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Example: Fertility Decision

Per period utility

Having a child: uX — C+ ¢;

Not having a child:uX + €3

Xt: Number of children: state vector
u: utility parameter of having a child
c: cost of having a child.

Next period state variable

Have a child: Xi41 = X; +1
Not have a child: X1 = X;



Final period

Utility function:

VT(XT) = UXT

Final period expected utility function:

Er_1[VT(XT)] = uXT

Calculate V7 (X7) for each X1 =0, ...,20 Calculate
Er_1 [VT(X7)] for each X7 =0, ...,20



Period T —1

» Value of having a child:
Ver—1(X7-1,e7-1) = uX7_1 — ¢+ BEV(XT) + e171

where
Xr=Xr_1+1

» value of not having a child:

VnT—1(X7-1,€7-1) = uX7_1 + BEV(XT) + €271

where
Xr=Xr11



Then, the value function at period T — 1 is

Vr_1(X7-1,€e7-1) = Max {Ver_1(X7-1,e7-1), VnT—1 (X721, €7-1) }

Derive the expected value function EV1_o(X7_1,€7-1)
By simulation:

» Given the distribution of €, draw €7 _;.
» Calculate V7_1(X7_1,€7_4),m=1,...M
> EVT—l(XT—l, €T-1) X iy szl Vr_i(X1-1,€7_1)

» Calculate the above expected value function for
Xr-1=0,...,20



Repeat the above algorithm from T — 1 to 1.
After the dynamic Programming algorithm, we know

EV(X7), EV(X7-1,€T-1), .., EV(X1, €1)

. for all X; =0, ...,20.



Simulated Likelihood Calculation

Simulate choice probability for an indidividual at age t who has X;
children, and decided to have one more child.

m m
1 Draw €f}, e}

2 Derive the value function.
Ver(Xe, €) = uXe — ¢ + BEV(Xey1, €041) + €7y
where Xiy1 = X + 1
Vne(Xe, €) = uXe + BEV (Xe1, €641) + €3;

where Xt+1 = Xt



3 |f VCt(Xt,€Itn) Z VNt(Xt; E;n) then IC(Xt,GT) = 1,
i.e. decides to have a child.
Otherwise Ic(X¢, €f") = 0, i.e. decides not to have a
child.

Repeat 1-3 for m =1, ..., M and calculate the simulated choice
probability.

Pce(X:) = Zk&q

If the person actually chose to have teh child, then
log likelihood increment: In [ﬁa(xﬂ)} If she did not, then

log likelihood increment: In [1 - %(Xﬁ)}



The Computational Burden

> Integration over the taste shock has to be carried out at the
Dynamic Programming stage of the estimation, as well as the
likelihood calculation.

> Integrations at the DP stage has to be carried out at every
possible state space point.



Rust, Econometrica (1987)

Denote the deterministic values of each choice as follows
Vee(Xe) = uXe — ¢ + BEV(Xes1, €¢41)

VNt(Xt) = uX; + BEV(Xey1, €t41)

Then, B
Vee(Xe €r) = Vee(Xe) + ece

Vie(Xe, 1) = Ve (Xe) + ene

and
V(Xt, Et) = MaX{VCt(Xtv 6t), VNt(Xta Et)}



If ect, €y are i.i.d. extreme value distributed, then the expected
value function (Emax function) is

EV(Xi. €)= In [EXP(VCt(Xt)) + eXP(VNt(Xt))]
and the fertility choice probability can be expressed as a logit:

exp(V ct(Xt))

Per(Xe) = exp(V ct(Xr)) + exp(V ne(Xe)




Unobserved Heterogeneity

Heckman and Singer (1984)

> High fertility type: low c: cy

> Low fertility type: high c: ¢,

» Solve the DP problem for each fertility type.
» Get EV; (X, u,cy), EVy (X, u,cp)



The likelihood increment for person i is:

7T/Hi + (1 —m)lLi

— I
- H [ eXP(VCt(Xit, u, CH)) } ¢
exp VCt(Xit> u, Cyy) + exp(V ne(Xit, u, Ch)

t=t1

- 1-1
{ exp(V ne(Xit, u, Ch)) } ‘
exp(V ct(Xie, u, Cr) + exp(V e (Xie, u, Chi)

T > (v Ic
+(1 _ 7T) H |: _ eXp(VCt(XIf7 U, EL)) :|
e | Lexp(V ce(Xie, u, C) + exp(V ne(Xie, u, Cp)
— i
{ exp(Vne(Xie, u, 1)) r ‘
exp(V ct(Xit, u, Cr) + exp(V ne(Xie, u, Cp)

Parameter to be estimated: u, ¢;, cy, 7



Suppose the data is divided into women who have many
children and who do not.

Then, for the first type, Iy is low and /; is high. But the
estimated weighted sum 7ly; + (1 — 7)l; is higher than the
estimated likelihood without heterogeneity /;.

For the second type, Iy is high and /; is low. But the
estimated weigthed sum is higher than the likelihood without
heterogeneity. /;

Because if there is no heterogeneity, the model predicts that
women have neigher many nor no children, which is not seen
in the data.
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Simulation

Draw the unobserved type. Draw uniform distribution
e~ U(0,1).
c=cy if e<m. c = c otherwise.

Start with X, = 0. Draw uniform distribution € ~ U(0, 1)
Xt1+1 = th +1 if € < PCt(Xt) Xt1+1 = th if otherwise.
Repeatedly simulate X; for t =t; +1,..., T



