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INTEREST RATE CONTRACTS

13.0 INTRODUCTION

ter 5 and in Chapter 8 through Chapter 12, we made the strong assumption that

interest rates are constant through time. We imposed this assumption in order to
simplify our discussion of pricing and hedging. This assumption implies that all de-
fault-free securities, and options or futures on default-free securities, are identical
from an economic perspective. That is, they are all riskless, and they all earn the same
constant interest rate.

The assumption of constant interest rates is obviously an unrealistic assumption.
But for short-dated options and futures on underlying assets distinct from and uncor-
related with interest rates (like common stock), it is an acceptable first approxima-
tion. For these derivatives, interest rates are only of secondary importance to the
analysis. Yet, for options and futures on the term structure of interest rates, this as-

. sumption is unreasonable and unacceptable, even as a first approximation.

The next step in our examination of derivatives—Chapter 13 through Chap-
ter 17—is to study the relaxation of this constant interest rate assumption.

Our first task in this chapter is to examine the basic types of traded default-free
securities making up the term structures of interest rates, that is, Treasury bills,
Treasury notes, Treasury bonds, and the futures contracts written on these instruments.
Also necessary is an understanding of related interest rate instruments: Eurodollar for-
ward rate agreements and futures. In subsequent chapters we will examine other in-
terest rate contracts and the pricing and hedging of interest rate derivatives.

l n our examination of the pricing and hedging of options and futures in Chap-

13.1 ZERO-COUPON BONDS

First we discuss default-free zero-coupon bonds. We recall that a zero-coupon bond
is a bond that has no coupon payments. Profits from owning such a security come
solely from price appreciation. Zero-coupon bonds are sometimes called discount
bonds because they are sold at a discount, a price lower than the par or face value of
the bond that is paid at maturity.

U.S. Treasury bills are zero-coupon bonds issued by the U.S. government.
Because their payment is guaranteed by the taxing power of the U.S. government,
they are generally considered to be default-free. Treasury bills (T-bills) are short-term
instruments with maturities of a year or less. New Treasury bills are regularly issued
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by the U.S. government via competitive auctions. Every Thursday the Treasury auc-
tions new 91-day (13-week) and 182-day (26-week) T-bills, and every fourth
Thursday it auctions new 364-day (52-week) T-bills. The minimum face value of a
Treasury bill is $10,000. Quotes for T-bills are given in terms of discount rates.

Discount Rates I
For U.S. T-bills, the discount rate’, i,, is defined by i

B(O,T) = [1 — i,(T/360)], (13.1) it

where B(0, T) is the date-0 value of a T-bill with a dollar payoff at maturity T. The
maturity is expressed in days, and it is assumed that there are 360 days in the year.
Table 13.1 gives some examples of bid/asked quotes for T-bills.

Taere 13.1  Treasury Bill Quotes, JA-
Thursday, May 28, 1998* ;

TREASURY BILLS

Davs

to Ask
Maturity Mat. 8id Asked Chg. Yid i
Jun 498 & 439 435 -0.05 4.4
Jun 1198 13 444 440 —006 447
Jun 18798 20 446 4.42 -0.06 4.4
Jun 2598 27 453 449 —Q06 457
Jul 0298 34 4485 48] 005 4.8
Jul 0998 41 4467 4463 —004 472 )
Jul 1698 48 AN 4467 —-005 4.8 ;
Jul 398 S5 4.79 4AT5 004 485 3
Jul 3098 62 481 479 -003 4.9 -
Avg 0698 69 4686 484 —004 495 v
Aug 13798 76 4.9 468 -0.03 5.00
Aug 2098 83 494 492 -0.03 505
Aug 27°98 90 4.92 49 —003 504
Sep M98 97 49 494 -003 508
Sep 398 97 497 4N +001 S5 W
Sep 1099 104 499 497 -0.03 S5.11
Sep 17°98 111 S00 498 —-0.02 5.13 ]
Sep 4°9 1L 498 49% -003 S5 -
Oct 01’98 125 5.03 501 —-002 5.17 :
Oct 08°98 132 5.04 S5.02 —0.01 5.19 3
Oct 15°98 139 5.08 506 —0.02 523 i
Oct 2298 146 507 505 —0.00 523 i
Oct 2998 153 495 493 —00V 5.0 ;
Nov. 05798 160 5.1 5.09 —0.01 5.28 it
Nov 1298 167 S5.13 S ... S3Y “
Nov 19798 174 5.2 5.30 —0.00 5.30 !
Nov 2798 182 5.3 5012 .... 51
Dec 63798 108 533 5.2 —-0.00 $.33
Dec 10°98 95 513 s ... 532
Jan 0799 223 SN 509 ... 5.3
Feb 0499 251 5.13 5.1 4000 533
MIrQ4‘9 279 SM 512 ... 5%
Aor 01799 307 5. 512 +0.00 537
Apr 2799 335 S.M4 5.2 +0.00 538
May 2799 W3 S 5.3 +0.00 5S4

*Source: The Wall Street Journal, May 2

o

, 1998.

'A good teference for interest rate calculations is Stigum (1981).
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For securities such as stocks, the ask price is higher than the bid price. This is not
the case for the T-bill quotes, however, due to the inverse relation between the T-bill’s
price and the discount rate. Thus the ask rate is less than the bid rate. Referring to
Table 13.1, consider the Treasury bills that mature on August 20. These T-bills have a
maturity of 83 days. The bid rate is 4.94, which exceeds the ask rate 0f 4.92.

From these rates, however, we can show that the ask price on T-bills does exceed
the bid price. Indeed, the bid is a discount rate of 4.94 percent, implying a price of

494 83 ]

Bid price = 10,000 B(0,T) = 10,000 [l 100 X 360

= $9,886.11,

given that Treasury bills trade with a face value (payoff) of $10,000. The ask discount

rate is 4.92, implying a price of
. 492 83
Ask price = 10,000 [1 100 X W]

= $9,886.57.

In terms of dollars, the ask price is greater than the bid price. This completes our dis-
cussion of discount rates.

Simple Interest Rates

Here we discuss simple interest rates (see also Chapter 1). The simple interest rate,
i, is defined as

1
BOD = @Besn (13.2)
assuming a 365-day year. In some cases a 360-day year is used. _
The difference between discount rates and simple interest rates is greater the
higher the discount rate and the longer the time to maturity. For example, consider a
discount rate of 4 percent and a maturity of 30 days. The T-bill price with face value
100 is
4 30

This implies an equivalent simple rate of

‘_1[%]ﬁ
STHTBO,T) |TT

= 4.069 percent,
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a difference of 0.069 percent. If a 360-day year had been used, the simple interest rate
would be 4.013 percent, a difference of only 0.013 percent.

Continuously Compounded Interest Rates

The continuously compounded annual interest rate, r, is defined by
B(0,T) = exp[~r(T/365)], | (133)

assumning a 365-day year.
Referring to the previous example in which

B(0,T) = 0.996667,
and T = 30 days, then

r = {—In [B(0,T)]}(365/T)
= 4.062 percent.

The three different interest rates are different ways of expressing dollar prices.
They are each important, and each has its own use. For example, discount rates are
used in quoting Treasury bill prices and in the T-bill futures markets. Simple interest
rates are used in the Eurodollar markets, swaps markets, and foreign currency mar-
kets. Continuously compounded rates are used primarily in academic articles. There
are two reasons for this difference. First, the use of continuously compounded inter-
est rates avoids a lot of minor problems with respect to market conventions. Second,
much theoretical work is in continuous time for which it is convenient to use contin-
uously compounded rates.

13.2 COUPON BONDS

Let us now discuss default-free coupon bonds. Coupon bonds are bonds with regular
interest payments, called coupons, plus a principal repayment at maturity. The princi-
pal is called the face value of the bond.

Intuitively, the value of a coupon-bearing bond is determined by summing the
present value of all its coupon payments and the present value of the terminal face
value. To be precise, we need to introduce some notation. Suppose that the coupon
bond makes coupon payments c at datest = 1, . .., T, where T is the maturity date of
the bond. Let the face value of the bond F be paid at the maturity date T. This section
only considers coupon bonds with no default risk. Bonds with default risk are studied
in Chapter 18.
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Valuing a Coupon Bond
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Pricing

First we examine the pricing of default-free coupon bonds. Let B(0,7) denote the
present value of receiving one dollar at date ¢ with no risk of default. This amount is
the price of a zero-coupon bond. The value of the coupon-bearing bond is equal to

T

B,(0) = cB(0,1)+ FB(0,T). (13.4)

=1

This expression states that the coupon bond’s value, B_, equals the sum of the
present value of all the coupon payments and the face value. This is an arbitrage-free
pricing relation. The right side of Expression (13.4) represents the cost of construct-
ing a synthetic coupon bond with identical coupon payments and face value as the
traded coupon bond. The synthetic coupon bond consists of ¢ zero-coupon bonds of
maturity ¢ for¢ = 1,. . ., T'plus F additional zero-coupon bonds of maturity 7.

If the left side exceeds the right side of Expression (13.4), then the arbitrage op-
portunity would be to sell short the coupon bond and go long the synthetic, pocketing
the difference, with no future obligations. If the right side exceeds the left side, then
changing the signs of the previous trading strategy generates arbitrage profits. The
only condition consistent with no arbitrage is an equality.

We now illustrate the use of Expression (13.4) to value a coupon bond.

This example illustrates the use of Expression (13.4) to value a otmpon bond. - .f,
Consider a coupon bond that matures in twenty-two months’ time. The next: .
coupon payment of $3.50 pet $100 face vilue occurs in four months® tltl‘le.»__
Afier that, coupon paymeiits of $3:50 occur every six months The final pay -
ment includes principal. Details are shown in Table 13.2. :

" The present value of the coupon bond, Wthh is tradmg above par, i
$104.5071. This represents.the sum of the present value: of all'the’ rcmalmn'
coupon payments plus pnncnpal s

TaABLE 13.2 Pricing of a Bond

PRICING OF A PRESENT VALUE
MaTUuRITY  ZERO-COUPON or CourPON
(MonTHS) Bonp CouroN  PrINCIPAL  PLUS PRINCIPAL
4 0.9835 3.50 0 3.4422
10 0.9592 3.50 0 33572
16 0.9355 3.50 0 3.2743
22 09124 3.50 100 94.4334
104.5071
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Yield-to-Maturity

The yield-to-maturity is defined as an interest rate per annum that equates the pres-
ent value of future cash flows to the current market value. We can express this defin-
ition algebraically.

A bond that pays interest annually
For a bond that pays interest annually, the yield-to-maturity, y, is defined as

L F
BO=2, Ty F T 133

where B, denotes the price of the coupon-bearing bond, ¢ is the coupon at date ¢, F is
the face value, and T'is the total number of coupon payments.

In general, solving Expression (13.5) for the yield-to-maturity is a difficult task,
since it is a nonlinear equation. Consequently, the yield-to-maturity is most often cal-
culated numerically.

7 i +
a+y-- 1+y)2 1+y)z

104.52 =

tween 4 5 and 5.0 percent By repeanng thls pr 3
4. 584 percent. l : '

A bond that pays interest semiannually '
For a bond that pays interest semiannually, the yield-to-maturity, y, is defined as

o c F
BO=2 wiymy Fa T

1=1

(13.6)

In this expression, there are twice the compounding periods (27), and the yield over
each semiannual period is divided by 2 (y/2). Because of the ability to reinvest the
semiannual coupon, the effective annual yield-to-maturity, y,, is

yu=+y2y -1 (13.7)
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BB Semiannual Yield-to-Maturity

In this example we illustrate the use of Expression (13.6). Consider a bond with
a maturity of two years that pays a coupon on a semiannual basis. The coupon
is 7.00 percent per annum, implying that every six months of the dollar value of
the coupon payment is $3.50 per $100 face value. Let the market value of the
coupon bond be $103.79. The yield-to-maturity, y, is defined by '

4 350 100

103.79 E,Z‘ a+y2y  A+y2r"

Again, by a trial and error basis, we find that y/2 = 2.49 percent. The effective -
annual yield-to-maturity is

y,=(l +0.0249 — 1 _ |
= 5.04 percent. ' =

The yield-to-maturity is the holding period return per year on the coupon bond
only if the coupons can be reinvested at the same rate as the yield-to-maturity.

To see this result, consider a bond that matures in one year and has a coupon of
$3.00 that is paid semiannually. Let the bond sell at par. The yield-to-maturity, y, is
defined as

3 ) 3 100

W=ammtaom  aon

implying thaty = 0.06. .

Let us compute the holding period return on this bond assuming reinvestment at
the yield-to-maturity. At the end of the first six months, the investor receives the
coupon and the calculation assumes that the intvestor can reinvest this coupon at the
yield-to-maturity rate. At the end of one year when the bond matures, the investor re-
ceives the final coupon payment and principal, giving a total of $103 and the pro-
ceeds from reinvesting the first coupon. The total value is

103 + 3 (1 + 0.03) = 106.09.

The holding period return on this investment is

106.09 — 100

100 = 6.09 percent,

which agrees with the effective annual yield-to-maturity in Expression (13.7):

y, = (1 +0.06/27 — 1
= 6.09 percent.
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The important point is that the effective yield implicitly assumes reinvestment of the
coupon payments at the yield-to-maturity over the life of the bond. We should ques-
tion the validity of this assumption in a world with changing interest rates.

Continuous compounding
The yield-to-maturity using continuous compounding, y,, is defined by

B.(0)= i cexp(—y, X t) + Fexp(—y,XT). (13.8)
t=1

Ift=1,..., T are expressed in years, then y. is an annual continuously compounded
yield-to-maturity.

'10452 '7exp(—y¢)+7'exp( 2yc)+1ooexp<v2y)

. lmplymg thatyc =448 pe:rccnt, whxch, as would be expecﬁed, hghtly lower
than the discretely componnded yleld-to-mnttmty of 4.58] percent. . '

Quotes

U.S. Treasury bonds and notes are coupon-bearing bonds issued by the U.S. govern-
ment. Both are normally considered to be default-free. Treasury notes are issued with
maturities up to ten years, and Treasury bonds have maturities greater than ten years.
All Treasury notes and bonds have semiannual coupon payments. Face value denom-
inations range from $1,000 to $1 million. Table 13.3 gives some examples of market
quotes for Treasury notes and bonds.

The convention is that pnoes are quoted assuming a face value of $100. An ex-

" planation of bid/ask quotes is best given via an example.

mBld/Ask Quotes

This example illustrates the computatlon of bnd/ask . prices | from bnd/ask quotes
on Treasury bonds and notes. Suppose we have a bid or ask: quote of 100:05.
The figures-on the nght-hand side of the colon refer to 32nds of a dollar. Thus
the dollar value is 100%,, or 100.15625.

Bond prices are quoted “flat”” This means that the price does not include
accrued interest, For example, consider the 11%, November 2004 bond. Using
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i ! £ Taerx 13.3 Treasury Note and Bond Quotes,
' : Rl ' Thursday, May 28, 1998*
TREASURY BONDS, NOTES & BILLS
Thursday, My 28, W98 Ask
Representative and Indicative Over-the-Counter quotetions basedon i million | Met. Type Bid Asked Cho. vid. §
or more. 7'/2 NovOln 105:25105:27 - ) 542
Treasury bond, nofe end bill quotes ary as of mid-afternoon, Colons fn | 1576 NovO0l 131NN - 2 584
bond and note bid-and-asked quotes represent 3nds; 101:01 means 101 1/32. Net §'/s NovO0In 100:23100:25 — 1 543
changes in X2nds. Treasury Dl quotes In hundredths, quoted in ferms of & 60 DecOIn- WINTWLW - ) 5.8
ik rate discount. Days to maturity Caiculated from settiement date, All vields are | 6%/« Jon02n 101:3) 102:00 ~ 2 5.4)
- based on & one-day settiement and calculated on the offer quote. Current 1-week | 14'/s Feb @2 1817183 - 2 588
1 ) g and 26-week bills are boldfaced. For bonds callable nbr hmlhlrlw.vm&m 6% Feb@2n 102:00 102:2 ~ 1 5.8
: 4y ' wmm»mcmmvcumnmm per andtothe maturily | 6%/0 Mar@n 100:10103:12 - ) 5.4
: te for issues quoted below par. n-Truwrvner l-lntutlon-lmmed. vl-wnen &/ Apr@n WO:M G2 - 2 58]
lswed tw-inlistion-Indexed when issved; dally change is expressed 7/ Mav@2n 106:316 106: 1 — 2 5A)
' ' points 62 Mav@2n 103:00 WO:08 — 2 587
Source: Dow Jones/Canfor Flizpecald. 6'/¢ JunO2n 102:05 102:07 -~ 1} 5.8
. U.S. Treasurvsfrbscsdlo.m Eastern time, alsobasedontransactionsefs) | 33/ Jul@i  98:25 982 — 2 I
! mittion or more. Coions in bid-end-asked gquates represent Inds; 99:01 means é Juto2n 101:09 100:10 - 1 5.4
i 99 1/32. Ne'chmoeshmnds Yields cakculated on the ssked auotation. chstripoed | 6/4 Aug02n W22 102:U — 2 58
! coupon infefest. bp-Treasury bon, stripped principat. np‘rreammn sfrloued 6%a Avg(2n 102:06 W2:08 — 2 544 B
i principal. For bonds callable prior to maturity, vields are computed fo the | 5'/s Sep(2n 100:27 W0:29 - ) 543 §
! eulles'alldatelwlmmdamurmbtﬁemammdﬂewlssues $/4 Oct2n 100:12100: 4 - 2 544 8
: NEH I below pa! 1%/ Nov 02 123:10123:1 — 2 540
PR By Source Bear, Stearns & Co. via Street Sottware Technology inc. /4 Nov(2n 100:01100:1) ~ 2 545 §
: $/s DecOn 99:29 %:3 - 2 563 §
GOVT. BONDS & NOTES Maturity Ask | S'/2 Jan@3n  99:15 9917 — 2 541 §
s i Maturity Ask Rafe Mo./Yr. Bid Asked Chp. Yid. | 8/4 Feb@Bn 102:15102:17 — 2 543 J
i S “ate Mo/Yr  BidAsked Chg. Yid.| 7'2 Oci9n 102:16102:18 — 2 5.59| 10%¢ FebB  120:2510:01 - 2 5.2 @
i i Si/s May 980 99:0100:00 .... S.24) /e Novésn 100:10100:1 — 2 5401 S'/2 Feb@n  99:14 #9110 - 2 540 B
May 98 9931 100:00 ... 0.30( 77/ Novn 103:04100:06 — 2 5.57] 572 MarBn  99:17 99:18 -~ 2 540 B
: ; § Jun?8n  92:30100:01 ... 467] 58 Noven  99:31 W0:00 — 2 5.80] 5Me Apr@3n 100:21100:2 - 2 559 |
: o'/4 Sun98n 100:07100:04 ... 47)] 77a Novein 100:00 MIB:03 — 2 SSB| ¥0O/a Mav (3 1212412030 — 2 542
! 8/ Jul98n 100:13100:15 ..., 4.48{ 50 Dec%n 99:31100:01 — 2 5.60 Mawy@wi SIS S:15 + 1 ..
H $/4 Jul 987 100:00 900:02 + ) 4.81| 7%« Dec9n 100:05103:07 ~ 2 560 S57e Avg@In 100:37 WO: K - ) 580
64 Jut98n 100:06 100:08 + ) 471 /s San00n 101:0010):05 — 3 5.62) N'/s Avp@3  T24:0) 124:0) - ) 543 §
f S7/0 Aug 98N 100:03100:05 ... S.08| S5V/e Jan00n 99:18 99:20 — 2 S.61( 117/s Nov (3  128:25128:31 + ) 544 :
; : 8 o1 Aug98n 100:28100:30 ... 4.73) P/a Jan00n 100:10100:12 — 3 5.40| $'/e FebOen WI:07 101:09 + 2 540 B
; . 3 - £/: Aup8n  99:26 99:28 .. 5.19| /s FebOOn 100:13100:13 - 3 5.62] 7'/« Mav Gén  100:0) 108:03 + 3 543 J
! i & NI 61/s Aug 98n 100:05100:08 ... 5.04{ 82 FebOOn 104:20104:2 — 3 $.59| 2% May 04 1317 W3 + 4 546 §
! B/0 Sen98n 94 92 ... §27| 577 Feb0on 99:24¢ 99:26 — 3 541} 7'4 AvgOin 108:07108:10 + S S
; é Sep98n  W00:04100:08 ... $.20| 7'/e Feb0On 102:14102:16 — 3 5.60| 1P/« AvOMd  1A:2612:00 + 6 565
¥ 7'/s Oct98n 100:22100:24 + V) $07{ 572 MarQOn  99:24 99:25 — 4 S.62] 77/ Nov(un WIS 4+ 6 568
1 H/s Oct9n  99:20 99:22 . .. S.49| 6/¢ MarQOn 102:04102:06 — 3 560 115/s NovOd  131:25 133 + 7 5.4
S§'%/s Oct98a 100:04300:06 + ) 5.39| 52 AprQOn  99:24 99:26 — 3 S&0| 7'/2 FebOsn 110:02110:04 + 7 5.&7
¥ S'/2 Nov98n  ©9:31100:01 .... S.42] S/e AprOOn 99:30100:00 — 4 S5.62] 6'/2 May 05n 104:24 104:26 + 10 5.8
87/s Nov98n 100:18100:20 . .. $25| 6%« AprOOn 100:30 ¥W02:00 — 4 5.63{ 8!/« May 00-05 104:25 104:27 + 3 541
) S$!/e Nov98n 99:26 99:28 §38| /e MayOOn 101010012 ~ 4 562] 12 May (5 135:28134:02 +12 5.8
S5/ Nov98n 100:02100:08 ... 537] ©/s MayOOn 105:30 106:00 — 4 560 &'/ Avp0Sn 104:25100:27 + V) 5.8
Sife Dec.98n  99:24 99:26 ... S| 572 mav0On 99:28 99:29 .... 555] \W00/0 AvQ QS 129:1612:22 412 S& )
534 Dec98n  100:04100:06 ... S.41] 67« May0On 100:07101:09 .... S, §7/a Nov 05n  101:04 101:06 +12 5.8
/s JanPm 100:16100:08 ... 5. /s Jun0On 10034 100:%6 ~ 4 561 ] 5% Feb 06n 20 922 +15 567
5 Jan9m W19 MW .. SS51| 678 Jul0On 100:00 101:00 — 3 S611 93/ Fed06 122:25122:3) +1¥6 5.8
' 57/s Jan9m 100:05100:08 .... S48] 6 Avg0On 100:23 100:25 — 4 SA2| 67/s MavQn 107:15107:17 +17 547
5 Febtm 9919 99:21 ... 5.48| 87« Aug00n 106:13106:15 — 4 560 Jul Dén 108:10108:12 419 5.7¢ |
97/¢ Feb®m 102:10102:12 - 1 §. 6'/a Aug0On 101:08 10V:10 — 4 5462) 6'/2 Oon  105:08 105:10 +2) 567 §
] S72 Feb9n  99:30100:00 .... 5.49| 6Ye 0on 101:01 101:00 — 4 SA1| 33 Jan07i  97:00 97:00 - ) 37 §
i 57/s Feb9n 100:05100:08 ~ 1 5.52| 57/« OctO0n 100:06 100:10 ~ 3 561 ¢« FebOIn 100:2713:29 +24 567 §
) S/ MAr 9 100:08100:10 ... S S/ Hov0On 100:08 100:10 — 3 S61) 75/s Feb 02-07 106:07 106:1) +12 5.70 §
6'74 Mar9m 100:18100:20 .... 5.47| 82 NovQon 17 106:19 —~ 3 SS5P1 658 May 0 106:15 108:17 +26 5.68
7 Apr9en 101:07101:09 ... S.48| 5%e Nov0On 99:31100:00 —~ 3 S5.61] &'/s AugOn 103:64103:06 +78 567
S/6 Apr 9 100:26 100128 38| 5Y2 DecOOn  $9:2) ¥:23 — 3 5.402| 7’/e Nov (2-07 209:02109:04 +17 554 §
y 6172 Apr 99n 100:26100:78 — 1 $.51] 5%« JanQin  $9:02 99:04 — 2 540{ 35/ JanG8i  96:3) %00 - 2 375 §
! i : /s May 9 100:23 100:25 55| 5% FebOin 9912 99:13 — 2 8.8)| 52 FebO8n #9:10 9901 +32 559 ¢
| : /s May 9 103:10103: 12 5471 7« FebOln 105:09105:1) — 2 5.50| 55« May 06n 100:12100:13 +35 557 B
[ . | &/« May 99n  100:24 100:26 — V S41| N/« Feb OV 151 11515 — 3 553) 8/ Aug 0308 M12:08 N2:12 +22 5.80 |
b 6/4 May 99 100:04 10):06 §.52| 5% FebOIn 100:00100:02 — 2 5.60| 83/« Nov (0308 113:30 N14:02 +23 5.72 §
i I 6 Jun¥m 100:13100:15 ~ 1 5.54] 6/s Mar0In 101:29100:31 — 2 5.61| 9Ye may 0409 116:27116:31 +4 5.72 B
\ /¢ Sun®m 10007 101:00 ... S5 6V« AprOin 101:2Y L2 — ) 5.40| 103/s Nov 0409 124:21124:27 +27 5.72 §
; /e Jul 9 100:27100:29 ... 5.9 5% Mav0in 100:05100:05 — 1 555{ 11%/. Feb@5-10 133:02133:08 +28 $.77 §
S Jul99n 100:08100:10 — 1 5.59| 8 Moy Oin 106:06 106:10 — ¢ 5.65| 10 May 05-10 124:0) 124:07 +27 5.73
/s Jui 9 I0EIZ01:04 ~ ) 558) WYe May 0V 120:02120:06 — 7 5.8) | 123/« Nov 05-10 141:31142:05 +30 5.73 [
6  Auo9n 100:13100:15 — 1 559 62 MavOin 102:12102:04 — 1 S.61 | 137/ May 0611 15109 15115 +33 S.T3
I 8  Aug¥n W2:24102:26 - ) S56] /8 Jun0In 102:24102:26 — ) 5.42| 14 Nov 0610 154:19154:25 +34 5.74 F
h s ; 76 Augon 100:09100:11 — ¥ 558| 6 JUIOIN 102:26102:28 ~ 1 5.62 | 10%/s Nov 07-12 133:01133:07 +31 577 1
¥ ) RIS &7¢ Augoin WL I01W ~ ) SSe) /s AugOin 106117106119 — ) 5.400 12 Aup 08-13 147:10 M47:6 +34 578
‘. s i 53/« SepMn 100:04 100:06 — 2 $.60| 139/ Aug Ol 122:18122:24 — 2 5.55| 13V May 0214 159:24 159:30 +34 S.79
7i/s Sep 9In 10129 W1:31 — 1 5.57| 62 AugOln 102:17102:19 ~ 1 5.6 ] 1212 Aug09-14 154:07 1543 +35 5.80
[ Oct 9n  100:15100:17 — 2 $59) 6%s SepOIn 102:05 102:08 — 1 5.62 | 113/ Nov 09-14 149:04 149:10 +34 5.80 J
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CHAPTER 13 INTEREST RATE CONTRACTS

hypothetical data, suppose that the bid price is 129:28 and the ask price 130:00.
The accrued interest, A/, is determined by the formula

a ( Number of Days Since Last Coupon Was Paid ) 159
= - » .
Total Number of Days in Current Coupon Period (13.9)

where C is the semiannual coupon payment. In this case, suppose that the
number of days it the current coupon period is 182 and the number of days
since the last coupon was paid is 85. The accrued interest is

11.625)( 85 ) _
- (Y8 e

If the bond is purchascd at the bid price, the total cost is
129(%,) + 2.7145 = 132.5895.
If the bond is pufchased at the ask price, the total cost is

130 + 2.7145 = 132.7145. o ]

The final column of Table 13.3 refers to stripped Treasuries. A Treasury note or
bond is composed of two components: coupon payments and a final payment of prin-
cipal. These two components can be sold separately as synthetic zero-coupon bonds,
which are the Treasury strips. The notation mp or bp means it is a Treasury note or
Treasury bond principal payment underlying the strip and ci means the instrument is
a claim on coupon payments.

Floating Rate Notes

A floating rate note is a debt contract with specified face value, maturity, and
coupon payment dates. The interest payments change over time, and they are based
on the current interest rate times the principal. A floating rate note’ interest payments
are reset at each coupon date. ' :

Let us consider a one-year floating rate note with semiannual interest payments
and unit face value. Today, the coupon for the first six months is based on the date-0
six-month rate. Let the six-month rate at date 0 be 5.25 percent per annum; the
coupon is then ¢ = 0.0525/2 = 0.02625. Let us move forward six months: The first
coupon has been paid and a new coupon is set. The next coupon is based on the new
six-month rate. For example, suppose in six months that the new six-month rate is
5.60 percent expressed on a per annum basis; the next coupon is then

¢ = 0.056/2
= 0.028.
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The computation of interest payments in this way results in the floating rate note
always being valued at par (a dollar value) at each reset date. To see this, we start at
the last payment date and work backward in time. Six months from now, the floating .
rate note has one coupon payment remaining plus a principal repayment. The coupon
payment is $0.028 and the principal repayment is $1.00. The present value of these
cash flows is a dollar, that is,

0.028 + 1

006X ()]

This occurs because the discount rate corresponds to the interest earned.

Similarly, at date 0, the value of the floating rate loan is again a dollar. The float-
ing rate note receives the next coupon payment of 0.02625, and it can be retired at a dol-
lar at the next reset date. The present value of these cash flows is again a dollar, that is,

0.02625 + 1 1
[1+0.0525 X (1/2)]

At reset dates the floating rate note sells at its par value. In this example, the par value
is a dollar.

13.3 THE TERM STRUCTURE OF DEFAULT-FREE
INTEREST RATES

Now we study the term structure of interest rates, which is defined as the relationship

" between the yield-to-maturity on a zero-coupon bond and the bond’s maturity. Figure
13.1 shows a typical term structure. In this figure, the term structure is upward slop-
ing, which is the most common shape. Historically, however, both flat and downward
sloping term structures have been observed.

Forward Rates

Here we examine forward rates. Before giving the formal definition, we explain for-
ward rates through a simple example. :

Suppose that the yield on a one-year zero-coupon bond is 5.85 percent per an-
num, and 6.03 percent per annum on a two-year zero-coupon bond. If we invest one
dollar for two years in the two-year zero-coupon bond, we earn

$(1 + 0.0603)
at the end of two years. Alternatively, we could invest one dollar in a series of one-
year zero-coupon bonds, rolling over the investment at the end of the first year. At the

end of the first year, the value of the investment is

$(1 + 0.0585).
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Ficure 13.1 A Bypical Term Structure of Interest Rates

Yield (% per annum)

T r vt T 1T 1T 17T 1717 ©T/T1 1 17 17T T 17 1T 11
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Maturity (years)
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The one-year rate of interest from year one to year two is not yet known today, given
that interest rates are random. But we can always find an implied one-year “break-
even” interest rate to equate the value of the two investment strategies. Above this
break-even rate, the rollover strategy is better; below this break-even rate, the two-
year strategy is better. By definition, the one-year break-even rate from year one to
year two is :

(1 + 0.0603)* = (1 + 0.0585)[1 + £(0,1,2)],
implying that the break-even rate is

f(0,1,2) = 0.0621.
This break-even rate is called the forward interest rate at date zero from year one to
year two. The first argument of zero in the notation £(0, 1, 2) is used to denote the fact

that the forward rate is implied by the term structure at date zero. The second argu-
ment denotes the date the forward rate starts, and the third argument denotes the date
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the forward rate ends. To summarize, given the term structure of interest rates at date
0, the forward rate from date 1 to date 2 is denoted by £(0,1,2).

We could determine the forward rate in terms of bond prices. The value of a one-
year zero-coupon bond is

BO.1 = 1700585

and the value of a two-year zero-coupon bond is

1

20D = o6y

Therefore, the forward rate can be computed by

1

B(O,Z) = B(O, l) m .

This completes the simple example. The next section formalizes the above definition
for arbitrary future time periods. ‘

Formalization
Here we give the formal definition of a forward rate. The one-year forward rate from
year T'to year T + 1 implied by today’s term structure is defined by

1
1+/O,T,T+ 1)

B(0,T + 1)=B(0,T) (13.10)
Figure 13.2 shows the one-year forward rates for an upward sloping term structure. For
an upward sloping term structure, observe that the forward rate is never less than the
zero-coupon yield, a consequence of the mathematical definition in Expression (13.10).

In Figure 13.3, the term structure is inverted or downward sloping. In this case,
the forward curve is always below the zero-coupon yield curve.

Expression (13.10) gives the definition of the one-year forward rate. In practice, it
is often necessary to define forward rates for other intervals such as one month, three
months, or six months. It is a straightforward exercise to generalize Expression (13.10).

Given the term structure of interest rates at date 0, the A period forward rate from
date Tto date T + A is defined by

1
BO.T+ & =BO0.D T 70,7+ DA

(13.11)

where A is measured in units of a year.
For a six-month forward rate, A = ,; for a three-month forward rate, A = /,; and
for a one-month forward rate, A = Y/,,. We illustrate this definition via an example.
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Ficure 13.3 Forward Curve Downward Sloping Term Structure

- Consider a coupon bond. Let the coupon on the bond be set such that the bond

13.3 THE TERM STRUCTURE OF DEFAULT-FREE INTEREST RATES

Par Bond Yield Curve

sells at par. The curve showing the relation between the bond’s maturity and the
coupon rate is called the par bend yield curve, which is usually abbreviated to
par yield curve. We will use an example to illustrate how to calculate the par yield
curve,
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Par Yield Curve .

This example illustrates the computation of a par yield curve. We are given the
following information. :

Maturity (Years)  T-bill Price ;

1 94.94 )
2 89.82 -
3 84.70

For a bond of maturity one year with face value 100 and paying an annual
coupon c, the value of the bond is

¢ X (0.9494) + 100 X 0.9494
= 100.

We want to select the coupon so that the bond sells at par. This gives the equa-
tion for the par yield:

¢ = 100(1 ~ 0.9494)/0.9494 i
=533,

Fora bond with maturity two years with face value 100 and paying an annual ,;j
coupon of ¢, the par yield equation is 53

¢ X (0.9494 + 0.8982) + 100 X 0.8982
= 100.

: :__'Ifherefore-

¢'= 100(1 — 0. 8982)/1 8476
=551.

““For a bond with matunty three years and face value 100 paymg an :
coupon of c, the par yleld equatxon is

' - e X% (0. 9494 +0. 8982 +.0i 8470) + 100 X 0. 8470
v 1.-»-100

3 Thé'réfdre‘

L =.100(1 -0. 8470)/2 o6
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Generalizing this example, given a bond with maturity T years, a face value of F,
and which pays an annual coupon of ¢ dollars at dates 1,2, . . ., T, the par yield equa-
tion is

T
> ¢ X B(0,r) + F X B©,T) = F. (13.12)

=1

Hence the par coupon yield is

T
c=FXx[1-BO,T))D. BQ,. (13.13)
=1

Note that to calculate the par coupon yield, it is necessary to know the entire term
structure of interest rates. The discussion of the par yield curve is now complete.

Computing the Zero-Coupon Yield Curve

We now discuss some practical difficulties that arise in computing the zero-coupon

~ yield curve using market prices. To construct the zero-coupon yield curve, we require
a complete set of zero-coupon bond prices out to twenty or thirty years.
Unfortunately, these zero-coupon bonds do not trade. The longest maturity for a
Treasury bill is one year, implying that we must extract zero-coupon bond prices with
maturities greater than one year from coupon bond prices (or use the Treasury strips).
We illustrate this calculation through an example.

[Examec | lmphclt Zero-Coupon Bond Pnces

In this example we lllustnte a “bootstmppmg” techue for calcu.latmg the' R
zero-coupon yields using coupon bond prices. Suppose that we know: the price
of a six-month T-bill,-B(0, 6) = 0. 9748, and a twelve—mothbxll B(O 12) =
0.9493. A Treasury note. ‘with maturity. 18 months and j paymg a semiannial -
coupon of 8.0 percent per annum is trading at 103.77. Given this information,
we can determine the implied price of a zero-coupon bond w1th maturity 18 -
months via the equation

103.77 = 4 X B(0,6) + 4 X B(0,12) + (4 + 100). X B(0,18)
= 4 X (0.9748 + 0.9493) + 104 X B(0,18),

implying that

B(0,18) = 0.9238. n

This type of “bootstrapping” technique, illustrated in the previous example, can
be used to determine the whole term structure of zero-coupon yields. For example,
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with a two-year Treasury note we can determine the value of the two-year zero-
coupon bond’s yield.

In practice, however, many complications arise. First, the maturity structure of
existing Treasury notes and bonds is not equally spaced. For example, we may have a
Treasury note with maturity of two years. The next Treasury note may have a matu-
rity of two years and nine and a half months. This necessitates using different econo-
metric techniques to generate the curve. Second, we may want to use only prices for
the on-the-run bonds, that is, prices for the last auctioned bonds, which are usually
the most actively traded. While we may have quotes for all the available bonds, both
on-the-run and off-the-run, some of these quotes may be “old” and not reflect current
conditions. Third, some bonds have special tax treatments that affect the price. These
bonds should be omitted from the computation. Unfortunately, due to these three ob-
servations, constructing a term structare of interest rates is not an easy exercise.

13.4 TRADITIONAL MEASURES OF INTEREST RATE RISK

We now study the traditional measures of interest rate risk—duration and convex-
ity—and their limitations. These traditional measures currently enjoy widespread use
by commercial and investment banks. However, they will eventually be replaced by
the techniques presented in Chapter 15 through Chapter 17.

Duration

Duration is often used to measure the risk of a bond. To see why, let B, denote the
cutrent value of a coupon bond with yield-to-maturity y. Let the bond pay an annual
coupon of ¢ dollars at dates t = 1, . . ., T, and have a face value of F dollars.? From
Expression (13.5) we can write the bond’s value as

T .
BO=2 iyt £ 5T | (13.14)

=1

If the yield-to-maturity changes by a small amount, Ay, by how much does the
bond’s price change?
Let AB, denote the change in the bond’s price, that is,

AB.=B.(y + Ay) — B.(y).

For a small change in the yield-to-maturity, the change in the bond’s price can be writ-
" tenas

1 . i IF » |
AB = 1+y [Zl (1 +yy @ +y){|Ay' (13.15)

*The analysis for a bond that pays a semiannual coupon is given in the Appendix of this chapter.
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We obtain this expression by using a Taylor series expansion of the bond’s price around
the bond’s yield.> Expression (13.15) shows the sensitivity of the bond’s price to . :
changes in the bond’s yield. The coefficient preceding Ay is a measure of this sensi- JIEt
tivity, that is, a measure of risk. We now show how this coefficient relates to duration. Il

The classical definition of duration is ol

L « TF ' I
D = + /B_, 13.16 il
‘ [,Z’, (1 +y) (1+y)’] ‘ (216 Uil
which is often referred to as Macauley’s Duration. il
Substituting Expression (13.16) into Expression (13.15) gives : sl

- Ay
AB, BD,Hy

(13.17)

The proportional change in the bond’s price is related to the duration multiplied by g
the change in the yield-to-maturity divided by one plus the initial yield-to-maturity. If . -
we change the definition of duration, we can obtain a simpler relation. The second de- 0
finition is referred to as modified duration®: A

D,,=D_/(1 +y). (13.18)

When we substitute the expression for modified duration into E@mssion (13.17), we
find that the bond’s return is directly proportional to medified duration, that is,

AB, =~ —B, X D, X Ay. ' (13.19)

For a given change in the yield-to-maturity, the change in the bond’s value is the
multiplicative product of the three terms on the right side of Expression (13.19). The
minus sign reflects the inverse relationship between yield and price. This expression
explains why modified duration is used as a medsure of a bond’s risk. It measures the
sensitivity of the bond’s return to changes in the bond’s yield.

m Duratlon and Modlﬁed Duratlon for a Zero—Coup“ nBond .

© Herewe show how the definitions of dutahon simplify for ro—coupon bond
Consider a zero-coupon bond with a maturity of T years The yleld-to-matunty
is defined by

F
B.(y)= S

*For people with a knowledge of calculus use of Taylor’s series expansion implies

d‘B
BO A -B 0= e+ d GO+

“This definition is used in the CBOT publication Understanding Duration and Convexity.
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The change in the bond’s value from Expression (13.15) is
IF Ay

(1+yy 1+y

Ay

AB.(y)= -
= —B (y) X T
Therefore, the classical duration is
D.=T
and the modified duration is

D, =T/l +y). .

m Computation of Duration

This example illustrates the computation of a coupon bond’s duration. .
Consider a two-year bond with an annual coupon of $8.00 and a face value of
$100. The annual yield-to-maturity is 8 12 percent and the bond’s price is . -
$99.7864.
“Table 13 4 shows the calculations necessary to. determmc the modified du-. .
ration of the bond. The classical duration is 1.9258 years and the modified di-
ration is 1.7812. This coupon bond is said to be “more risky”. than a:one-year
zero-coupon bond and “less risky” than a two-year zero-coupon bond beca
a one-year zero-coupon bond has a duration of one year: and a two-year Zero+
coupon bond:has a duratlon of two years.. o

famLE 13.4 Calcula,tmg Mod ﬁed D:_ratwn qf a Bond s: _ :nnual
' C’oupon Payments ' '

TME, ¢ DISCOUNTED t X DISCOUNTED
(YEars) CouroN  PriNCIRAL VALUE VALUE
1 8 0 7.3992 7.3992
2 8 100 92.3872 184.7743
99.7864 192.1735
. . 192.1735
Classical Duration = _99_78_64— = 1.9258
e . 1.9258
Modified Duration = 10812 1.7812
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Convexity

Here we study the concept of a coupon bond’s convexity. The use of modified dura-
tion to describe changes in the bond’s price due to changes in the yield-to-maturity is
accurate only for small changes in the yield-to-maturity. This can be illustrated with
the help of Figure 13.4.

Figure 13.4 shows the relationship between yield and the bond’s price. Modified
duration only considers linear changes in the bond’s price because it is obtained from
a linear approximation. This is represented by the straight line on Figure 13.4. The re-
lationship between yield and the bond’s price, however, is nonlinear. In fact, the rela-
tionship between the bond’s price and yield is convex. For small changes in yields,
this nonlinearity is unimportant. But, for large changes in yields, it is necessary to
take this nonlinear relationship into account.

For example, suppose that the yield-to-maturity in Table 13.4 increases to 8.50
percent from 8.12 percent per annum. The new bond price’ is 99.1144. The change
in the bond’s price is

AB, =99.1144 — 99.7864
= —0.6720. : (13.20)

*The bond price is
8 + 8 100
1+0085 ' (1+0.085° ' (I+ 0085

=99.1144.
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Fisunx 13.4 Convexity

Bond
price

Relation between yield and bond price

1]
1
1
i Error due to
i -~ convexity
5
H
-— &y — Yield

From Expression (13.19), we can approximate this change as

—B, X D, X Ay = —99.7864 X 1.7812 X (0.0850 — 0.0812)
= —0.6754, (13.21H

which is not equal to the change in the bond’s value. In fact, Expression (13.21) un-
derestimates the value of the bond. »

This value is illustrated in Figure 13.4. Given the change in yield, the bond’s
price moves from point A to point B. Expression (13.19) predicts the bond’s price to
be at point C, which is below point B. Point C will always lie below point B because
the true relation between the bond’s price and yield is a convex function, '

The change in the bond’s price, correcting for the convex relation between price
and yield, is®

AB_= —B_ X D, X (Ay) + (1/2) X B, X (Convexity) X (Ay), (13.22)

¢See footnote 3.
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where
, 1 L Wt+De  T(T+DF
Convexity = T35y [,Z, a+y Taey P

The necessary steps to calculate convexity are shown in Table 13.5. The bond’s
convexity is 4.8155. Substituting the convexity into Expression (13.22) gives

AB, = ~0.6754 + - X 99.7864 X 4.8789 X (0.0038)

= —0.6754 + 0.0035
= —0.6719,

which is almost equal to the actual change of —0.6720.

Limitations of Analysis

The use of these simple forms of duration as risk measures implicitly assumes that
only small and parallel shifts in the term structure can occur. To understand why this
is true, note that Expressions (13.19) or (13.17) relate to changes in the bond’s own
yield to maturity. But, to measure risk across different coupon bonds, the change in
each bond’s yield must be assumed to be equal across the different bonds. This as-
sumption is valid only if the change in the term structure of interest rates (the relation
between yields on zero-coupon bonds and maturity) is a parallel shift. ’

In addition, using duration as a risk measure assumes that the approximation in
Expression (13.19) or (13.17) provides a good estimate, which was shown to be true only
for small changes in yields. Combined, these two arguments explain why duration is a
valid risk measure only for small and parallel shifts in the term structure of interest rates.

Taeve 13.5 Calculating the Convexity Correction Annual

Coupon Payments
e+ X
TIME, ¢ D1iSCOUNTED DISCOUNTED
(YEARS) COUPON PRINCIPAL VALUVE VALUE
1 8 0 7.3992 14.7984
2 8 100 92.3872 554.3232
99.7864 569.1216

oo 1
Convexity = (1 + 0.0812F [569.1216]/99.7864

=4.8789
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In practice, this never happens. Short-term rates are more volatile than long-term
rates. The long and short sections of the term structure may even move in opposite di-
rections. Furthermore, for large patallel shifts in the term structure, convexity adjust-
ments help, but even these leave errors.

This same insight can be obtained using the techniques of Chapter 15. From a
different perspective, we show that the problem with using Expression (13.19) to de-
scribe changes in the bond’s price is that we are making a strong implicit assumption
about the probability distribution describing bond price changes. This implicit as-
sumption is equivalent (over infinitesimal intervals) to assuming that only small and
parallel shifts in the term structure of interest rates are possible. We will expand on
this issue in Chapter 15.

o T i

13.5 TREASURY BILL FUTURES

We now study the Treasury bill futures contract. For the Treasury bill futures con-
tract, the underlying asset is a Treasury bill with face value of one million dollars and
a maturity of 91 days. The last trading day on the T-bill futures contract is the business
day immediately preceding the first delivery day. Under the terms of the contract, de-
livery may occur on one of three successive business days, implying that the underly-
ing Treasury bill may have a maturity of 89, 90, or 91 days when delivered.

The price of a T-bill futures contract is quoted in terms of an index, which de-
pends on a futures discount rate for a 90-day Treasury bill. The index value is com-
puted as follows:

Index Value = 100 — Futures Discount Rate (%).

For example, if the index value is 96.81, then the futures discount rate is 3.19 percent.
The futures contract price is defined by '

319 90 |
1,000,000[1 - '1—0'0— X —3%] = 992,025,
where by convention a 90-day maturity and a 360-day year is used.
A one-point change in the index implies a $25 change in the T-bill futures price.
For example, suppose the index increases by one point to 96.82 from 96.81, imply-
ing the futures discount rate decreased from 3.19 to 3.18. The new contract delivery
price is
318 _ 90 |
1,000,000[1 100 X m] = 992,050.
The change in the T-bill futures price is $25 (= 992,050 — 992,025).
Observe that there is a positive relationship between changes in the value of the
index and the T-bill futures price, implying that the bid-quote is below the ask-quote.
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Taove 13.6 Treasury Bill Futures Quotes, Thursday, May 28, 1 998*

TREASURY BILLS (CME)-$1 mil.; pis. of }ﬂ% open
Low Seftie CM Seftie Chg Interest

*Source: The Wall Street Journal, May 29, 1998,

Typical bid/ask quotes for T-bill futures are shown in Table 13.6. These quotes are
from the T-bill futures contracts trading on the Chicago Mercantile Exchange (CME)
on Thursday, May 28, 1998. For the June contract, the settlement index value is 94.99
and the futures discount rate is 5.01.

The final marking-to-market at the expiration of the futures contract sets the
T-bill futures contract price equal to the value of a 90-day T-bill:

90
1323
1 000000[ 360] _ (1323)

Thus, at delivery, the futures discount rate converges to the spot T-bill rate. Our de-
scription of the T-bill futures contract is now complete.

13.6 EURODOLLAR CONTRACTS

We study Eurodollar contracts in this section. A Eurodollar is a U.S. dollar-denomi-
nated deposit held by a bank outside the U.S. The rate at which a bank is willing to
lend Eurodollars is referred to as the London Interbank Offer Rate (LIBOR). The rate
at which a bank is willing to borrow is known as the London Interbank Bid Rate
(LIBID). Eurodollar rates are generally higher than corresponding Treasury rates be-
cause Eurodollar rates are commercial lending rates containing credit risk. There are
institutional factors such as reserve requirements that can also affect the spread be-
tween Eurodollar and Treasury rates.

Eurodollar Deposits . i

Here we study Eurodollar deposits in detail. We need to define a term structure of
Eurodollar rates. This is done by first defining a term structure of “zero-coupon
Eurodollar bonds.” Let L(0, T) denote the time-0 value of a Eurodollar deposit that
pays one dollar at time T. Alternatively stated, L(0, T) represents the present value of
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a Eurodollar paid at time T’ The graph of L(0, T') versus T'is called the term structure
of Eurodollar zero-coupon bond prices.

The T-period LIBOR (or Eurodollar) rate can be defined from these zero-
coupon bond prices. The T-period LIBOR rate €(T') is defined as the simple inter-
est rate using a 360-day-year convention for the Eurodollar deposit with maturity T,
that is,

1
1+ €(T) (17360)’

L©,T)=

where T is measured in days.
The graph of €(T") versus T is the term structure of Eurodollar rates.” Figure 13.5
contains a typical upward sloping term structure for these Eurodollar deposits.
Table 13.7 gives LIBOR rates on Thursday, May 28, 1998, as reported in the Fall
Street Journal on Friday, May 29. One-month rates are 5.65234 percent, three-month

Ficure 13.5 A Typical Term Structure of Eurodollar Rates

un
(percent)

| T I I | I
0 1 2 3 6 1 year
Months T (maturity) 8

"In fact, €(T") should be subscripted by a zero to indicate the current date. We avoid this subscript to sim-
plify the notation.
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TasLk 13,7 Mbney Market Rates, Thursday, May 28, 1998*

LONDON INTERBANK OFFERED RATES (LIBOR):
5.65234% one month; 5.68750% three months; 5.75000% six
months; 5.87500% one year. British Bankers’ Assoclation aver-
age of Interbank offered rates for dollar deposits in the London
market based on quotations at 16 major banks. Effectiverate
for contracts enfered into two days from date appearing at fop.
of this column.

*Source: The Pall Street Journal, May 29, 1998.

5.6875 percent, six-month 5.75000 percent, and one-year 5.87500 percent. These
rates give an increasing term structure as illustrated in Figure 13.5.

Forward Rate Agreements (FRAs)

A forward rate agreement (FRA) is a contract written on LIBOR that requires a
cash payment at maturity based on the difference between a realized spot rate of in-
‘terest and a prespecified forward rate. We first give an example, which will be gen-
eralized, and then describe some of the properties of FRAs.

_ ! illustrafes -payoﬂ’ to anFRA Cons1der atwo-month (61—day) .
. FRA, wnth pnnclpal on million dollars; The FRA is wiitten on the three-month
(91-day) LIBOR rate. Siich a contract is. refeu'ed toasa2 X SFRA. The FRA .
rate is set today at 5.63 percent per annum. I two. months’ time, at the matu-
nty of the contract, the payoﬂ' by definition is - :

[€(91) — 0.0563] % (91/360)
T+E01) X (91/360) -

where €(91) is the spot three—month LIBOR rate at matunty -
Supposc that at matunty, 8(91) is 5 90 percent per annum. In thlS case, the :

Principal X

payoff is
(0.0590 — 0.0563) X (91/360)
$1,000,000 X =170 76590 x (91/360)
= $682_.50/1.0149 o :
= $672.47. _ =

Four points should be noted from this FRA example. First, a 360-day-per-year
convention is used in computing rates, in keeping with other Eurodollar contracts.
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Second, the payment is discounted with the realized LIBOR rate. Third, we have
assumed that there is no risk of default on the part of the writer of the FRA, im-
plying that the payment contracted is the payment received. Fourth, the value of
the contract can be positive or negative, depending on whether £(91) is greater
than or lesser than 0.0563. Thus, an FRA is a “bet” on the futures movements of
the three-month LIBOR rate, Table 13.8 shows typical bid/ask quotes for forward
rate agreements. FRAs typ;cally range from 1 X 4 to 12 X 18, as illustrated in
Table 13.8.

Formalization

This section formalizes the previous example.

Let us consider an FRA that matures in 7'months’ time. The contract is written
on the m month LIBOR rate. This contract is referred to as a T' X (I + m) FRA. At
maturity, the value of the contract is, by definition,

(13.24)

¥(T) = Principal X [(e('") — FRA) (m/360) ]

1 + €(m) (m/360)

where €(m) is the m month period LIBOR rate at date T, m is months measured in
days, and FRA is the T X (T + m) forward rate agreement’s rate that was set when the
contract was initiated.

When an FRA contract is initiated, the FRA rate is set such that the value of the
contract is zero. This convention ensures that no cash is exchanged at the time the
FRA contract is initiated.

We will prove that this condition implies that the FRA rate is set such that

1 _LOT+m)
1 +FRA(m/360)  BQO,T)

(13.25)

TasLe 13.8 Forward Rate Agreement Rates

FRAs B OFFER

14 ’ 334 3.38
2-5 3.36 3.40
3-6 3.58 3.62
47 3.66 3.70
58 3.74 3.78
-9 3.67 3.71
3-9 3.65 3.69
6-12 3.82 3.86
12-18 4.39
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Before we prove this, consider Expression (13.24). This can be written in the form

1 + &(m)(m/360) — [I + FRA(m/360)]
nn= 1+ €(m)(m/360)

1
1+ €(m) (m/360) ’

where for simplicity we have set the principal equal to unity.

=1 — [1 + FRA(m/360)]

V(T) =1 'f

i ' V(1 ) and the value of the FRA con-
tract ¢ are 1dept10al in stmctme except that the .'rtfoho has an “¥” and the FRA
- contract has an “FRA? Sitige both the FRA ¢oritract and the portfollo have zero

initial value, to- avoid arbi ge, x = FRA must be true. Expression (13.25) then
follows ﬁ'om V,(0) =0and the fact thatx=FRA. m - . .
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Thursday, May 28, 1998*

INTEREST RATE CONTRACTS

The Eurodollar futures prices are quoted in the form of an index as follows:

13.9. These quotes are from Eurodollar futures contracts trading on the Chicago
Index Value = 100 — Futures Deposit Rate (%).

Mercantile Exchange. Delivery dates for the Eurodollar futures contracts range from

three months to ten years. The largest open interest occurs for the shortest maturity

contracts (three months to three years).

The Eurodollar futures contract is written on a one-million dollar, three-month

TabLe $3.9 Furodollar Futures Contracts,

Futures Contracts
Eurodollar deposit. Settlement

CHAPTER 13

*Source: The Wall Street Journal, May 29, 1998.
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For example, if the index value is 94.12, the Eurodollar futures deposit rate is 5.88
percent per annum. The contract price, by definition, is

588 _ 90
1,000,000[1 - 356 ¥ RG]

= 985,300.

A one-basis-point change in the index value causes a $25 change in the
Burodollar futures price. For example, if the index value increases by one basis point
t0 94.13 from 94.12, the futures deposit rate decreases by one point to 5.87, and the !
new Burodollar futures contract price is -

587 _ 90
1,000,000[1 ~ Jo00 X ?6(_)-]

= 985,325.

The change in the value of the Eurodollar futures contract is therefore $25 per one-
point change in the index.

The final marking-to-market at the expiration of the Eurodollar futures contract
sets the contract price equal to

%0 _
— X — .
1,000,000[1 €(90) 360] , (13.26)
where €(90) is the 90-day LIBOR rate® at the expiration of the contract. The
Eurodollar futures deposit rate converges to the Eurodollar spot rate at the delivery
date of the contract. ‘

Expression (13.26) looks similar in form to Expression (13.23) for the T-bill fu-
tures contract, but there is an important difference. In Expression (13.23) for Treasury
bill futures, i, is a discount rate. In contrast, in Expression (13.26), £(90) is a simple
interest rate. ‘

Recall that there is a simple linear relationship between the value of a Treasury
bill and the discount rate: '

Value of Treasury Bill = 1,000,000 [1 —i, X _396%] .

An’inverse relationship exists between the value of a Eurodollar deposit and the
LIBOR rate (a simple interest rate):

‘ 1
Value of Eurodollar Deposit = 1,000,000 [ 1 + £090) X TS)‘% ] .

*The rate used is an average rate. For contracts traded on the London Exchange, the settlement price is
computed by using the quotes between 9:30 a.m. and 11:00 a.m. on the last trading day stated by a random
sample of 16 from a list of designated banks. The three highest and three lowest quotes are disregarded.
The settlement price will be 100 minus the average of the remaining 10 rates.

For contracts traded on the CME, a slightly different averaging procedure is used.
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This difference between using a discount rate versus a simple interest rate has impor-
tant ramifications for the pricing of these contracts. Our description of Eurodollar fu-
tures contracts is now complete.

13.7 TREASURY BOND AND NOTE FUTURES

Here we examine Treasury bond and Treasury note futures contracts. These futures
contracts have complicated delivery features that are explained below. The delivery
features make the T-bond and T-note futures contracts difficult to price and to hedge.

Treasury bond futures _
The basic trading unit is a Treasury bond with a face value of $100,000. The futures
contract is written on any U.S. Treasury bond that, if callable, is not callable for at
least 15 years from the first day of the delivery month or, if not callable, has a matu-
rity of at least 15 years from the first business day of the delivery month.

Because any one of many Treasury bonds can be used to satisfy the delivery re-
quirements of the futures contract, the Chicago Board of Trade has developed a pro-
cedure for adjusting the price of the deliverable bond so that it is equivalent to a bond
trading with a nominal coupon of 8 percent. We will explain this in more detail later.

Treasury bond futures contract delivery months are March, June, September, and
December. The last trading day in the futures contract is the seventh business day
preceding the last business day of the delivery month. The last delivery day is the last
business day of the delivery month.

Price quotes are in terms of dollars and 32nds of a dollar for a $100 par value.
For example, a quote of 114-26 means $114°%,, or $114.8125 per $100 par value. See
Table 13.10 for price quotes on T-bond futures contracts on the Chicago Board of
Trade (CBT). These are listed in the first five rows of this table. The settlement price
for the September contract trading on the CBT is 121-09. The open interest for this
contract is 394,564 contracts.

10-Year U.S. Treasury note futures

The basic trading unit is a U.S. Treasury note with a face value of $100,000. The fu-
tures contract is written on any U.S. Treasury note maturing in at least 6', years,
but not more than 10 years from the first business day of the delivery month.
Details about the contract delivery month, the last trading day, and last delivery day
are similar to those of Treasury bond futures. Table 13.10 contains price quotes on
these Treasury note futures. For example, the settlement price for the June contract
is 112-29,

5-Year U.S. Treasury note futures
The basic trading unit is a U.S. Treasury note with a face value of $100,000. The fu-
tures contract is written on any of the four most recently auctioned S-year U.S.
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Tapux 13.10 Treasury Bond and Notes Features,
Thursday, May 28, 1998*

TREASURY BONDS (CBT)-$300.000; pis. 3inds of

%
Lifetime  Open
Open High Low Seitie Change High Low interest
June 12118 121-21 12108 12115 -~ 313X 104-03 474.00
Sept 12108 12)-15 12102 12009 — 112310 100-22 394,564
Dec 1200 IZI-M 1207 lg.-z -4 zm—n m—n 6!.254
M .

) 21-26 .
¥ URY 80 3 medméébﬂl. mmm:"’,ﬁ —w
JU& Vz' " lzl-ﬂ 12109 |2'-|. + ﬂﬂ-ﬂ 11400 8,252

4.000; vol Wed 9. (%73
TREASURY NOTES (CBY)$ lmu,m 3ands of 100%
Jum 10229 N300 225 N2 ~ 211506 10628 329,409
Seph 11300 11306 11228 11342 — 211422 11025 206.805
Dec 11229 19230 1122 1120 ~ 21420 m-n 9,462
Est vol 201,000; vol Wed 316,572; open int 545,707, +11,802.

L] T)-§ um

Treasury notes that have an original maturity of not more than 5 years and 3 months
and remaining maturity of not less than 4 years and 3 months, as of the first business
day of the delivery month.

The remaining details, with the exception of price quotes, are similar to those of
Treasury bond futures. Prices are quoted in terms of dollars and one half of 1/32 of a
dollar. For example, a quote of 111-205 means $111(20.5/32) or $111.640625 per
$100 par value. Table 13.10 contains price quotes on the 5-year Treasury note futures.
The June contract has a settlement price of 109-045.

2-Year U.S. Treasury note futures
For the 2-year Treasury note futures, the basic trading unit is a U.S. Treasury note
with a face value of $200,000. The futures contract is written on any U.S. Treasury
note with an original maturity of not more than 5 years and 3 months and a remain-
ing maturity of not less than 1 year and 9 months from the first day of the delivery
month but not more than 2 years from the last day of the delivery month.

The remaining details, with the exception of the price quotes, are similar to those
of Treasury bond futures. Prices are quoted in terms of dollars and one quarter of 1/32
of a dollar; for example,

106-230 means 106 (23/32) = 106718750
106-232 means 106 (23.25/32) = 106.726563
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106-235 means 106 (23.50/32) = 106.734375
106-237 means 106 (23.75/32) = 106.742188.

Table 13.10 contains price quotes for the 2-year Treasury note futures. The June c&n-
tract has a settlement price of 104-01.

The Delivery Process

We now discuss the delivery process of Treasury bond and Treasury note futures con-
tracts. This is a particular example of the process described in Chapter 1. Delivery for
these futures contracts is a three-day process. This provides the three parties—the
buyer or long, the seller or short, and the clearing corporation—time to make the nec-
essary notifications, delivery, and payment arrangements. v

The short can initiate the three-day sequence any time during a period that begins
two business days prior to the first business day of the delivery month and ends two
business days before the last business day of the month. Trading in the deliverable fu-
tures contract stops on the seventh business day preceding the last business day of the
delivery month. ’

The three-day delivery sequence begins when the short notifies the clearing
corporation of the intention to deliver. This day is called the Position Day. On the
second day of the delivery sequence, the clearing corporation matches the oldest
long to the delivering short. The corporation notifies both parties to the trade.

Taere 13.11  The Delivery Process in Futures Markets

DAy 1: PosrTion DAy

The short informs the clearing corporation of the intent to make delivery.

DAy 2: NOTICE OF INTENTION DAY

The clearing corporation matches the oldest long to the delivering short and then noti-
fies both parties.

The short invoices the long.

Dav 3: DELIVERY DAy

The short delivers the financial instruments to the long.
The long makes payment to the short.

TiTLE PASSES

The long assumes all ownership rights and responsibilities.
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After receiving this information, the short invoices the long. The second day is
called the Notice of Intention Day. On the third day, the long takes possession of
the instrument and the short receives the invoice amount. The third day is called
the Delivery Day. For future reference, we summarize the delivery process in
Table 13.11,

13.8 TREASURY BOND FUTURES

Now we return to the Treasury bond futures contract to discuss its delivery fea-
tures in more detail. Recall that the Treasury bond futures contract is a commit-
ment to deliver a nominal 8 percent, $100,000 face value U.S. Treasury bond with
at least fifteen years to maturity or to the first call date, whichever comes first.
The seller of the futures contract has a choice of eligible bonds that can be used for
delivety. In an attempt to neutralize the effects of bonds with different coupons,
the Chicago Board of Trade (CBT) designed a system of conversion factors, which
we now explain.

Conversion Factors

Basically, conversion factors provide a means of equating bonds with different
coupons and maturities so as to allow the seller of the futures contract a choice of eli-
gible bonds to use for delivery, thus minimizing the possibility of price distortions,
illiquidities, and manipulation. _

The CBT system adjusts the T-bond futures price based on an 8 percent, fifteen-
year Treasury bond with a semiannual coupon. The amount the short invoices the H
long is computed as follows: |

Conversion Factor for the
Bond Delivered

S;sul:eRseﬁsged = Quoted Futures Price X

+ Accrued Interest on the Bdnd Delivered.

For example, suppose the quoted T-bond futures price is 95-19. Remember that this is
quoted in units of 32nds, so the actual price is 95 (19/32) or 95.59375 per $100 face
1 value. Suppose that for the particular Treasury bond the short picks to deliver, the

conversion factor is 1.0514, and the accrued interest is $2.85 per $100 face value.
Each T-bond futures contract is for delivery of $100,000 face value of bonds.
Therefore, the total dollar amount that the short invoices the long is

(M) (95.59375 X 1.0514 + 2.85)

100
= 103,357.27.
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The conversion factor for the Treasury bond delivered by the short is given by a
formula, explained in the following text, as described by the Chicago Board of Trade,
The maturity of the bond is rounded down to the nearest three months for the purpose
of the calculation. If the maturity of the bond is an exact number of half years after
the rounding, the first coupon is assumed to be paid in six months. If the maturity of
the bond after rounding is not an exact number of half years—there is an extra three
months—the first coupon is assumed to be paid after three months. We will use two
examples to show how to calculate the conversion factor.

mExample One (Conversion Facior Caleulation)

Consider an 8'/,% Treasury bond with a maturity of 22 years and 2 months. For
the purposes of calculating the conversion factor, the bond is assumed to have
a maturity of 22 years. The first coupon payment of 4.25 is assumed to be paid
after six months, The value of the bond is defined to be

& 425 100
>

A+ 0y T aroae 1051372

e=1

assuming semiannual coupon payments and a face of 100. The conversion fac-
tor is defined to be 1.0514, using four-decimal-place accuracy. w

WExample Two (Conversion Factor Calculation)

This example illustrates the conversion factor calculation for a more difficult
situation. Consider an 8'/,% Treasury bond with a maturity of 22 years and 11
months. The semiannual coupon payment is 4.25. For the purpose of calculat-
ing the conversion factor, the bond is assumed to have a maturity of 22 yedrs -
and 9 months. The value of this bond in three months’ time, the maturity being -
22 years and 6 months, is defined to be '

35 425 100

21 +.04),+ a+ 04)45 = 109.4300.

425 +

Recall that the coupon is assumed to be paid in three months’ time: This
value is discounted back for the three-month period. The discount rate is \/1.04 o
— 1 =0.0198. The bond’s value today is -

1

10198 109.4300 = 107.3049.

For purposes of consistency, the accrued interest, 2. 125 is subtracted from the i
ptice of the bond to give 105.1799. The conversion factor is1.0518. w
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The Chicago Board of Trade publishes tables of conversion factors (see Table
13.12). Check the conversion factors calculated in the above two examples to see that
they match those in Table 13.12.

Cheapest to Deliver

This section discusses an embedded option within the Treasury bond futures contract
known as the cheapest to deliver option, or the quality option. For contracts traded
on the Exchange of the Chicago Board of Trade, the investor who is short at any given
time has a choice of bonds that satisfy the conditions of the futures contract. The
short invoices the long for the amount:

(Quoted Futures Price X Conversion Factor) + Accrued Interest.

- TasLe 13.12 Conversion Factor to Yield 8.000 Percent*

Couron RATE

YrsMos: 8% 8Y% 8% 8%% 84,% 8,% 87% 8%

22-0 1.0000 1.0128 1.0257 1.0385 1.0514 1.0642 1.0771 1.0899

22-3 9998 1.0127 1.0256 1.0385 1.0514 1.0643 1.0772 1.0901
22-6 1.0000 1.0130 1.0259 1.0389 1.0518 1.0648 1.0777 1.0907
22-9 9998 1.0128 1.0258 1.0388 1.0518 1.0648 1.0778 1.0908
230 1.0000 1.0131 1.0261 1.0392 1.0522 1.0753 1.0783 1.0914
23-3 9998 1.0129 1.0260 1.0391 1.0522 1.0653 1.0784 1.0915
23-6 1.0000 1.0132 1.0263 1.0395 1.0526 1.0658 10789 1.0921
239 9998 1.0130 1.0262 1.0394 1.0526 1.0658 1.0790 1.0922
240 1.0000 1.0132 10265 1.0397 1.0530 1.6662 1.0795 1.0927
24-3 9998 1.0131 1.0264 1.0397 1.0530 1.0663 1.0795 1.0928

24-6 1.0000 1.0133 1.0267 1.0400 1.0534 1.0667 1.0800 1.0934
27-9 9998 10132 10266 1.0399 1.0533 1.0667 1.0801 1.0935
250 1.0000 1.0134 1.0269 1.0403 1.0537 1.0671 1.0806 1.0940

25-3 9998 1.0133 1.0267 1.0402 1.0537 1.0671 1.0806 1.0941
25-6 1.0000 1.0135 1.0270 1.0405 1.0540 1.0676 1.0811 1.0946
25-9 9998 1.0134 1.0269 1.0405 1.0540 1.0675 1.0811 1.0946
26-0 1.0000 1.0136 1.0272 1.0408 1.0544 10680 10816 1.0951
26-3 9998 1.0134 1.0271 1.0407 1.0543 1.0679 1.0816 1.0952
26-6 1.0000 1.0137 1.0273 1.0410 1.0547 1.0684 1.0820 1.0957
26-9 9998 1.0135 1.0272 1.0409 1.0546 1.0683 1.0820 1.0957
27-0 1.00600 10137 1.0275 1.0412 1.0550 1.0687 1.0825 1.0962
273 9998 1.0136 1.0274 1.0411 1.0549 1.0687 1.0825 1.0963

27-6 1.0000 1.0138 1.0276 1.0415 1.0553 1.0691 1.0829 1.0967
27-9 9998 1.0137 1.0275 1.0414 1.0552 1.0691 1.0829 1.0968

*Source: Chicago Board of Trade, Treasury Futures for Institutional Investors, Table 2.1.
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The cost to the short of purchasing the bond to deliver is
Quoted Bond Price + Accrued Interest.
Therefore, the net return to the short is
Quoted Futures Price X Conversion Factor — Quoted Bond Price.
It is in the interest of the short to pick the bond that maximizes this difference.

For example, suppose that the quoted futures price is 94-2, or 94.0625. There are
three bonds with the following prices and conversion factors:

Bond Price Conversion Factor
1 94.25 1.0820
2 126.00 1.4245
3 142.125 1.5938.
The net return to the short is

Bond1 94.0625 X 1.0820 — 94.25 = 7.53
Bond2 94.0625 X 1.4245 — 126.00 = 7.99
Bond3 94.0625 X 1.5938 — 142.125 = 7.79.

It would be in the interest of the short to deliver Bond 2, as it is the cheapest bond to
deliver. :

Over time, the identity of the cheapest-to-deliver Treasury bond changes. The
conversion factor system tends to favor the delivery of relatively low-coupon, long-
maturity bonds when yields are in excess of 8 percent. When yields are less than 8
percent, the conversion factor system favors high-coupon, short-maturity bonds. The
shape of the term structure affects the outcome. For an upward sloping curve, a pos-
itive relationship exists between maturity and yield, implying a negative relationship
between maturity and price. This causes a tendency for long maturity bonds to be the
cheapest to deliver.

Wild Card Option

There is another embedded option within the Treasury Bond futures option known
as the wild card option. The Chicago Board of Trade interest rate futures markets
stop trading at 2:00 pM. (C.S.T.), while the cash market for Treasury bonds continues
to trade past this time. The deadline for notifying the clearing corporation of an intent
to deliver is 8:00 M. (C.S.T.). This difference of six hours creates a window each day
within the delivery period during which the short may potentially take advantage of
a decline in the cash market prices. This window generates the “wild card option.”
The futures price reflects the value of this option: the greater the value of the option,
the lower the futures price.
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Timing Option

The third embedded option within the Treasury bond futures contract is known as the
timing option. The deliverable contract will stop trading on the seventh business day :
preceding the last business day of the delivery month. During this seven-business-day '
period, all open positions must be settled by delivery. The short has the flexibility of 1ol
determining when to deliver during this period and can take advantage of any decline |
in the cash market. This timing option is valuable to the short, and the greater the :
value, the lower the Treasury bond futures price will be prior to the time the future kG

ceases to.trade. ; ]

13.9 SUMMARY | 1!
In this chapter, we discussed the basic instruments underlying the term structure of Ak
interest rates: Treasury bills, Treasury notes, and Treasury bonds. We described how j‘
Treasury bills are quoted in terms of discount rates. We also gave definitions for ‘
simple interest rates, money market rates, and continuously compounded rates. We \‘ ‘
described market yields on Treasury bonds and notes, and the valuation of floating
rate notes.

Duration has a long history as a tool for hedging interest rate risk. We introduced
duration for bonds and explained some of its properties. As a hedging tool, duration
assumes that the term structure of interest rates shifts by small parallel amounts. In b
practice, this rarely happens. We will discuss in Chapter 15 a better method for mea- |( \
suring risk that avoids these limitations.

We also examined additional instruments related to the term structure of interest
rates, including Eurodoliar deposits, FRAs, Eurodollar futures contracts, and Trea-
sury bill, note, and bond futures contracts. :

InTreasury bond and Treasury note futures contracts, the writer of the futures G
contract has three embedded options: o

1. quality option—the choice of the cheapest-to-deliver bond; _ I

2. wild card option—on any day during the delivery month, deadline for the notice v
of intention to deliver is 8:00 BM., six hours afier the futures market stops trad-
ing; and

3. timing option-—option to deliver during the last seven business days of the de-
livery month at a price based on the last settlement price at the end of trading.

These options all tend to reduce the Treasury futures price and make futures contract
pricing difficult. - :
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QUESTIONS

Question 1

The current discount rate is 3 percent on a 90-day T-bill, face value $1 million. What
is the price of the T-bill? If the discount rate increases by one basis point to 3.01 per-
cent, what is the change in the price of the T-bill?

Question 2

The continuously compounded yield on a deposit that pays one million dollars in 365
days’ time is 4.5 percent. What is the current value of the deposit? What is the yield
expressed as a simple interest rate, assuming a 365-day year?

Question 3

The current discount rate on a 91-day T-bill is 3.65 percent, assuming a 360-day year.
What is the simple interest rate, assuming a 365-day year?

Question 4

A bond pays interest on an annual basis. The maturity of the bond is 4 years, the
coupon is 6.25 percent, the face value of the bond is 100, and its market value is
104.33. Determine the discretely compounded yield-to-maturity and the continuously
compounded yield-to-maturity.

Question 5

A bond pays interest semiannually. The coupon is 5.50 percent per annum, implying
that the amount paid every six months is 2.75 dollars per 100 dollar face value. The
maturity of the bond is 3 years and its market value is 100.05. Determine the effective
yield-to-maturity and the continuously compounded yield-to-maturity.




Question 6

Let the quote on the 15 July 1999 6%,% Treasury note be Bid 105:26 Ask 105:28. If
you purchased this bond on May 25, 1994 at the ask price, what would be the total

cost? The total number of

Question 7

days in the current coupon period is 182.

Consider a 12,% Treasury bond with a maturity of 20 years. Show that the conver-

sion factor is 1.4452.

The quoted futiires price is 114-26. Which of the following three bonds is cheapest to

Question 8

deliver?
Bond Price
1 162:20
2 138:31
3 131.02

Question 9

Conversion Factor
1.3987

1.2870

1273

Consider a Treasury note with a maturity of 5 years and a coupon of 10 percent per
annum, The coupon is paid semiannually. You are given the following information
about the term structure of interest rates:

Maturity 0.5

1.0 L5 20

T-bill Price 0.9748 0.9494 0.9238 0.8982

Maturity 3.0

3.5 40 45

T-bill Price 0.8470 0.8216 0.7965 0.7717

a) What is the market price of the Treasury note?
b) What is the annual yield-to-maturity?

¢) Whatis the modified

Question 10

duration of the Treasury note?

Use the information in Question 9 to answer the following questions.

25
0.8725

5.0
0.7472

a) Determine the continuously compounded yield-to-maturity for the T-bills.

b) Determine the continuously compounded six-month forward rates.
¢) Plot the term structure of zero-coupon yields and the term structure of forward rates.
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APPENDIX: DURATION AND CONVEXITY CORRECTION
FOR A SEMIANNUAL COUPON BOND

Let y denote the semiannual yield-to-maturity defined by Expression (13.6). The def-
inition of modified duration is

az | & e 2TF
T +yD) | 2 Ty T a7 B

D,

Modified Duration
Consider a 2Y;-year bond with a semiannual coupon of $4.00. The semiannual
yield-to-maturity is 8.12 percent and the bond price is $99.6733. Table Al shows
the calculations necessary to determine the modified duration of the bond. Using
the figures in Table Al and substituting into Expression (13.16) gives

AB, = —99.6733 X 22251 X Ay
= —221.78Ay.

If the semiannual yield-to-maturity increases by one basis point to 8.13
percent, the bond price is
3 400 . 100
/& (1 +0.040657 (1 + 0.04065)°

= 99.6500,

TaBLE A1 Calculatmg Modified Duratwn of a Bond thh Semiannual

Coupon dements

TIME, ¢ DISCOUNTED t X DISCOUNTED
(YEArs) CouroN  PRINCIPAL VALUE* VALUE X 0.5

1 4.00 0 3.8439 1.9220

2 4.00 0 3.6340 3.6340

3 4.00 0 3.5498 5.3248

4 4.00 0 3.4113 6.8227

5 4.00 100 85.2343 213.0858

99.6733 230.7893

. . 230.7893 _
Classical Duration = 996733 23155

. . 2.35155
Modified Duration = 10406 2.2251

*The semiannual yield-to-maturity is 4.06 percent.
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compute an approxlmation to this chahge-usmg modxt‘ied duratio 10 give: -

Convexity correction
The convexity correction is defined by

y [z
Convexity = (1/4) [Z ¢+ e  2TQT+ I)F]/Bc

A +y27 |44 A +y2) a + y2y*

" (Gontinued)

- Suppose that the semlannua.l yield-to—maturityz creasedt 8§50 percen The -

new bond- pﬂcels .
$ . e
& (L +0.0425) © (1 +0.0425)° S

= 98.8948,

TasLe A2  Calculating the Convexity Correctwn for a Semzannual

Coupon Bond
TivE, t PRESENT tg+ 1) X
(YEARS) COuPON PRINCIPAL V,_u,m:* PRESENT VALUE
1 400 0 3.8439 7.6878
2 400 0 3.6340 21.8040
3 400 0 3.5498 42.5976
4 400 0 34113 -68.2260
5 400 100 85.2343 w
' 99.6733 - 2,697.3444
Convexity = [——g—/i)———— 2,697 3444}99 6733
onvexity (1 + 00406y =" .
= 6.2478
Price Correction = (1/2) B, Convexity (Ay)*
= (1/2) X 99.6733 X 6.2478(0.0850 — 0.0812)
= 0.0045.
*The semiannual yield-to-maturity is 4.06 percent.
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implying that the change in the bond price is

AB_ = 98.8948 — 99.6733
.= —0.7785.

~The steps to calculate the convexity term are shown in Table A2. Using
Expression (13.19), the change in the bond price is

~99.6733 X 2.2251 X (0.0038) + Y, X 99.6733 X 6.2478 X (0.0038)?
= —0.8428 + 0.0045 :
=-0.8383. | o "




