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A 2 Period Dynamic Model of Firm Growth and Exit

Last period:
Production function:

Y = PLαA2

where A2 is the productivity in the second period. Profit function

π2 = PLαA2 −WL− f

f : fixed cost of production.
F.O.C of profit maximization with respect to labor input L

αPLα−1A2 = W

L =

[
αPA2

W

] 1
1−α



Then, the profit is

π2 = P

[
αPA2

W

] α
1−α

A2 −W

[
αPA2

W

] 1
1−α

− f

= W
−α
1−αP

1
1−αA

1
1−α

2

[
α

α
1−α − α

1
1−α

]
− f

= BE − f

where
B = W

−α
1−αP

1
1−α

[
α

α
1−α − α

1
1−α

]
E2 = A

1
1−α

2



Learning about Productivity

Suppose productivity of firm i follow

Eit = Ei + vit

where vit follows i.i.d. normal N(0, σ2v ), and Ei follows N(0, σ2E ).
When making the decision, the firm does not know the productvity.
Instead, it uses the expected productivity E t to make the decision.
Since vit is independent over time, this means

E t = Et [Ei ]

The firm does not know the constant mean productivity term Ei .
Can only observe the mixture of constant mean productivity term
plus the per period shock.
Then, in the first period,

E 1i ∼ N(0, σ2E )



In the second, period, after observing Ei1, E i2 given first
observation Ei1 is

E i2|Ei1 = Ei |Ei1 ∼ N(µi2, σ
2
i2)

where

µi2 =

0
σ2
E

+ Ei1
σ2
v

1
σ2
E

+ 1
σ2
v

and

σ2i2 =

[
1

σ2E
+

1

σ2v

]−1
< σ2E



Then, the firm produces if

π2 = BE 2 − f ≥ 0

and exits if
BE 2 − f < 0

Then,
π2 = 0

First Period
Profit

π1 = BE 1 + E
[
Max(BE 2 − f , 0)

]
− f

= BE 1 + E

[∫ ∞
f
B

(
BE 2 − f

)
dg(E 2|E1)

]
− f



Then, 2nd period expected productivity which makes exit and
production indifferent:

E
∗
2 =

f

B

If E 2 > E
∗
2, then π2 > 0 and hence the firm produces and if

E 2 ≤ E
∗
2, then π2 ≤ 0 and the firm exits.

First period breakeven expected productivity

E
∗
1 =

1

B

[
f − E

[∫ ∞
f
B

(
BE 2 − f

)
dg(E 2|E1)

]]
≤ E

∗
2

If E 1 > E
∗
1, then π1 > 0 and hence the firm produces and if

E 1 ≤ E
∗
1, then π1 ≤ 0 and the firm exits.



Without exit, conditional productivity distribution after t period.

Ei | (Eit−1, ...,Ei1) ∼ N(µit , σ
2
it)

σ2it =

[
1

σ2E
+

t − 1

σ2v

]−1

µit =

0
σ2
E

+
∑t−1

s=1 Eis

σ2
v

1
σ2
E

+ t−1
σ2
v

Even without exit, after many periods of observing productivity,
variance of E it goes down to zero as firms get to learn their
permanent productivity more accurately.



The lower the variance of E it , the lower the value∫ ∞
f
B

(
BE it − f

)
dgt(E it)

Hence, the higher the threshold value

Ẽi ,t−1 =
1

B

[
f −

∫ ∞
f
B

(
BE it − f

)
dgt(E it)

]

where
gt(E it) ≈ N(µit , σ

2
it)



Theoretical Results of the Learning Model

I Because plant threshold productivity level E it increases with
age on average, average productivity increases with age.

I Larger plants should have lower failure rate. This is larger
plants have higher perceived productivity.

I Plant failure rate decreases with age. This is because over
time low perceived productivity firms exit.

I After some size, the mean growth rate decreases with size.
This is because the remaining firms, with high perceived
productivity firms do not have much room for further positive
surprises about their permanent productivity.

I Variance of output growth rate decreases with age. This is
because of the variance of perceived productivity decreases
with age.



The Growth and Failure of U.S. Manufacturing Plants.
Dunne, Roberts and Samuelson

I This paper looks at the dynamics of plant entry, growth and
exit of U.S. manufacturing from year 1967 to 1982, explicitly
taking into account differences in plant observed
characteristics, such as plant size, age, etc.

I The empirical results is compared to the theoretical results by
Jovanovic (1982) of firm productivity, learning and exit.



Data: Census of Manufacturers

I All firms in all manufacturing industries, even small firms.

I Each plant has identification number. Hence, researcher can
separate between ownership changes (merger, etc) and true
entry and exit.

I However, census only collects data every five years.



I Three age categories: 1-5, 6-10, 11-15.

I Five size classes: 5-19, 20-49, 50-99, 100-249, 250-

I 22 digit SIC manufacturing industries.

I 2 Ownership categories: single unit plants (SU), multiunit
plants (MU)

I 3 Initial size class: less than, equal to, greater than current
size class.



Growth Rate

I Growth rate: gt = (qt+1 − qt) /qt
I Assume the if the growth rate falls below a critical level g∗,

then the firm exits. (qt+1 = 0)

I If g ′t+1 ≤ g∗ then firm exits , and gt+1 = −1.
If g ′t+1 > g∗ then gt+1 = g ′t+1

I Overall growth rate and the growth rate of surviving plants
are different.



Growth rate of all surviving plants:

µh(x) ≡
∫∞
−1 gh(g |x)dg∫∞
−1 h(g |x)dg

Overall growth rate:

µf (x) ≡
∫ ∞
−1

gf (g |x)dg = µh(x)Ps(x)− (1− Ps(x))

where

Ps(x) =

∫ ∞
−1

h(g |x)dg
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I Mean growth rate of all successful plants by age and size:
Mostly positive. Growth rate declines with age given size. It
also decreases with size given age.
Size and failure probability are negatively correlated. Small
firms fail more. Age and failure probability are negatively
correlated as well. Younger firms fail more.

I Mean growth rate of all plants: Mostly negative. This is
because exit rates lower growth rate.
The relationship between growth rate and size is U-shaped.
Growth rate initially declines with size and then increases.
Later increase in growth rate comes from the decrease in
failure rate.
Growth increases with age for most size groups. This increase
comes from the decrease in failure rate.



Empirical Model

Yct =
60∑
i=1

αiDi +
18∑
k=1

βkD
c
k + εct

Di : industry time dummies.
Dc
k : size age dummies.
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TABLE II 
REGRESSION COEFFICIENTS FOR PLANT FAILURE RATES: 1967, 1972, 1977 ENTRANTS 

(STANDARD ERRORS IN PARENTHESES) 

Single-plant Multiplant 

Intercepta 0.426 0.471 

Age/initial-size (IS) versus current-size (CS) category 
2 IS> CS 0.084 (0.012)* 0.104 (0.010)* 
2 IS <CS 0.008 (0.010) 0.001 (0.007) 
3 IS > CS 0.043 (0.020) 0.065 (0.021) 
3 IS < CS 0.002 (0.016) -0.013 (0.012) 

Age/current-size category 
1 2 -0.035 (0.005)* -0.064 (0.006)* 
1 3 -0.002 (0.009) -0.116 (0.006)* 
1 4 0.055 (0.014) -0.206 (0.007)* 
1 5 -0.039 (0.056) -0.306 (0.008)* 
2 1 -0.061 (0.005)* -0.070 (0.009)* 
2 2 -0.166 (0.008)* -0.158 (0.008)* 
2 3 -0.151 (0.012)* -0.206 (0.008)* 
2 4 -0.095 (0.019)* -0.271 (0.008)* 
2 5 -0.174 (0.097) -0.356 (0.008)* 
3 1 -0.087 (0.008)* -0.150 (0.018)* 
3 2 -0.199 (0.013)* -0.238 (0.015)* 
3 3 -0.180 (0.021)* -0.250 (0.015)* 
3 4 -0.099 (0.037) -0.315 (0.014)* 
3 5 -0.193 (0.179) -0.386 (0.014)* 

Age categories: 1 = 1-5 years; 2 = 6-10 years; 3 = 11-15 years. 
Size categories: 1 = 5-19 employees; 2 = 20-49 employees; 3 = 50-99 employees; 4 = 100-249 employees; 

5 = ?250 employees. 
a. The reported intercept is the average value of the 60 estimated industry-time intercepts. 
*Significant at the 0.05 level using Leamer's ]1978] correction for sample size. 

The pattern of age and size effects on failure rates can be 
examined more closely by testing several restricted versions of the 
model.19 The first hypothesis is that a plant's current size has no 
effect; the second is that plant age has no effect; the final hypothesis 
is that there are no age-size interactions. The results of the tests are 
reported in the first column (single-unit plants) and sixth column 
(multiunit plants) of Table III. They indicate that current size and 

19. All hypothesis tests employ the standard F-statistic based on the propor- 
tional difference in the restricted and unrestricted sum of squared residuals. Because 
of the large sample sizes, Leamer's [1978, p. 114] correction to the critical value of the 
F-statistic is adopted. Given the sample sizes used here, 703 observations for 
single-unit plants and 924 for multiunit plants, the correction results in an increase 
in the conventional 0.05 critical value by a factor of six or seven. This correction is 
also made when reporting the significance of individual regression coefficients in 
Tables II, IV, and V. 



I Failure rates are lower for older plants.

I Failure rates are lower for (initially) larger plants, especially
for multi-unit plants.
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Mean and Variance of Growth Rates of Surviving Plants

I Mean growth rates decline both with size and age.

I Initial size has no effect on mean growth rate.

I Variance of growth rates decline both with size and age.
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Mean and Variance of Growth Rates of All Plants

I Mean growth rates decline with size for single unit plants but
for multi unit plants either U-shaped (small plants) or
increases with size.

I Mean growth rates tend to decline with age for single unit
plants but increase with age for multiple unit plants.
Reduction in failure rates is overwhelming.

I Variance of growth rates decline both with size and age.



The relationship between plant failure, growth and size, age are
roughly consistent with learning model of entry, exit and plant
growth.


