures contracts. So, too, the relatively
poor liquidity of long-lived equity options, such as LEAPs, can be partially explained by the
typical relatively short holding periods of the underlying securities by liquidity traders.
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Figure 10: Long-lived liquidity trader’s expected cost from always submitting an order to the
short-lived option market vs. long-lived option market for different levels of n;, when § = .4,
k=.2,¢c=.01,\=.7,\1 = 1 and ng = .5.
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6 Conclusion

Strategic trading of short-lived derivative securities, such as option or futures contracts, has
largely been ignored by the academic literature. This paper documents that there are impor-
tant differences exist between the strategic trading of short-lived derivative securities and
the strategic trading of equity. We find that the short-lived nature of the securities affects

trading behavior and pricing in the following ways:

1. With short-lived securities, the greater a risk neutral informed agent’s holdings of the
short-lived security, ceteris paribus, the more aggressively he trades in the future. This
behavior contrasts with that found in equity markets where an informed agent’s accu-

mulated position does not affect his trading behavior.

2. The shorter horizon in which information must be impounded for a short-lived secu-
rity to pay off makes an informed agent more reluctant to trade, especially when the
informed’s information is longer-term in nature. Given innocuous technical conditions,
relatively, as the event about which the informed has private information approaches,

informed trading intensities rise so that prices become more sensitive to order flow.

3. For reasonable parameter ranges, liquidity traders prefer to incur extra costs to roll
over their short-term positions rather than trade in distant contracts. We provide a
theoretical rationale for the empirical finding that markets for longer-term derivative

securities have little liquidity and large spreads.

Finally, we contribute to the existing literature by investigating how non-convexities, in-

troduced by fixed trading costs and round lot trading, can lead to multiple equilibria.
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A Appendix
A.1 Derivations for Section 5

To clarify the exposition in section 5, we omitted many of the details regarding the market

maker’s updating rules. For completeness, we present those updating rules here.

Long-lived liquidity trader always submits to short-lived option market: Let ps =
Y2(Yy = 1,Yy = 0) denote the probability that the informed agent submits an order to the

short-lived derivative market at period 2. The market maker’s updated beliefs become

_ oy AL =0ps). _ 1y B2 =0ps).
Fa(S2 =0) = = — Srps Pa(S2=1) = —— Srps

k(1 +dps)
So=2)= ————=%; So >3)=1.
B2(S2 = 2) 1+5Kp5,52(2_)
The market maker’s up-dating rule in the last period reflects the fact that the period 2

order flow provides information about the existence of the long-lived liquidity trader:

Case 1 (S5 = 0): If no orders are submitted in period 2 there cannot be a long-lived liquidity

trader. Consequently, the market maker updates her beliefs at period 1 as follows:

1-6 1-6
=TS s = 1lse =0y = S0,

P1(S1 =015 =0) = ——==;

Bi(Sy =2|Sy = 0) = 1.

Case 2 (S, = 1): At period 1, the market maker updates her beliefs as follows:

B o k(1 =9) B o k(2-9)
51(51—0|S2—1)—71_5K, Bi(S1=1[S2=1) = 5 g
1+0-6

Case 3 (S = 2): An order flow of two at period 2 implies the existence of a long-lived trader
(either liquidity or informed). At period 1, the market maker updates her beliefs as follows:

k(1 =0+ dps)
1 -0k + dkps

k(1 + dps)

B1(S1 =1|52 =2) = |+ orps

; B1(S1=2[52=2)= ; B1(S1 =352 =2) =1.

The market maker’s expected loss from an informed agent in the last two periods is
E[T] = 0.5k6ps [)\2(1 — B(2)) + 0501 — Bo(1))
+0.25(1 — A9) (5 —261(2,2) — p1(1,2) — 51(2,1) — B1 (1, 1)>:| +
0.25k6(1 — ps) [(1 ~ ) (6 CBi(2,2) = Bi(1,1) = 28,(2,1) — B (2,0) — 51(1,0)”.
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The market maker’s expected loss from a short-lived liquidity trader in period 2 is:
BWsal =025 n((1= B2(2) + (1= dps)(1 = (1)) — (1= ) (52(2) + (1)) |
The market maker’s expected loss from a short-lived liquidity trader at period 1 is:

E[¥s1] =0.5(1 = Ag)

0.25x (5p5[2 - 51(2,2) — 51(2,1)]

+0(1 = ps)[2 = 51(2,1) = fr(2,0)] + (1 = §)[4 = £1(2,2) — Fu(2,1) = fu(1, 1) = B (1, 0)])
_0'25(1 - ’%) (ﬁl(z 2) + ﬁ1(2> 1) + ﬁl(L 1) + ﬁl(L 0)>:| :

The market maker’s expected loss from a long-lived liquidity trader in the last two periods is:

E[W;] = 0.25 [H(AQQ ~ () + (1= ps) (1 — Ba(1)

051 = 2)(1 = 1(2:2) + (1= dps)(1 = B2, 1) + (1= DIz = 5i(1,2) — A(1, 1) )
~(1 = 1) (AalB2(2) + Ba(D) + 051~ M) (Br(2:2) + Hi(1,2) + Ar(2.1) + H(1,D) )|

Long-lived liquidity trader always submits to long-lived option market: Given

Lemma 4, the market maker’s updated period 2 beliefs are:

_ oy KL= —pn)] _ k(1 =dps).
B2(S2 =0,Ly =0) = 1= ro(1= ) 52(52—0,112—1)—71_,{@5 ;

k(1 —dpL)
1 —kdpr,

B2(S2 =1,Ly =0) = ; Ba(Sa=1,La=1)=#r; [2(S2=2,)=fa(:,L2=2)=1

At period 1, the market maker’s updated beliefs are

k(1 —19)

51(51 - 07527112) - m

; B1(S1 =1,82, L) = P2(S2, L2); B1(S1 =2,52,L) =1.

A.2 Proofs

Proof of Lemma 1: Let LHS and RH S be the values of the left hand side and right hand side,
respectively, of equation (10). Clearly, LHS < 0 for 53 > 1— /2\—2 Since RH S > 0, any solution to
(10), if one exists, must occur for g3 < 1 — % Intuitively, the informed agent will only submit
an order with positive probability if the expected one-period return from submitting an order

this period is positive.
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We know: (a) 52(33, 52 = 0) < (3; (b) A1 > X2. Hence, for 5 € (0, 1— /2\—‘23), it must be that
0.5A1(1 — B2(F3,S2 = 0)) — ¢ > 0 and the RH S can be expanded as:

(1 = A2)[0.5A1(1 — B2(B3, 52 = 0)) — . (12)
Holding 7, constant, the first derivative of (12) with respect to 35 is
—0.5M1(1 = A2)(1 — 420)(1 — 12063) "2 <0
and the second derivative of (12) with respect to g3 is
—A1(1 = A2)720(1 — 728) (1 — 42083)° < 0.

Thus, RHS is strictly concave for g3 € (0, 1-— /2\—2) The derivative of LH.S with respect to 33
is —X\2 < 0. Hence, there is at most one solution to (10) for 53 € [0,1]. Holding 7, “fixed” at
a solution to (10) at period 2, it follows that L HS must fall more quickly with an increase in
03 than RHS. Therefore, to preserve equality, since LH S is independent of v, and RH S rises
with v, the mixing probability v, must fall with s, falling strictly for v, € (0,1). m

Proof of Result 1: This result is shown numerically using an extensive grid search over the
space {c, 0, \1,¢, 3} € [0,1]° where Ay = €);. A finite grid search is sufficient to prove the result

since payoffs are a continuous function of the parameters, with bounded derivatives. m

Proof of Proposition 1: The mixing probability ~;(3) solves
AM1=08)—2c=(1-N)V;_1(8:(8,0)) (13)

The proposition has two parts (A and B):

Part A: We show that 3 < 1 — % is necessary and sufficient for ~;(3) > 0.

Necessity: If 3 > 1 — %, then A(1 — 3) — 2¢ < 0. Since V;_1(-) > 0 Vi, the informed agent defers.

Sufficiency: Proof by induction.
Period 1: If 3 < 1 — 2¢, then 0.5)\(1 — 3) — ¢ > 0 and the informed agent submits an order.
Period 2: If 3 < 1 — %¢ and 71 () = 1, then

A1 =) — 2> (1—NVi(B) = (1 — N0.5\1 - F) — 2.

That is, if the market maker believes that the informed agent will defer, then the informed

agent’s expected return from submitting an order exceeds his expected continuation payoff.
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Therefore, in equilibrium, v2(3) > 0.
Arbitrary period i: If 3 < 1 — 2¢ and ~;(3) > 0Vj < i, then

i—1
M1 =B) = 2¢> (1= NV (B) = M1 = B) — 2] Y _[0.5(1 = V)P,
p=1

i1 3

since 1 > 37777[0.5(1 — A)]?. Hence, 7;(3) > 0. Before proceeding to the second part of proposi-

tion 1, we develop the following lemma:
Lemma 5 If \; = \ Vi, then Vi(3) > V;—1(8) V3 € [0, 1], Vi.

Proof of Lemma 5: Consider the following two cases: (1) If 5 > 1 — %, then V;(8) = (1 —
A)Vi(B) = 0. This implies that Vi(8) = V;—1(6). (2) If 5 < 1 — %, then V;(8) = 0.5(1 —

MVii1(8) + 0.5[A(1 — 3) — 2¢] and V;_1(8) = 0.5(1 — \)V;_o(B) + 0.5[A(1 — 3) — 2¢]. It follows
that V;(3) > V;_1(B) if and only if V;_1(8) > V;_2(3). Since V; = 0.5[\(1 — 3) —2c] > V; = 0, the

result follows from induction. m

Part B: Consider the following three cases:

Case 1: If v;(3) = 1, then it follows immediately that v;(3) > v;11(3).

Case 2: If v;(8) = 0, then from part A it follows that A(1 — 3) — 2¢ < 0 and ~;+1(5) = 0.

Case 3: If v;(8) € (0,1) then either v;11(5) € (0,1] or v;+1(8) = 0, then
(1 =X)Vir1(Bi(5,0)) = (1 = NVi(Bi11(B,0)) = A1 = B) — 2¢

Hence, Vi1(3i(8,0)) = Vi(8i+1(5,0)). From lemma 5, this occurs only if 5;(5,0) < 8i11(3,0).
Since 22420 < 0, it follows that %(53) > 7i+1(5). m

Proof of Proposition 2: Interior values for period i trading probabilities ~;(/5;+1) must solve:
Ai(L = Bit1) — 2¢ = (1 = X)) Vie1 (Bi(Bit1, Si = 0)). (14)

Let LHS(i) and RHS(i) be the period i values of the left and right hand sides, respectively, of
equation (14). Clearly, LHS(i) < 0 for ;11 > 1 — % Since RHS (i) > 0, any solution to (14)
must occur for 3,1 < 1— % We know: (a) market maker beliefs are non-increasing in response
to aggregate order flows of 0 or 1 (5;(5;+1,5; € {0,1}) < Bi41 Vi); and (b) the probability of
information leakage is non-decreasing, (\; > \;11, Vi). Hence, for 3,11 € (0, 1- ?\—f), it must
be that

0.5 (1 — B; (Bit1, {Sj, Sid1s e Si})) —ec>0, Vj<i. (15)
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Using an induction argument and (A1), we now show that if v; declines with 3,1, Vj < 4,

then ~; falls with (5, 1.

Periods 1 and 2: Immediate. ; must fall with 3, since

=1 forﬁ2<1—)2\—f

M(B2){ €1[0,1] for o =1— 3

=0 for 35 > —f\—‘f

We also showed in lemma 1 that ~, fell with 3.

Period 3: For 3, € (O, — i—g), expand RHS(i = 3) as:
51— 2g)[(1= A2) (M (1 = Ba(8,0)) — ) +

maX{)\Q(l - 63(/8470)) - 267 (]- - )\2)(5)\1(]— - ﬁ2(53(ﬂ470)7 0)) - C)}:|, (16)
using (15). Let 84 € (0,03;) denote the range of 3, such that v3(54) > 0. From assumption
(A1), if y3(84) > 0, then 5(54) > 0. Further v3(84) > 0 implies ~2(083(54,0)) > 0 because:
(a) B3(04,0) < B4; and (b) 12(0) is falling in 5. Hence, we need only consider (16) for (4
corresponding to ~2(53(54,0)) > 0.

Since LHS(i = 3) > RHS(i = 3) for B4 > 1 — /2\—;’, (A1) implies that if y3(84) > 0 then
LHS(i = 3) > RHS(i = 3) for 54 > ;. Given these observations and the fact that the
derivative of LHS(i = 3) with respect to (34 is constant and equal to —\3 < 0, a sufficient

condition to ensure at most one solution exists to (14) evaluated at period 3 is that

(1 - )\3) [0.5(1 — )\2)(0.5)\1(1 - ﬁg(ﬂ4,0)) — C) + 0.5/\2(1 — ﬁg(ﬁ4, 0)) - C] a7

be strictly concave. Expression (17) corresponds to RHS(i = 3) evaluated over g, € (0, 5}).

Holding ~3 constant, the first derivative of (17) with respect to 3, is

C(1 = 20251 — Mgy + 0.5 2L g
94
and the second derivative is
2
—(1 = X3)[0.25(1 — Ao) Ay + 0'5A2](9&€9(;;l’()) <0
4

Thus RHS(i = 3) is strictly concave for 8, € (0, 5;) and there is at most one solution to (14)
at period 3. Holding ~3 “fixed” at a solution to (14) at period 3, it follows that LH S(i = 3) falls
more quickly with an increase in (3, than RHS(i = 3). Therefore, to preserve equality, since
LHS(i = 3) is independent of v3 and RH S(i = 3) rises with 3, the mixing probability v3 must
decline with 3y, strictly falling if v3 € (0, 1).
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Period i: Using an induction argument, we extend the analysis to an arbitrary period i.
Suppose the informed’s mixing probability for periods j < i, falls with 3;;,. Using the same
logic as for period 3, we show that if v;(3;11) > 0, then v;(3) > 0, V3 < Bi11, Vj <i. Let 5],
be the maximum f;;; such that ~;(3;+1) > 0. Hence, possible solutions for the period i analog

of equation (14) are in some range ;11 € (0, 3}, ;). Expanding RH S(i) yields,

i—1

> ((0-5>”<Ap<1 — Bi(Bi+1,0)) — 2¢) [ H (1- m]) : (18)

p=1 k=p+1
The first derivative of (18) with respect to 5,11 is given by
o i)
p=1 i+1 k=p+1
The second derivative of (18) with respect to (3;11 is given by
— i 9?Bi(Bi41,0) i
-> ((0.5)1 P (pr> [ II - /\k)]) < 0.
p=1 i+l k=p+1
Therefore, (18) is strictly concave over 3,11 € (0,3;,,). Since the derivative of LHS(i) with
respect to ;11 is constant and equal to —\; < 0 and since, by assumption, LHS(i) > RHS(7)
if v;(8) = 0 for j < i and § < f;11, there can be no more than one solution to (14) in period
i. Holding ~; “fixed” at a solution to (14) at period 3, it follows that LH S(i) falls more quickly
with an increase in (3;;; than RHS(i). Therefore, to preserve equality, since LHS(i) is inde-

pendent of v; and RHS(i) rises with ~;, the mixing probability -; must decrease with f;;1,
strictly decreasing for ; € (0,1). m

Proof of Corollary 1: Clearly, the RHS(i) and LHS(i) of (14) are continuous and decreasing
in 8,41, and LHS(i) > RHS(i) for f;1+1 > 1 — % Hence, a sufficient condition for the informed

agent to trade with positive probability at period i is that RHS(i) > LHS(i) evaluated at
Bit1 =0:

i —2¢ > i ((0.5)@'1’0\,, —2c) [ H (1- )\k)] ) (19)
p=1 k=p+1

for i > 1 and corresponds to A\; > 2¢ for i = 1. Given (A1), if (19) holds at period 7, the informed

agent will submit an order each period j, j <.

When \; = A\ Vi, (19) becomes

A—2¢>(A—2c) Z.275[0.5(1 - MJP. (20)
p=1
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If A — 2¢ > 0, this is always satisfied. m

Proof of Proposition 3 (Comparative Statics):

la. Change in )\;: Interior values for the period i trading probabilities 7;(/5;+1) must solve
(14). When \; decreases, LH S(i) decreases and (1 — )\;) increases. In order to maintain equal-

ity, it follows that V;_1(5;(0i+1,0)) decreases and therefore +;(5;+1) decreases.

1b. Change in \: The period ¢ analog to (14) for the case where \; = ) is

A1 = Biy1) = 2¢ = (1 = M) Vi—1(Bi(Bi+1,0)). (21)

Let LHS*(i) and RH S*(i) be the period i values of the left hand side and the right hand side,
respectively, of (21). Part A of proposition 1 implies that: (a) a solution to (21) can occur only
in the range ;1 € (0, 1— %), and (b) v;(8) > 0 V;V3 < 1 — 2. Hence, for interior values of
vi(Bi+1) it follows that

Vie1(Bi(Bix1,0)) = 0.5(1 — A)Vi—2(Bi(Bi+1,0)) + 0.5A(1 — B;(Bi+1,0)) — c.
Proof proceeds as follows:

Period 1: Recall that 71(8,) = 1if § < 1— % and y1(fh) = 0if B > 1 - %. Since 4 [1 - %| =

2¢ > 0, it follows that ~;(3;) is weakly increasing in .

Period 2: Observe that

APEIFEEEL — (1= N)e = AL = B3) = (1= A)e > ML = f5) = 2¢ = (1 = )Vi(Ba(03,0)),
and

NRHSEZ2) (1= Mo = A [(1 = N)ZACED) v (3(85,0))| — (1= N)e

<A1 - )\)% —(1=XNec=(1-=X)[0.5X(1— B2(85,0)) — c] = (1 — A\)Vi(B2(33,0)).

It follows that BLHg;(iZZ) > 9RH g*/\(z':z). To maintain the equality, v2(33) must increase.

Period i: The argument used for period 2 is extended to any period i. Define
i—1
a;=>» 05" (1-Nr<2 i=23,.T
k=1

Observe that
NI gie = M1 = fi1) — aie > A1 = Big1) — 2¢ = (1= WWVimr(Bi(Bi11,0)),
and

NS — aje = (1= A) [ 521501 = NPT BAL = Bi(Bi1,0)) = Vier—p — ]
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< (1= ) [ZE2[0.5(1 = VIPH05A(1 = B5(Bi41,0) — | = (1 = MVi1 (Bi(Bir1,0)).
It follows that auéf*(i) > angf*(i). To maintain the equality, 7;(5;11) must increase. There-

fore, v;(5i+1) is weakly increasing in .

2. Change in c: Interior values of the mixing probability +; are defined by (14). Differentiat-
ing LHS(i) and RHS(i) of (14) with respect to c:
OLHS() -2 ORHS()

Oc DY Oc

Vi

— > —1.
Vi oc

Yi

. OLHS(i) _ ORHS(i)
Since e < T ae

. To restore equilibrium, RH S(i) must decrease. Hence, ; must fall.
Yi

3. Change in §: For a given ~;, an increase in ¢ causes the market maker’s belief about the
probability of the good state to fall more rapidly in response to observing an aggregate order
W N < O). As § increases, 3;(8i+1,0) falls and V;_(5;(0i+1,0)) increases.
Hence, RHS(i) of (14) rises with §. Since LH S(i) does not vary with ¢, -; must fall to restore

flow of zero (

the mixing equilibrium condition given by (14). m

Proof of Proposition 4: When one order has been received, the price of an option at period i is
(1 — 20)3Bir17i + Bisan |

(1 =20)6Bi+17vi +n
The sign of the derivative of the price with respect to ~; is

pi = Bi(Bit1, S = )Ai =

Op;
i

sign || = sign (1 — 20)30:1n(1 - )]

op

Since 6 > 0, Bi+1 > 0, \; > 0and (1 —(;4+1) > 0, it follows that gﬁj > 0whenn < 0.5and 3

whenn > 0.5. m

'Yi<0

Proof of Lemma 3: Consistent market maker beliefs imply 51(S1 = 2|S2 = 1,k) > (1(S1 =
1182 = 1,k) and B1(S1 = 2|52 = 2,k) > [1(S1 = 152 = 2,k). We now show that the informed

agent does not submit an order of size two at period 1. There are six possible scenarios:

Case 1: S = 0. This reveals to the market maker that there is no long-lived liquidity trader.

Thus, an order flow of 2 at period 1 reveals the informed agent.

Case 2: Sy = 1 and Y5 = 1. This order flow reveals to the informed agent that there is no
long-lived liquidity trader. The informed agent’s expected period 1 payoffs from submitting

one and two orders are:

Elm(Y =1/ =1,Y2 =1,K)] =1 -0561(2,1) = 0541 (1,1) — ¢ (22)
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Em(Y1=2[S2=1,Y2=1,k)]=1-1(2,1) —2¢ (23)
Since 1(2,1) + 2¢ > (1(1,1), it follows that (22) > (23).
Case 3: So = 1 and Y5 = 0. The corresponding expected payoffs are:
Elm(Y1 =1/ =1,Y2=0,r)] =1 — 0.561(2,1) — 0.2581(1,1) — 0.25(1) — ¢ (24)
Elm(Y1 =28 =1,Y = 0,r)] = 2(1 — 0.75(1) — 0.2531(2,1) — c) (25)
It follows that (24) > (25) since 1 + 4¢ > (1(1,1).

Case 4: S, = 2 and Y5 = 2. This reveals to the informed agent that there is no long-lived

liquidity trader. Therefore, the corresponding expected payoffs are:
Elm(Yi =1|S=2,Y2 =2,k)] =1 — 0.561(2,2) — 0.561(1,2) — ¢ (26)
E[m (Y1 =2/ =2,Ys = 2,k)] = 2(1 — 0.5(1) — 0.531(2,2) —¢) = 1 — $1(2,2) — 2¢ (27)
Since (1(2,2) + 2¢ > (1(1,2), it follows that (26) > (27).
Case 5: S, = 2 and Y5 = 1. The corresponding expected payoffs are:
Elm (Y1 = 1Sy =2,Ys = 1,K)] = 1 —0.531(2,2) — 0.2561(1,2) — 0.25(1) — ¢ (28)
E[r (Y1 =2|S2 =2,Ys =1,k)] =2(1 — 0.75(1) — 0.2531(2,2) — ¢) (29)
Since 1 + 4¢ > 1(1,2), it follows that (28) > (29).

Case 6: S; = 2 and Y> = 0. This reveals to the informed agent the existence of a long-lived

liquidity trader. He does not submit two orders because doing so would reveal his information.

Accordingly, in period 2, since the informed does not submit an order of two in period 1,

the informed’s expected payoff from submitting one order at period 2 is:
E[ma(Yy =1, 03)] = 0.25X2[1 — [2(1)] + 0.5X2[1 — 52(2)] — ¢

—|—O25(1 — )\Q)E[ﬂ'l(Yl = 1|SQ =1,Y = 1,ﬂ3)] + 05(1 — )\Q)E[Trl(Yl = 1|SQ =2,Y, = 1,63)].

His expected payoff from submitting two orders at period 2 is:
E[']TQ(}/Q = 2,53)] = 05)\2[1 - /62(2)] —2c+ 05(1 - )\Q)E[ﬂ'l(Yi = 1|SQ = 2, ng = 2,53)].

Hence, E[7T2<Y2 = l,ﬁg)] > E[ﬂ'g(YQ = 2,&3)]. |
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Lemma 6 A sufficient condition for the informed agent to trade in the last period if the infor-
mation has not been revealed through trading or through a public announcement is that the ex

ante probability that the good state will occur is sufficiently small. If there is trade only in the

nearby contract, the sufficient condition is xk < fgﬁ%. If there is trade in the distant contract,

the sufficient condition is kK < 1 — 2c.

Proof of Lemma 6: Trade in nearby contract only: If the information has not been re-
vealed, the largest possible value of (3;, and hence the lowest expected profit, occurs when
v =1, 51 =2, and Sy = 2. In this situation, the informed agent submits an order at period 1
if
k(1 +6) 1—4c

1+ 0k 1+4cé
Trade in distant contracts: If the information has not been revealed, the lowest expected

0.25(1— )—C>0<:>/€<

profit occurs when p;, = 0. Then, the informed agent submits an order at period 1 if 0.5[1 —

Kl—c>0&Kk<1—2c.m

Proof of Proposition 7: a) A\ = 1: Consistent market maker beliefs imply that

E[m(0,1) — ma(1,0)] = 0.25(52(1,0) = £2(0,1)) = 0 < 52(1,0) = (2(0,1) < pr(k) = ps(r).

b) A2 < 1: By contradiction. Suppose p;, < pg. It follows that 52(0,1) < (32(1,0), which implies

1—532(0,1) > A2(1 — $2(1,0)) and 1 — $2(1,1) > Aa(1 — B2(1,1)). Also, Vi(B2(0,1)) > Vi(B2(1,0))

because avaliéﬁ) < 0. These observations imply that the informed agent’s expected return from

trading the distant contract exceeds his expected return from trading the nearby contract.

But then his optimal trading strategy is not consistent with market maker’s beliefs. m

Proof of Lemma 4: The difference
Em2(0,1) + (1 = A2)V1(52(0), Lo(1))] — E [m2(1,1) + (1 = A2)Vi(S2(1), La(1))]
=0.25[1 — £2(0,1)] = 0.25A2 [1 — B2(1,1)] + ¢ + 0.25(1 — A2)V1(52(0, 1))

is always positive since consistent market maker beliefs imply that £2(0,1) < 52(1,1). m

Proof of Proposition 5: Observe that

1 ifY, =2
E Y:i|H
0 [7T1(8;!V 2, Wa)] _ {0_5+0,5)\1 ify; =1 (30)
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Since

6E[7T1(Y1 = 2‘H27W2)] > 8E[7r1(Y1 = l‘HQ,WQ)] > 8E[7T1(Y1 = O‘HQ,WQN
oWy - oWy - oWs

(strict when \; < 1), it follows that the informed agent is more likely to submit a larger order

at period 1 as W increases. m

Proof of Lemma 2: The payoff from submitting an order of size two at period 2 is W3 — c.
The informed agent can realize a higher expected return by deferring at period 2 and, if his
information has not yet been revealed, submit an order of size two at period 1. This alternative

strategy has expected return W5 — c¢(1 — \2) > W35 —¢, Ay > 0. m

Proof of Proposition 6: Lemma 2 ensures that the informed agent never submits an order of
size two at period 2. Conditional on W3, the informed’s expected return from submitting a one

unit order at period 2 is
submit(Ws3) = 0.5(1=X2) V1 ([S2 = 1, H3], W3+1)4+0.5(A2—p2(S2 = 1,H3))—c+0.5(14+X2) W3, (31)
and the expected return from deferring at period 2 is
defer(Ws) = 0.5(1 — A2) [Vi([S2 = 1, H3], W3) + Vi([S2 = 0, H3], W3)] + A2 Ws. (32)

If submit(1) — defer(1) > submit(0) — defer(0), the relative value of submitting an order is

larger when the informed agent has an accumulated position. Rewriting this condition yields
L+ [Va(1,2) = Va(1, 1)] = [V4(0,1) — V4(0,0)] — [Vi(1,1) — Vi(1,0)] > 0, (33)
where we suppress the order flow history, Hs, and only report Ss to conserve space.

Equation (30) shows that the magnitude of the increase in the value of the informed’s
information at period 1, due to an increase in W5, rises with Y;. Lemma 5 ensures that
for any given market maker beliefs, the informed agent is more likely to submit a larger
order at period 1 as W, increases. These two observations imply that V;(1,2) — V;(1,1) >
VA1, 1) - Va(1,0).

Clearly, the informed agent never submits an order of 2 at period 1 when W5 = 0. There-
fore, it follows from (30) that V71(0,1) — V1(0,0) < 1. These observations ensure that condition
(33) is satisfied, and hence, 2(Yo = 1|W3 =1,) > (Yo =1|W3=0,:). m

44



References

Back, K., 1993, “Asymmetric Information and Options”, Review of Financial Studies, 435-472.

Back, Kerry, H. Henry Cao and Gregory A. Willard, 1999, “Imperfect competition among in-

formed traders,” Journal of Finance, forthcoming.

Biais, Bruno and Pierre Hillion, 1994, “Insider and Liquidity Trading in Stock and Options
Markets”, Review of Financial Studies, 7, 743-780.

De Long, J. Bradford, Andrei Schliefer, Lawrence H. Summers and Robert J. Waldmann, 1990,

“Noise trader risk in financial markets,” Journal of Political Economy, 98, 703-38.
Dow, James and Gary Gorton, 1994, “Arbitrage chains,” Journal of Finance, 49, 819—49.

Easley, David, Maureen O’Hara, P.S. Srinivas, 1997, “Option Volume and Stock Prices: Evi-
dence on Where Informed Traders Trade,” Journal of Finance, 53, 431-465.

Fleming, Michael and Asani Sarkar, 1999, “Liquidity in U.S. treasury spot and futures mar-
kets,” in Report No. 11 Market Liquidity: Research Findings and Selected Policy Implications,

Bank for International Settlements, Committee on the Global Financial System.

Foster, D. and S. Viswanathan, 1994, “Strategic trading with asymmetrically informed traders

and long-lived information,” Journal of Financial and Quantitative Analysis, 449-518.

Foster, F. Douglas and S. Viswanathan, 1996, “Strategic trading when agents forecast the
forecasts of others,” Journal of Finance, 51, 1437-78.

Holden, Craig W. and Avanidhar Subrahmanyam, 1992, “Long-lived private information and

imperfect competition,” Economics Letters, 44, 181-90.

Kose, dJ., A. Koticha, R. Narayanan and M. Subrahmanyam, 2000, “Margin Requirements,

Informed Trade in Derivatives and Price Dynamics”, mimeo New York University.
Kyle, Albert S., 1985, “Continuous auctions and insider trade,” Econometrica, 53, 1315-35.

Neuberger, Anthony, 1999, “Hedging long-term exposures with multiple short-term futures
contracts,” Review of Financial Studies, 12, 429-459.

Schliefer, Andrei and Robert W. Vishny, 1990, “Equilibrium short horizons of investors and

firms,” American Economic Review, 80, 148-53.

Seppi, Duane J., 1990, “Equilibrium block trading and asymmetric information,” Journal of

Finance, 45, 73-94.

Treynor, Jack L. and Robert Ferguson, 1985, ‘In Defence of Technical Analysis,” Journal of
Finance, 40, 757-773.

45



