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Abstract

This paper conducts a general analysis of the conditions under which consistent estimation can be achieved
in instrumental variables regression when the available instruments are weak in the local-to-zero sense. More
precisely, the approach adopted in this paper combines key features of the local-to-zero framework of Staiger
and Stock (1997) and the many-instrument framework of Morimune (1983) and Bekker (1994) and generalizes
both of these frameworks in the following ways. First, we consider a general local-to-zero framework which
allows for an arbitrary degree of instrument weakness by modeling the first-stage coefficients as shrinking
toward zero at an unspecified rate, say b, 1. Our local-to-zero setup, in fact, reduces to that of Staiger and Stock
(1997) in the case where b, = /N. In addition, we examine a broad class of single-equation estimators which
extends the well-known k-class to include, amongst others, the Jackknife Instrumental Variables Estimator
(JIVE) of Angrist, Imbens, and Krueger (1999). Analysis of estimators within this extended class based
on a pathwise asymptotic scheme, where the number of instruments K, is allowed to grow as a function of
the sample size, reveals that consistent estimation depends importantly on the relative magnitudes of r,,
the growth rate of the concentration parameter, and K,. In particular, it is shown that members of the
extended class which satisfy certain general condtions, such as LIML and JIV E, are consistent provided
that & — 0, as N — co. On the other hand, the two-stage least squares (2SLS) estimator is shown not to
satisfy the needed conditions and is found to be consistent only if —'1 — 0, as N — co. A main point of our
paper is that the use of many instruments may be beneficial from a p01nt estimation standpoint in empirical
applications where the available instruments are weak but abundant, as it provides an extra source, by which
the concentration parameter can grow, thus, allowing consistent estimation to be achievable, in certain cases,
even in the presence of weak instruments. Our results, thus, add to the findings of Staiger and Stock (1997)
who study a local-to-zero framework where K,, is held fixed and the concentration parameter does not diverge
as sample size grows; in consequence, no single-equation estimator is found to be consistent under their setup.
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1 Introduction

In a well-known recent paper, Staiger and Stock (1997) propose an alternative asymptotic framework for analyzing
instrumental variables regression when the available instruments are only weakly correlated with the endogenous
explanatory variables. More precisely, Staiger and Stock (1997) model the effects of having weak instruments using
a clever device which takes the coefficients of the instruments in the first-stage regression to be in a T-% shrinking
neighborhood of zero, with T' denoting the sample size in their paper. They show that, when such a “local-to-
zero” device is employed, the usual single-equation estimators, such as the two-stage least squares (2SLS) and
the limited information maximum likelihood (LI M L) estimators, are no longer consistent and instead converge to
nonstandard distributions in the limit'. An important feature of their framework, as have been noted by Staiger
and Stock, is that, in contrast with conventional asymptotic analysis, the concentration parameter under their
weak-instrument setup does not diverge but rather, roughly speaking, stays constant in expectation as the sample
size grows. This, in turn, explains the inconsistency results they obtained.

This paper conducts a general analysis of the conditions under which consistent estimation can be achieved
in instrumental variables regressions even when the available instruments are weak in the local-to-zero sense. In
particular, one key difference between our paper and Staiger and Stock (1997) is that, whereas the latter keeps the
number of instruments fixed in performing the limiting operation, we in this paper investigate, within a general
local-to-zero framework, the case where the number of instruments (or the degree of apparent overidentification)
is allowed to approach infinity as a function of the sample size. A main point of our paper is that the use of many
instruments, as approximated by taking the number of instruments to infinity as a function of the sample size,
often provides an extra source by which the concentration parameter can grow, so that consistent estimation may
become achievable even in the presence of weak instruments in this case.

Asymptotic analyses based on taking the number of instruments to infinity have also been undertaken by
Morimune (1983), Bekker (1994), Angrist and Krueger (1995), Hahn (1997), Donald and Newey (2001), Hahn,
Hausman, and Kuersteiner (2001), amongst others. Hahn and Inoue (2000) have, in fact, referred to this approach
as the “many-instrument” asymptotic approach and have presented Monte Carlo evidence showing that this
approach often provides very good approximations for the finite sample behavior of the usual single-equation
estimators, even when the number of instruments is only moderate. The “many-instrument” papers cited above,
however, do not explicitly analyzed the case where the instruments are weak in the local-to-zero sense. Indeed,
the relationship between the local-to-zero framework and the many-instrument framework is as yet not fully
understood.

An additional objective of this paper is, thus, to provide results which shed light on the connection between
these two important frameworks. To this end, we adopt here a very general setup which combines key features of
the local-to-zero and the many-instrument asymptotic frameworks, and which generalizes both of these frameworks
in a number of ways. First, letting n denote the sample size in our paper, we consider a local-to-zero setup which
generalizes that of Staiger and Stock (1997) in the sense that we take the rate of shrinkage toward zero of the

coefficients of the instrumental variables in the first-stage equation to be 1/b, for some arbitrary nondecreasing

1Related to this work on the local-to-zero modeling of weak instruments is the research by Sargan (1988), Phillips (1989) and
Choi and Phillips (1992), which addresses the implications for statistical inference when the underlying simultaneous equations model
is underidentified or is only partially identified. Indeed, to the best of our knowledge, Phillips (1989) is the first paper to give a
theoretical analysis of both the finite sample and the asymptotic properties of the instrumental variables/2SLS estimator when the

usual rank condition for identification is not formally satisfied.



sequence {b, } instead of using the specific rate 1/y/n. Second, we model the rate of information accumulation
in the instruments to be some nondecreasing sequence {ma, }, thus, allowing it to be more general than the usual
assumption that mj, = n. Third, we consider a very broad class of single-equation estimators, which we call
the w-class. This class of estimators extends the well-known k-class by allowing the value of k to vary across
observations. An important reason for this latter generalization is that this larger class of estimators includes
the Jackknife Instrumental Variables Estimator (JIV E) of Angrist, Imbens, and Krueger (1999), whereas JIVE
is not a member of the k-class. Finally, unlike a number of the other papers which take a many-instrument
asymptotic approach, we do not make a Gaussian error assumption in this paper. In this sense, the framework
adopted here can also be viewed as extending that of Morimune (1983) and Bekker (1994) to the more general
case where the disturbances may be non-Gaussian?.

On the other hand, it should be noted that the scope of our paper is more limited vis-a-vis several of the papers
cited above, as we do not consider asymptotic properties of test statistics and interval estimation procedures;
nor do we derive the asymptotic distributions of the w-class estimators. Rather, we focus our attention on
establishing the consistency of w-class estimators under a pathwise asymptotic scheme where both n and the
number of instruments, K, are allowed to approach infinity, but with K, going to infinity at a rate no faster
than n.

Our results indicate that consistent estimation depends less on individual assumptions about the local-to-zero
structure or the rate of information accumulation (as given by specific choices of the sequences b,, and my,,), than
it does on the rate of growth of the concentration parameter, which we denote as r,, and which is some function
of b, and my,. In particular, consistent estimation is found to depend crucially on the relative magnitudes of r,,
and K,. More specifically, our results show that, even within a local-to-zero framework, consistent estimation is
achievable for members of the w-class which satisfy certain general conditions, provided that % — 0, as n — oo.
Specializing our results to specific estimators, we show that LIM L and JIV E both satisfy our conditions, whereas
the 25LS estimator does not. Indeed, it turns out that the 25LS estimator is consistent only if % — 0, as

n — 00°. Our results, thus, make precise the sense in which the 25LS estimator is less robust to instrument

2In recent years, there have been other papers which extend the many-instrument asymptotic framework to the case with non-
Gaussian errors. In particular, Bekker and van der Ploeg (1999) examine the case where the regression errors may be non-Gaussian
and even heteroskedastic but where the instruments are restricted to be dummy variables, whereas van Hasselt (2000) studies the
IV (or 25LS) estimator in the context of a model with non-Gaussian and homoskedastic errors. Our paper can best be viewed as
complementing these other papers, as we seek to extend the literature in different directions than that taken in these papers. In
particular, note that neither Bekker and van der Ploeg (1999) nor van Hasselt (2000) considers the case of weak instruments in a
local-to-zero framework, as we do in this paper. Moreover, we consider general stochastic instruments, which may be either discrete
or continuous random variables. Finally, as discussed above, we study a very broad class of estimators which includes, in addition to
the 2SLS and LIML estimators, the Jackknife IV estimator (JIV E) amongst others. On the other hand, neither Bekker and van

der Ploeg (1999) nor van Hasselt (2000) considers JIV E in their analyses.
3 After the completion of the first draft of our paper, it has come to our attention that an interesting recent paper by Stock and

Yogo (2001) also study the case where the number of instruments is allowed to approach infinity in a local-to-zero framework and,
thus, deserves special note. In particular, it should be pointed out that there are a number of important differences between our
paper and theirs. First, their paper is primarily concerned with the development of test procedures for assessing whether instruments
are weak. Hence, they do not attempt to characterize general conditions under which consistent estimation may be achieved in the
presence of weak instruments, as is done in the current paper. Using our notations, Stock and Yogo (2001) study the case where
the concentration parameter diverges at rate Ky, as K,, — oo (i.e., the case where r, = K;,). Thus, their analysis does not permit
the same degree of generality as this paper in modeling the extent to which instruments may be weak. They do, however, provide

interesting results on the asymptotic expansion of the distributions of the 25LS and the LI ML estimators under Gaussian errors for



weakness vis-a-vis LIM L, JIVE, and other w-class estimators which satisfy our general conditions. Moreover,
our analysis gives, to the best of our knowledge, the first formal proof of the consistency of JIV E under a
local-to-zero, many-instrument setup®.

The rest of the paper is organized as follows. Section 2 sets up our model and discusses the assumptions used.
Section 3 presents the main results of the paper and comments on the implications of these results. Concluding
remarks are given in Section 4, and all proofs are gathered in an appendix. The following notation is used in
the remainder of the paper: Tr(-) denotes the trace of a matrix, A* denotes the Moore-Penrose inverse of a

“

> 07 denotes positive definiteness when applied to matrices, lim a, denotes the

n—oo

limit inferior of the sequence {a,}, and lim a, denotes the limit superior of the sequence {a,}. In addition,
n—oo

Px = X(X'X)~1 X’ denotes the matrix which projects orthogonally onto the range space of X and Qx = I — Px.

(possibly singular) matrix,

2 Model and Assumptions

Consider the simultaneous equations model (SEM)

Yin = Y2nﬁ+Xn7+uny (1)

where y1,, and Yz, are, respectively, an n x 1 vector and an n x G matrix of observations on the G+ 1 endogenous
variables of the system, X,, is an n x J matrix of observations on the J exogenous variables included in the
structural equation (1), Z,, is an n x K, matrix of observations on the K, instrumental variables, or exogenous
variables excluded from the structural equation (1), and w,,V,, are, respectively, an n x 1 vector and an n X G
matrix of random disturbances. Further, let 7; = (u;,v})’ where u; and v} are, respectively, the ith component
of the random vector u,, and the ith row of the random matrix V,,. The following assumptions are used in the

sequel.

Assumption 1: II =11, = f—: for some sequence of positive real numbers {b,} , nondecreasing in n, and for
some sequence of nonrandom, K,, x G parameter matrices {C),}.

Assumption 2: Let {7,%1» i=1,...,mn; n> 1} be a triangular array of RXn*7/_valued random variables, where
Zni = (Z},;, X]) with Z], ; and X] denoting the ith row of the matrices Z, and X,, respectively. Moreover,

suppose that:

(a) K, — oo as n — oo such that Knﬂ — « for some constant « satisfying 0 < a < 1.

the r, = Ky, case. Secondly, Stock and Yogo (2001) do not attempt to show, as we do, that consistent estimation may be possible,
with respect to certain estimators, even when instruments are so weak that the rate at which the concentration parameter diverges

is actually slower than K, (i.e., the case where 7’;.?‘— — 0, but 3% — 0 as n — o00). Thirdly, Stock and Yogo (2001) do not study as

broad a class of estimators as we do, as their analysis does not include the JIV E estimator.
4 Another related paper is Donald and Newey (2001), which studies mean square error (MSE) properties of various single-equation

estimators and proposes procedures for choosing instruments on the basis of MSE criteria. Like Morimune (1983) and Bekker (1994),
Donald and Newey (2001) also employ a many-instrument setup but without a local-to-zero structure. Indeed, the consistency results
presented in this paper can be viewed as extending some of the results of Donald and Newey (2001) to the more general case where
the asymptotic analysis is conducted using a sequence of (approximating) simultaneous equations models; this setup, in turn, allows

for local-to-zero modeling of weak instruments.



(b) There exists a sequence of positive real numbers {ms,}, nondecreasing in n, and constants D; and Do,
with 0 < D1 < Dy < o0, such that

— —
Z Zn
D; < h_m/\min< ” ) a.s. (3)
n—oo mMin
and
—_—) —
— Z L
lim Amax ( n > <D, a.s., (4)
n—oo ml"

where Z,, = (Z, X,).

(c) There exists a sequence of positive real numbers {m2,}, nondecreasing in n, and constants D3 and Da,
with 0 < D3 < D4 < 00, such that

’
D3 < lim Amin <Cncn> (5)
n—oo man
and
/
Tt (252 ) < s ©)
n—oo Mon

Assumption 3: 7, | Z,, =i.i.d.(0,%) almost surely for all n, where 7; | Z,, denotes the conditional distribution

_ /
of n; given Z,,. Further, assume that ¥ > 0, and partition ¥ conformably with (u;,v})" as ¥ = ( gu" gV” > .
Vu 2VV
Also, define o{,, to be the g'* element of oy, and E%}"’/}f) to be the (g, )" element of Xy .
Assumption 4: Let ;5 be the hth element of n; with 7; 4, 1;k, and n;; similarly defined, and suppose that

Eni wnni,jni k30| < 0o, for h,j k,1=1,...,G + 1. Moreover, for each h, j, k, and [ and for all n,

E ([Uz‘,hm‘,jm,km,ﬂ | 7n) = Uhjkl  Q.S.,

where g = E [1;174,57:,5k7,1], the unconditional expectation.
Assumption 5: Define the ratio r,, = %20 and suppose that as n — oo, *® — k for some constant x, such

that 0 < k < o0.

Remark 2.1: (i) Note that the inequality condition (3) in Assumption 2(b) ensures that there exists some
(positive) integer N such that for all n > N, (7;771) /ma1, is positive definite and, thus, nonsingular with

probability one. Moreover, (3) and (4) together imply that the rate of growth of 7;771 is the same in all directions
of the data (with probability one), so that Assumption 2(b) rules out cases where there may be different rates of
information accumulation along different directions, such as the case when one has both trending regressors and
non-trending regressors. We do not consider the case where there are multiple rates of information accumulation
as this case does not typically arise in empirical situations where there is a weak-instrument problem. In addition,
note that Assumption 2(b) is more general than the standard condition in IV regression (with a fixed number of
instruments), where (Z'Z) /n is assumed to converge to a positive definite matrix. In particular, this assumption
allows us to accommodate cases where the information in the instruments accumulates at a rate different from

n.S.

5Tt should be further noted that the case where mi, = n already accommodates a wide variety of possible instrumental variable
designs. In particular, Portnoy (1984, 1985, 1987) has shown that, for the case m1, = n, conditions similar to (3) and (4) hold in
probability for a wide class of random designs. See also the discussion in Andrews (1991) and Koenker and Machado (1999).



(ii) In order to give an interpretation for r,, note that under Assumption 2:
_1 _1
ot (zvannz;LQXnZanzvé) = O,.4.(1),

so that the concentration parameter matrix (i.e. E;—‘%,H,,LZ;LQ Xn Z,,LI_I,,LE;/\%,)7 when standardized by r,,, is bounded
almost surely. Moreover, under Assumptions 2, there exists a positive integer N such that for all n > N,
(rn)fl 11, Z], Qx,, Z 11, is nonsingular with probability one, so that the concentration parameter E‘_/‘%/Hn Z!Qx,, ZanE‘_/‘%/
is not of an order less than r, in any direction, almost surely. Hence, we see that 7, can be interpreted as the
rate at which the concentration parameter E;‘%/HWLZ;LQ Xn ZV,LH,,LE;‘%/ grows (if it grows) as n increases. In the
sequel, we shall pay particular attention to the case where r,, — 0o, as n — oo. In fact, we shall argue in the next
remark that r, may diverge even in the case where the available instruments are weak in the local-to-zero sense.
(iii) To see the relationship between our framework and that of Staiger and Stock (1997), note that in the Staiger-
Stock setup, b, = y/n and my, = n. Additionally, Staiger and Stock (1997) take the number of instruments to
be fixed so that in their case the matrix C has a fixed number of columns, say K, = K for all n, so that C' does

not depend on n. In consequence, C'C' = O(1), so we can take mg,, = 1, Vn. It follows that in their setup

minM?2
Ty = % =1, for all n.
n

Hence, r,, does not diverge as n — oo in their setup; and, as they have shown, none of the usual single-equation
estimators consistently estimate 3. A main focus of this paper is to add to Staiger and Stock’s results by allowing
K, to grow to infinity as a function of n, in which case it is possible for the concentration parameter to diverge
(i.e. 7, — 00, as n — 00) even if we set b, = v/n, and even if we take the rate of information accumulation in
the instruments to be n, as is the case in many standard designs. To see this, note that as long as the available
instruments are not “too” weak, so that, as K, — oo, the elements of C/,C,, grow in such a way that the sequence
my, which satisfies conditions (5) and (6) tends to infinity as n — oo; then, even in the standard local-to-zero
setup where b, = /n and my,, = n, we have that

_ MinMM2n

rn—szgnHoo, as n — oo.
n

Thus, as we will see from the results of the next section, the use of many instruments (as modeled by taking K,
to infinity as n — oo) has potential benefits for point estimation since it provides an extra source by which the
concentration parameter can grow.

(iv) We should also briefly compare and contrast our setup with the many-instrument asymptotic framework of
Bekker (1994).8 To keep this comparison focused on the essential features of our framework via-a-vis that of
Bekker (1994), we shall concentrate our discussion on the case where there is no included exogenous variables, so
that J = 0. Within this setup, the alternative asymptotics considered by Bekker (1994), in our notations, boils
down to one where the quantity (n — G)~I'Z/, Z,11 is kept fixed, as both K,, and n go to infinity, such that
Knﬂ — «, for some constant « satisfying 0 < a < 1. However, unlike our setup and that of Staiger and Stock
(1997), Bekker (1994) does not model IT as being local-to-zero. Hence, within our framework, the Bekker approach
is essentially one of setting b,, = 1, Vn and r,, = n. Unlike the Bekker setup, we do not require (n—G)~Il' 2!, Z,I1

6The type of asymptotic approximation used by Bekker (1994) dates back to the work of Anderson (1976), Kunitomo (1980), and
Morimune (1983), as is pointed out by Bekker in his paper. For further discussion of this type of asymptotics, see Hahn (1997) and
Hahn and Inoue (2000).



to stay fixed, or even to converge to a limit as n grows, and we do not make a Gaussian error assumption (see
below for further discussion).

(v) As consistent estimation of 8 turns out to depend crucially on how fast r, approaches infinity relative to
K, as n — o0, it is natural to measure the quality (or, conversely, the weakness) of instruments in terms of the
relative order of magnitudes of r,, and K,. In particular, we propose the following taxonomy of instruments in

terms of their quality:”’

(a) Refer to the set of available instruments as “not weak” if %‘1 — 0, as n — oo.

(b) Refer to the set of available instruments as “mildly weak” if 7’(?1- — 01, for some constant 61 such that

0< 6 < .

(c) Refer to the set of available instruments as “moderately weak” if T’;’t — 0, bur 3% — 0, as n — oo.

Tn

(d) Refer to the set of available instruments as “completely weak” if TR b2, for some constant 62 such that
0< b < 008,

By classifying instrument weakness in terms of the rate at which the concentration parameter grows, we
are taking note of the fact that in some sense there are two forces at play in determining whether consistent
estimation can be attained. To be more specific, note first that it is useful to think of r,, as being the product
of two components, m1,, and 22. The latter ratio gauges the degree to which II,, is local-to-zero in the sense
that, given Assumptions 1 and %, there exist real constants D and Dwith 0 < D < D < oo and some positive
integer N* such that Vn > N*, D2z < ||II,,||*> < D22, where ||.|| denotes the usual Euclidean norm so that
|[TL,|| = /Tr (I, I1,,). Hence, in the case where g S 0asn— 00, 738 is the rate at which we are shrinking
the (squared) distance of II,, from the origin, in orger to obtain an apprgpriate model for the near identification
failure that may be present in a given empirical situation. On the other hand, mj, is the rate at which the
information in the instrumental variables accumulates and, thus, reflects the information content of the available
instruments. Both my,, and %32 clearly play a role in determining whether consistent estimation is achievable.
Indeed, from the viewpoint of r1‘;)oint estimation, one is not necessarily better off to be in a situation where the
available instruments have low information content but enter into the first-stage equation with relatively larger
coefficient values relative to an alternative situation where the instruments have more information content but
smaller first-stage coefficient values.

(vi) Assumption 4 requires the disturbances of the model to have finite absolute fourth moments. In addition, we
require that the conditional fourth order moments of the disturbances given Z,, to be equal to the unconditional

fourth moments. This latter condition is implied by an assumption of the independence of 7; and Z,, for all i

7 A potentially interesting future line of research is the exploration of diagnostic procedures which will give empirical investigators
a sense of whether the set of available instruments might be “too” weak for useful estimation to take place. Some of the measures of

instrument relevance discussed in Shea (1997) and Hall and Peixe (2000) might be useful in this regard.
8As we shall see in the next section, all of the usual estimators, including both 2SLS and LIML, are consistent if the set of

available instruments is “not weak” in the sense defined above, which of course includes as a special case the conventional setting,
where full (asymptotic) identification is assumed and where the number of available instruments is taken to be fixed, so that K, = K,
for some fixed constant K, and r, = n — oo. On the other hand, if the instruments are “mildly weak” or “moderately weak”,
LIML, JIVE, and other w-class estimators satisfying certain general conditions are consistent while 2SLS is not. Additionally, if
instruments are “completely weak” (the case examined by Staiger and Stock (1997) and also Wang and Zivot (1998)), then none of

the currently known estimators are likely to be consistent.



and n but is, of course, weaker than such an assumption. Note also that the conditions on the instruments and
the errors which we stipulate in Assumptions 2, 3, and 4 are weaker than that of Morimune (1983) and Bekker
(1994), which assumed fixed instruments and i.i.d. Gaussian errors.

(vil) Assumption 5 stipulates that the rate of growth of the concentration parameter r, must be no faster than n.
This assumption is in accord with our objective of studying the case of weak instruments and weak identification.
The case where the concentration parameter grows at a rate faster than n is often a case where the signal from
the model is so strong that OLS will be consistent even in the presence of endogeneity. This, however, is not the
scenario which we address in this paper.

(viii) It is of further interest to compare our setup with that of an important recent paper by Donald and Newey
(2001). Note, in particular, that our setup can be regarded as being more general than that of Donald and Newey
(2001) in several respects. First, our conditions do not require the triangular array of exogeneous regressors Z, ;
to be i.i.d. for given n, whereas Donald and Newey (2001) explicitly assume that their exogenous variables are
i.i.d. Second, we also study the case where the number of instruments K, diverges at the same rate as n ( i.e., the
case where the degree of overidentification is significant relative to the sample size), whereas Donald and Newey
(2001) examine the case where Knﬂ — 0 as n — oo. Finally, as mentioned earlier, our asymptotics is based on
a sequence of (local-to-zero) models and not a sequence of data generated by the same model, as is the setup
considered in Donald and Newey (2001).

3 Asymptotic Behavior of Single-equation Estimators

Since the class of estimators that we examine in this paper is an extension of the well-known k-class, we begin by
recalling that the k-class estimator can be written in the form:

Bk)n = (Y2,Qx Yon — kY2,Q% Yau) " (Y2,Qx0¥1n — kY3,Q7 Y1n) » (7)

where k may either be a non-random scalar or may depend on the data and, hence, also on the sample size n.°

In addition, it is well known that k-class estimators can be viewed as instrumental variables estimators which use

as instruments the “adjusted” endogenous regressors:
Y2n(k')i = Y2n,i - k"/U\n,ia 1= 17 w1, (8)

where 7, ; is the transpose of the ith row of V, = ®Q7, Y2,n, the matrix of OLS residuals from estimating the
first-stage equation (see pp. 166 of Schmidt, (1976) for a more detailed discussion of this interpretation of the
k-class estimator). Hence, the k-class estimator seeks to remove from the ith observation of the endogenous
regressors, Yz, ;, that part which is correlated with u;. It does this by subtracting from Y3, ; a component which
is equal to (some scalar multiple) & times an estimate of v;, since the presence of the disturbance component v;
in Y2, ; is precisely what causes the endogeneity.

Now to motivate our interest in generalizing the k-class, note that by definition, k-class estimators take the
scalar multiple k to be invariant with respect to ¢ (i.e. k does not vary with the observation). As a result, the
k-class is not a rich enough class to include some interesting, recently proposed estimators, such as the JIV E of
Angrist, Imbens, and Krueger (1999). In order to include the JIV E and other potentially interesting estimators,

9We define all estimators using the Moore-Penrose generalized inverse so as to allow for the possibility of perfect multicollinearity,

for a given n. Asymptotically, however, our conditions rule out perfect multicollinearity.



we examine what we call the w-class, which extends the k-class by allowing k (or, in our notation, w) to possibly
vary with both ¢ and n. More specifically, in lieu of expression (8) above, the adjustment to the endogenous

regressors used in constructing the w-class estimators takes the more general form:
YVZn(‘%,n)i = Y2n,i — WinUn,i, 1=1,..,n. (9)

Using 17'2“ (Win)i ,© =1,...,n as instruments, it is easy to show, by straightforward algebra, that w-class estimators

can be written as:
Bom = (V3 [In — Q7. ] QxnY2u)" (Y, [In — @7, ] Qxn¥1n) (10)

where 2, is a diagonal matrix of the form Q,, = diag (w1, W2 ,n,....,wn ). Comparing expressions (7) and (10),
it is apparent that every k-class estimator is a special case of the w-class estimator (10) obtained by setting
Win = W2y = ... = Wy = k. In addition, note that it is often convenient to rewrite the estimator given by

expression (10) above in the alternative form:
~ ~ + ~
Bom = (Y0 | Pz, = Pxo — Q2,80Qx0| Y20 ) (Y2, [Pz, — Pxo — Q2,90 1) (11)

where S~2n =Q, — I, ﬁn = diag (@1,n, D2,ns ., Wnn), and @i = wiy, — 1, for ¢ = 1,...,n. Without further
restrictions on w; , (¢ = 1,...,n), or alternatively on &, , (¢ = 1,...,n), the w-class estimator is not a consistent
estimator of 8 under the assumptions of Section 1. Consistent estimation can be obtained, however, given the

following restriction:

Assumption 6: Suppose that for each ¢ and n, w;, can be decomposed into the sum of two components as

follows:
‘T)z’,n =Win+ gi;m (12)

such that @, is either non-random or depends only on the exogenous variables Z.,, so that Win = fn,i(in).

Also, assume that w; ,, and &; ,, satisfy the following conditions:

(a) ’m I, < oo a.s., where I, = sup [W;,|.
n— 00 1<i<n

(b) Z wi,’n (1 - hi,n) =K, a.s. Vn,
i=1
where h; ,, is the ith diagonal element of Pz ;

(©) ¥ E (@) = 0K,);

(d) sup [&in| =0, ().
1<i<n

Theorem 3.1: Under Assumptions 1-6, let me be defined as in equation (11) above. Suppose that r,, — oo as
n — 0o, such that 3% — 0. Then,

B 2> Bo asn — oo.. (13)

Remark 3.2: (i) Part (a) of Assumption 6 rules out unreasonable choices of @; ,,, which may lead to pathological
asymptotic behavior of the w-class estimator. To better understand parts (b)-(d) of Assumption 6, it is helpful to



focus discussion on the special case where J = 0, so that there are no included exogenous regressors. As mentioned
above, an w—class estimator can be viewed as an IV estimator where the matrix of instrumental variables is
given by }Afgn (ﬁn) = [Pzn — @nQ Zn:| Yo,, in the case where J = 0. Now, let W denote the generic matrix of
observations on the instrumental variables. Then, the standard assumption for the validity of instruments can be

stated in terms of the moment condition
E(W'u) =0, (14)

where u denotes the vector of disturbances in the structural equation of interest. Note, however, that this condition
~ ~ /
is violated by many members of the w—class, as this class contains many estimators for which £ [an (Qn) un} #*

0. On the other hand, consistency of the w-class estimators under the asymptotic scheme described in Theorem 3.1
does not require a condition such as (14) to hold exactly; rather, consistency can be attained if an orthogonality
condition analogous to (14) holds asymptotically. In particular, consistency can be achieved if:

i}gn (Qn)/un ﬁ) 0

Tn

(15)

under the asymptotic scheme described in Theorem 3.1. Given the other assumptions above, (15) can be shown
to hold for those w—class estimators which satisfy Assumption 6. To understand the role which Assumption 6
plays in establishing (15), note that under this assumption, we can decompose ?271 (ﬁn) into two components
as follows: )Afzn (ﬁn) = ?2%) — )72(3), where ?2(7? = [Pzn fﬁnQZn] Y5, and }72(3) = E,Qz,Y2, with Q, =
diag (W1,m, D2 s Wnyn) s =n = diag (E1,n, E2m, s &nn), a0Dd Wy, & (1 =1,...,n) defined as in Assumption 6.
Part (b) of Assumption 6 helps to ensure that }A/z(i) satisfies an orthogonality condition of the form (14). To see
this, note that

E (5/}2(713/“7'/) = B (5/2/71/ [Pzn - anﬁn] Un)
! !
= B (D) ¢ B (V[P - Q] w) 0. 1)

given that F (C;‘bzii‘“”) = 0 by Assumption 3, and given that

B (Vi [Py — QO] wn) = B (VD [Pg, — Q7,0] un )

— g 1
- UVuEZn

Kn—zm,n(l—hm)] =0, ¢g=1,..,G, (17)
=1

(@)
1

by Assumption 6(b), where e, and V;”” denote, respectively, the gt" column of the G x G identity matrix I and

of V,, and where E_ (-) denotes the expectation taken with respect to the probability measure of Z,,.
Part (c) of Assumption 6 puts a restriction on the growth rate of the sum of the second moments of @j ,,

i=1,...,n (or on the sum of squared @; ;,, in the case where the @; ,,’s are non-random), as n increases. Without
o)
— . v, . .
some control on the sum of second moments of & ,,, the variance of —Z’Jm—”” may not die down asymptotically and
e . - .
“2n_Un pay not converge in probability to zero as desired.

™n

@)
Finally, part (d) of Assumption 6 ensures that Zz'gn—u” converges to zero in probability. To see this, consider



n 7O
the ¢g"" element of ~2—", and note that

1 (2
€y Yoo un

V;Sg)/ [QZn En} Un
Tn

(9)/ (9)
o [ (1,
n n Tn %

' 5@
so that part (d) of assumption 6 implies that 59% 20, forg=1,...,G.

|\ (18)

T?L

It should also be noted that the set of estimators satisfying assumption 6 is definitely not empty. In fact, as
we will verify below, both LIML and JIV E can be shown to satisfy this assumption.
(ii) Note that, given the other assumptions, the consistency result obtained in Theorem 3.1 holds regardless of
whether K, grows at the same rate as n or at a rate slower than n, as long as % — 0 as n — oo. Hence, our
analysis shows that it is not the relative magnitudes of K, and n per se, which determines whether consistency
can be attained. Rather, what is more important is the speed of divergence of the concentration parameter
relative to K,.

(iii) An important member of the w-class is the LIM L estimator. The LIM L estimator is defined as follows:
~ ~ + ~
Brivin = (YénQXn Yan = ALimrnY2,Qz, an) (YénQXnyln - ALIML,nyéannyln) ) (19)

where \ LIML,n is the smallest root of the determinantal equation:

det yin QXn Yin yin QXn Yon —A y:/Ln an Yin y:/Ln an Yon =0 (20)
Y2/n QX nYin Y72/n QX n Yon " Y2/n QEH Yin Y2/n an Yon

The LIML estimator can be obtained as a specific member of the w-class by setting wy, =wzp = ... = wppn =
XLIML,” (or, alternatively, by setting Wy, =W, = ... =Wy = XLIML’” —1).1° Moreover, it can be shown that
the LIM L estimator satisfies Assumption 6, so that it is a consistent estimator of 3, in the sense of Theorem 3.1.
To verify that this is true, we first provide a result on the limiting behavior of h) LM L,n under the asymptotic

scheme described in Theorem 3.1.

Theorem 3.3: Under Assumptions 1-6, let XLIML’,,L be the smallest root of the determinantal equation given by
(20). Suppose that r,, — 00, as n — 00, such that —VTI:” — 0. Then,

~ n—J

ALIMLn = m +&n, (21)
where &, = oy (%'Ll) .
Given Theorem 3.3, it is convenient to set W; ,, = (#Q) —-1= ﬁﬁj, for i = 1,...,n. Now, to show that

Assumption 6 is satisfied for the LIM L estimator, first observe that in this case:

- _ K

b= Bl = e = (22)
from which it follows that since 0 < a < 1,

— 5 a

liml,= liml, =—— < oo, (23)

n—00 n—00 11—«

100f course, the LIML estimator is also a k-class estimator, with k = XLIML,n-
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so that Assumption 6(a) is satisfied. Next, observe that in this case:

;wm(l—hm) - ()T

=1
K,
= (m) (n =Ky = J) = Ky, (24)

so that Assumption 6(b) is satisfied. Furthermore, note that in this case:

> 5 @) = s { et L - o), @
=1 n

since we assume that K,, = O(n). Thus, Assumption 6(c) is satisfied. Finally, note that since w does not vary with

the observation in the LIM L case, we have that &; ,, = &, for all 7. Hence, given that we have set w; ,, = ﬁﬂ?y
Theorem 3.3 implies that
Tn
SUpl€nl = [6n] = 0p (1) (26)
i n

so that Assumption 6(d) is satisfied as well.
(iv) Another important member of the w-class is the Jackknife Instrumental Variables Estimator (or JIVE).
JIV E, as proposed by Angrist, Imbens, and Krueger (1999) and also derived in Blomquist and Dahlberg (1999),

is an estimator whose construction is based on a two-step procedure which can be described as follows:

1. First, construct jackknife fitted values YZ{LI VE =1

~ ~ . !
but the ith observation (i.e. set YZ{LIYE IL,, (1) Zy i + P (1) Xy i, for i = 1,...,n, where (Hn(i)’, @n(i)’) =
(Zn(i)' Zn (i))_l (Zn(i)'Y2(i)) is the OLS estimator of the coefficient matrices of equation (2), obtained by
deleting the ith observations, and where Z, (i) denotes a submatrix of Z,, obtained by deleting the ith row
from the latter).

, ..., T, by running first stage OLS regressions using all

2. Next, estimate the structural equation (1) by an I'V procedure, using the matrix of instruments (YZ{LI VE X n) ,

~ ~ ~ ~ /
JIVE __ JIVE JIVE JIVE
where an = (anvl 3 YZTL,Z g erenss s YZTL,TL ) .

Observe that an important motivation for the JIV E method, as noted by Angrist, Imbens, and Krueger (1999),
is that the jackknife fitted value YZ{;’ VE obtained from the delete-one estimation procedure described in the first
step above, is uncorrelated with the structural disturbance u;, even in finite sample; whereas, in the usual 25LS
construction, the fitted values obtained under the first stage regression are only asymptotically uncorrelated with
the structural disturbance. It can be shown that the estimator constructed on the basis of steps 1 and 2 above

can be written in the form:

Birven = (Ya, [In — Qz, Hy) QXnY2n>+ (Yz, [In — Qz, Hn)| Qx,y1n) ; (27)

where H,, = diag (1 PR lff%n n), with h;, being the ith diagonal element of P . In addition, for JIVE
to be well-defined, we need to make the following assumption:

11



Assumption J': There exists a constant h, with 0 < h < 1, such that 0 < h;,, <h a.s. for 1 <4 <n and for
all n sufficiently large such that Py _ is well-defined almost surely??.

Comparing expression (27) with expression (10) or expression (11), we see that JIV E can also be obtained as a

special case of the w-class, by setting w; , = ﬁ) ,fori =1,...,nor, alternatively, by setting w; ,, = (lf'h:‘n) ,
for i = 1,...,n. Given Assumption J, it is not difficult to verify that JIV E satisfies Assumption 6 and is thus a

consistent estimator of 3. To see that this is true, set:

— J 1
Win = |:hz7n - E:| (m) 5 (28)

for i =1,...,n; so that, by construction, & , = % (1—11“ n) . Now, observe that, in this case with probability one:

_ — 1
ln= sup |[W;n| < {h + J} (ﬁ) for all n sufficiently large, (29)

1<i<n n

from which it follows that lim I, < ( lﬁﬁ) < 00 a.s., so that Assumption 6(a) is satisfied. Next, observe that
n—oo -
in the JIV E case:

n _ n J 1
;wi,n (1 - hi,n) = Z |:hi,n - E:| <m> (1 - him)

n

J

- Z |:h‘i,n - _:| =Kpn+J-J=K,, (30)
=1 "

so that part (b) of Assumption 6 is satisfied. Moreover:

y - J 2 1 2
o
: 2 —

1 2 n , ; J2
(ﬁ) E {Z |:hi7n - 2hi’nE + ¥:| }

(L)Z [K,:lj - 2@ + ‘]—2} = 0(K,), (31)

1-h n
where the second inequality follows from the fact that, even if we ignore Assumption J, it must be that 0 < h; ,, < 1;

n n
and, hence, > h?, < > h;, = K,, + J. It follows that Assumption 6(c) is also satisfied. Finally, note that:
i=1 i=1

i\n
(2

J 1 J 1
su in]=sup = (—— | <= [—= ) =0n,
lgign‘&’ ! 192”71 <1 - hi,n) -n <1 — h) (™)

where the inequality holds by Assumption J, almost surely. Hence, Assumption 6(d) is satisfied as well.

11Note that Assumption J does rule out exogenous regressors of the form e; = (,...,0,1,0,...,0), where e; denotes the ith elementary
vector, or, alternatively, the it? column of an identity matrix. It is easy to show that hin = 1if e; is a column of Zp. The fact that
JIVE is not well-defined for this type of dummy regressor has not previously been pointed out in the literature, to the best of our
knowledge.

12Note also that Assumption 2, part (b) implies that, for n sufficiently large, the matrix Z;En is positive definite almost surely,

so that P is well-defined almost surely for large enough n.
n

12



(v) Another interesting special case of the w-class estimator is the 2SLS estimator'®, namely:
Basisn = (Y2,(Pz, — Pxa)Yan) " (Y2,(Pz, = Pxo)yan) (32)

However, unlike LIML and JIV E, the 25LS estimator does not satisfy Assumption 6, as can be seen by casual
inspection; and so its asymptotic behavior is not covered by Theorem 3.1. To compare the limiting behavior of
the 25 LS estimator with that of other w-class estimators which do satisfy Assumption 6, the following result is
useful.

Theorem 3.4: Under Assumptions 1-5, let 325L5,n be defined as in equation (32) above.

1. Assume that 7’(?1- — 0 as n — oo; then

Basrsn 2 Bo + Ly oy, asn — oo. (33)

(b) Assume instead that 72 — 6 as n — oo, for some constant § such that 0 < < oo; then

BZSLS,TL - ﬁO = (6\Ijn + Z\/V)izL Ovy + Op(l)v (34)

CLZ] QxnZnCn

—“n“n¥Xpn“ntn
where ¥, b2

(c) Assume, on the other hand, %? — 0 as n — oo; then

323Ls,n 2 6o asn — . (35)

Note that part (a) of Theorem 3.4 shows that under the condition £ — 0, as n — oo (i.e. when the set of
available instruments is either “moderately weak” or “completely weak”), the 25LS estimator, while inconsistent,
does not converge to a random variable, as is the case when the number of instruments is held fixed (i.e. see
Staiger and Stock (1997)). Rather, the 25LS estimator in our context converges in probability to a nonrandom
limit equaling the sum of Gy and the bias term E;:‘L/O'Vu. Interestingly, this convergence to a nonrandom limit
holds even in the case where the concentration parameter does not diverge at all (i.e., even if r,, does not tend
to infinity) as long as K,, — oo, as n — oo. This result is consistent with the result given in Chao and Swanson
(2001) based on sequential asymptotics, where it is shown that the variance of the 2S5LS estimator tends to zero
as the number of instruments goes to infinity; but a non-zero bias remains. Turning to part (b) of Theorem
3.4, note that when r,, goes to infinity at the same rate as K,, (i.e. the case where the instruments are “mildly
weak”), then the 2S5LS estimator is again inconsistent. However, in this case, without further assumption, the
25LS estimator need not converge at all since, under our conditions, we do not require the sequence of matrices
{¥,} to converge to a limit. On the other hand, a sufficient condition which ensures that the 2SLS estimator

13Gince it is well-known that the 2S5 LS estimator is a k-class estimator, with k = 1, it follows that 25LS also belongs to the w-class
with w1,n = w2n = ... = wn,n =1 (or with @1, = ©2,n = ... = Wn,n = 0 in the alternative formulation of the w-class estimator given

in expression (11)).
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will converge in probability to a non-random limit is the assumption that ¥,, 2 W, as n — oo, for some constant
positive definite matrix W. Finally, part (¢) of Theorem 3.4 shows that consistent estimation based on the 25LS
estimator (in the absence of bias correction) is only possible if the rate of growth of the concentration parameter
r, tends to infinity faster than the rate of growth of the instruments, K,,, as n increases (i.e. when the set of
available instruments is “not weak”). In the case where the number of instruments is held fixed (so that we can
set mp, = 1, Vn), this latter requirement is satisfied if the concentration parameter diverges, which in turn may
occur even within a local-to-zero setup provided that b2 goes to infinity at a rate slower than mjy,, 4.

(vi) Tt is certainly of interest to compare our results with results obtained by Bekker (1994). Within his framework,
Bekker finds that, if Knﬂ — a # 0 asn — oo, then 25LS is inconsistent whereas LIM L is consistent. On the
other hand, if Knﬂ — 0, then both 25LS and LIML are consistent. These results can be obtained as special cases
of the results provided in Theorem 3.1, Remark 3.2 (iii), and Theorem 3.4. To see this, first note that, since the
Bekker framework implicitly takes r,, = n, assuming that % — « # 0 within the Bekker framework is equivalent
to requiring the condition that %"1 — a # 0, so we can deduce directly from Theorem 3.1, Remark 3.2(iii), and
part (b) of Theorem 3.4 that LIM L is consistent but 25LS is not. Alternatively, assuming that Knﬂ — 0 within
the Bekker framework is equivalent to the condition that %’3 — 0, so that from Theorem 3.1, Remark 3.2(iii),
and part (c) of Theorem 3.4, we deduce that, in agreement with the results of Bekker (1994), both estimators are
consistent in this case.

It should be noted, however, that while it is true within the Bekker framework that the 25LS estimator is
consistent whenever K,, grows at a slower rate than n, this need not be the case more generally, especially in
the presence of weak instruments. This is because whether or not the 25LS estimator is consistent depends
more crucially on the relative magnitude of r,, vis-a-vis K,, as n — oo, and not so much on the relative orders of
magnitude of n and K,,, unless of course r, = n, as in the Bekker framework. Hence, it is entirely possible for

the instruments to be sufficiently weak (in the sense that r, is of an order of magnitude much lower than n, for

Kn

n large) so that we actually end up with a situation where =+

— 0, but £ — 6 for some nonnegative § < oo, in
which case 2S5LS is actually inconsistent (see Theorem 3.4).

(vii) Interestingly, our analysis shows that w-class estimators satisfying Assumption 6 may be consistent even if
the weakness in the instruments is such that the concentration parameter grows at a rate slower than K,,, so long

as r,, grows faster than v/K,, as n — oo®. Indeed, we conjecture that, given the other assumptions, the condition

14The asymptotic behavior of the 2SLS estimator under a local-to-zero setup has been further investigated recently by Hahn and
Kuersteiner (2002). Like Staiger and Stock (1997), Hahn and Kuersteiner (2002) examine the case where the number of instruments
is held fixed as sample size approaches infinity, but they employ a more general local-to-zero setup which takes b, = n® for some
0 < 6§ < co. They show that the 2SLS estimator is consistent and asymptotically normal when 0 < § < 1/2 but is inconsistent and
converges to non-standard distributions when 6§ > 1/2. The results of Theorem 3.4 above are, in fact, completely consistent with the
results presented by Hahn and Kuersteiner (2002) since, in terms of our notations here, that paper can be viewed as looking at the
case where m1, = n and so 7, = n1~2%, Thus, the concentration parameter will grow provided that § < 1/2, which, in turn, will
ensure the weak consistency of the 2S5LS estimator when number of instruments is assumed to be fixed. Our results show, however,
that, more generally, it is the relative magnitudes of r,, and K, , which determine whether the 25LS estimator may be consistent,
and the rate at which the first-stage coefficients is allowed to shrink toward zero is important only in so much that it affects 7y, the

rate of growth of the concentration parameter.
15Using the terminology introduced in Remark 2.1(v), we say that the set of available instruments is “moderately weak” if TT{?‘— —0

but XEn
n

either Bekker (1994) or Staiger and Stock (1997). In fact, since r, = n in the Bekker framework, the cases studied by Bekker (1994)

— 0 as n — oo . It should be pointed out that the case with “moderately weak” instruments has not been studied at all by

correspond to scenarios where the instruments are either “not weak” or are only “mildly weak” in our terminology, depending on
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that ¥YEn

n

— 0 as n — oo is not just a sufficient condition but also a necessary condition for consistent estimation
to be achievable in the presence of weak instruments. Proof of the necessity of this condition is, however, left to
future research.

(viii) Our analysis also makes precise the sense in which w-class estimators satisfying our Assumption 6 are
more robust to instrument weakness than the 25LS estimator. Specializing our general results to some specific
estimators, we see that both LIML and JIV E satisfy Assumption 6 and are, thus, consistent even when the
instruments are "mildly weak” or “moderately weak” in the terminology of Remark 2.1(v), whereas the 25LS
estimator does not satisfy Assumption 6 and is consistent only if the instruments are “not weak”!6. In the case
of LIML, our findings are entirely consistent with the numerical results presented in Staiger and Stock (1997),
which show LIML to be less biased than 25LS when instruments are weak in the local-to-zero sense.

(ix) For models that are weakly identified, our results suggest that it might be sensible to use many instruments,
when available, in constructing w-class estimators which satisfy our Assumption 617. This is because even if each
instrument is only weakly correlated with the endogenous regressors, the combined effect of using a lot of them

might nevertheless allow the concentration parameter to be sufficiently large so that reliable point estimation can
be achieved?®®.

4 Concluding Remarks

This paper puts forth general conditions under which consistent estimation can be attained in instrumental
variables regression in the case where the available instruments are taken to be weak in the local-to-zero sense.
In particular, we consider a general class of single-equation estimators, referred to as the w-class, which extends
the well-known £-class to include, amongst others, the Jackknife Instrumental Variables Estimator of Angrist,
Imbens, and Krueger (1999). A main conclusion of our paper is that if the number of instruments is allowed to
approach infinity as a function of the sample size, then w-class estimators which satisfy certain general conditions,
such as LIM L and JIV E, will be more robust to instrumental weakness relative to estimators such as the 25LS
estimator, which do not. Our results, thus, are useful in identifying point estimators whose performance is less
adversely affected by the presence of weak instruments. In addition, our results suggest that the use of a large
number of poor quality instruments may actually improve the reliability of point estimation in situations where
the available instruments are weak and abundant.

A number of questions remain open. In particular, while we have shown that there exists a class of consistent

whether Knﬂ — 0 or Knﬂ — a # 0 as n — oo. Moreover, as discussed previously, Staiger and Stock (1997) studies the case where the
number of instruments are fixed and the concentration parameter does not diverge, so that the ratio % does not vanish as n — oo

in their setup. Hence, the case they consider correspond to that where the instruments are “completely weak” in our terminology.
16 Although, throughout this paper, we have used LIML and JIVE as specific examples of w-class estimators which satisfy our

Assumption 6, it should be noted that there are other known estimators, not explicitly considered here, which also satisfy this
assumption. In particular, it is an easy exercise to verify that the modified LIM L estimators studied in Fuller (1977) and Morimune

(1983) also satisfy Assumption 6 and are, thus, consistent in the sense of Theorem 3.1.
17Note that this prescription only applies to estimators which satisfy our Assumption 6, i.e., estimators such as LIML and JIVE.

On the other hand, in the absence of additional bias adjustment, increasing the number of instruments used in constructing the 2SLS

estimator will increase the bias of that estimator as discussed in Chao and Swanson (2001), amongst other places.
18 After completing the current draft of our paper, we learned of a remarkable result obtained by Peter Phillips in his comment on

a recent paper by Han (2002). Indeed, in a location model, Phillips (2002) shows that totally irrelevant instruments can be used to

provide consistent estimation if the number of instruments is allowed to approach infinity.
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estimators even when the instruments are modeled to be weak in the local-to-zero sense, we have not derived the
asymptotic distributions of these consistent estimators. Obtaining the limiting distributions of these estimators
will likely give us insights about the relative efficiency of the different estimators. Related to this question is the
problem of finding the optimal estimator amongst the consistent members of the w-class. Research is ongoing in
these areas.

5 Appendix

We begin by providing three lemmas which are used in the subsequent proofs.
Lemma Al: Under Assumptions 1-6, suppose that r, — 00 as n — oo such that 3% — 0. Then, the following
statements are true.

(a) let ¥, = CnZn@xn ZnCn

- bZrn

W, is positive definite almost surely;

, then U, = O 5.(1); moreover, there exists a positive integer N such that ¥n > N,

VM, P

(b) ﬁﬁ“"ao as n — oo;
V/MnVa P

(c) 25" =0 asn— oo

uhMpun P
(d) === =0 asn — oo;
n

Clz! QX un P
“n“n<Xn .
(e) bt —  asn — oQ;

CLZLQxaVa P .
(f) =n=p=2n=2 = asn— oo

Vi MnZnCn P .
(g) ot = as n— 003

where M,, = [(Pzn - PXn) - QZ\Q,LQXH} .
Proof of Lemma Al:

To prove part (a), we first show that ¥, is positive definite almost surely for n sufficiently large. To proceed,
note that Assumption 2(b) implies that for every e, where 0 < & < Dj, there exists N < oo such that for all
n>N

— —

7 7,

)\min ( n L) > D]_ —£&> O a.s. (36)
min

so that 7,/,L7n /My, is invertible almost surely for all n > N. It follows that for all n > N

— = —— \ -1
Z, 7 YAVA
)\min (Lﬂ) == )\max <Lﬂ> a.s. (37)
min Min
Moreover, it follows from the Poincaré Separation Theorem (see Magnus and Neudecker, 1988, pages 209-210)
that for all n > N

>\max

<Zr:LQXn Zn ) -t

Mmin

N |
7 7,
< Amax (LL) a.s. (38)

Mmin
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or

/

Z! Zy Z, 7
)\min (M> > )\min ( n ) > Dl —e>0 a.s. (39)
min min

Furthermore, note that

crz ZnC,
Amin(¥n) = Amin (—" 7;;?);:2 - L)
Z! Zn, ClC,
> )\min (M> )\min < >
min man
> (D1—¢)D3>0 a.s. foralln> N, (40)

where the last inequality above follows from Assumption 2(c) (in particular, expression (5)) and from expression
(39) above. It follows that for all n > N, ¥, is positive definite almost surely.

Now, to show that ¥,, = O, 5 (1), we note that Assumption 2(b) also implies that for every e, where 0 < & < o0,
there exists positive integer N < oo such that for all n > N

AA
Amax ( L L) <Dy+e<oo a.s. (41)
Mmin
Moreover, by arguments similar to that given above, we can show that for all n > N
7 Qx, 7 Z.7
Min min
so that
c'z Z,C,
Amax(‘pn) = >\max <M>
minM2n
A V4 C!C,
S )\max < VLQXH ") )\max < n ")
Min man
< (D24¢)Ds <oo as. foralln>N. (43)

For convenience set ¢ = 1 and let N* be that value of N for which the inequality in (43) holds. It follows then
that for all n > N*, we can bound \Il%‘ ’i), the it diagonal element of W,,, as follows:

Wall/di
eiCnZnQXn chnei
b2r,

MinM2n

v

IA

> <(Dy+1)Dyg< o0 as., (44)

th

where e; denotes the i"" column of the G x G identity matrix Is. Moreover, for all n > N*, we can also bound

the absolute value of U$7) (i.e., the absolute value of the (i,7)"" element of ¥,, for i # j) as follows:

BQC;LZ;LQXnZnCnBj
b2ry,

e{L'O;LZ’;LQXn ZnCre; e.{jC?/LZ;LQXn Z"C’nej
b2ry, b2ry,

C’;L Z’;LQXn Zn Cn
e | S
nI'n

|

A

) < (D2+1)Dsg < 0 a.s. (45)
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It follows immediately from (44) and (45) that
ClZ! Qx,, ZnChp

b2r,

v, = =045 (1). (46)

Before showing parts (b)-(g) of this lemma, we first note that, under Assumption 2, 7;77» is nonsingular almost
surely for n sufficiently large, as has been shown in the proof of part (a) of the lemma above (see expression (40)).
It follows that, for n sufficiently large, the projection matrices Py, , Px,, @7,, and Qx,are well-defined with
probability one, and so is the matrix M, = {(Pgn — PXn) — an Q,LQ Xn |-

Now, to show part (b), it suffices to show that, under the assumptions of the lemma, the g*" element of —M

converges in probability to zero, i.e.

(g)/

M, nUn p
— =0, 47
o (47)
where V,¥ ), g € {1,...,G}, denotes an arbitrary gth column of V,,. To show (47), note first that, given Assumption

6 and n sufficiently large, we can write

Vi My VP [(P7, — Pxa) ~ @7,00Qx, un_ Vi”'Q7, EnQxtn
Tn - Tn .
Vi Mun, Vi Qz,EnQxntn
) ) | (48)
Th Tn

where Q,, = diag (W10, @2,y ooy W) and Zyy = diag (§1,n, E2.my vy &nn). We will show that both of the terms
on the right-hand side of (48) converge in probability to zero. To proceed, note that the expectation of the first
term on the right-hand side of (48) can be shown to equal zero as follows:

Tn Tn

o Vi (g)/
Vr(g)/Mw . M {E Zn (u )} 9 _
E(‘L ) = By (7] T = Ve, (Tr{(Pz, — Px,) — Q7,%:Qx.})

o? L
— TVu By (K - ;w (1- hi,n)> =0, (49)

n

where E7_(-) denotes the expectation taken with respect to the probability measure of Z,, and E, 7, denotes

the expectation taken with respect to the conditional probability measure of 7 = (u, V) given Z,, and where the

th element of M,, and let v;,

Y Mnun
™n

last equality above follows from Assumption 6(b). Next, let 7,5, denote the (z j)

denote the (i, g)"" element of V,,, and we can calculate the second moment of 4 as follows:

1 o 2 n n n n
T_ZE (‘/T,S‘())/Mnun) = < ) Zn Z Z Z Z Mijn Mkln 77|Z ['Uzgujvkgul]

n i=1j=1k=1I=1

1 n i—1 n j—1
( ) —2 —2
- () rdz, | ot | + () 260 rurg, | 3w +3 Y,
" " =2 j=1 j=21i=1
1 n i—1 n i—1
+2 (7“_2> Vu Zn szn n Mjjn “!‘szu’n Mjin

" i=2 j=1 i=2 j=1

= A, + B, +C,, say, (50)
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where the second equality above follows by noting that the expectation E, 7 [vigujvkgui] equals zero except in
the cases where either (i=j=k=1)or (i=jand k=1)or (i=kand j=1)or (i =1 and j = k). Dealing with
the term A,, first, observe that with probability one

/—\
3N —_
\/
E
1
||M:
Al
5
| IS
[N

E(vuf)Tr|(Pg, — Px,) + Qx, 2007, 0nQx,]

S =

3

Ewu?) [Kn + |Tr (9.Qz. 0nQx,)|]

IN

E(Uzzgutz) _Kn + \/TT (ﬁannﬁn) \/T?“ (ﬁnQXnﬁn)]

| = %] = s

IN

E(v? u?) :Kn +Tr (ﬁi)}

1 [ n
_ (—2) E(22) szwf,n], (51)
L =1

n

IN
AN TN TN N N
:ﬁml’—‘
N A

<
3N

where the third inequality above follows from the Cauchy-Schwarz inequality and where the fourth inequality
above follows from the fact that Q7 and Qx,, are symmetric, idempotent matrices. To see the argument behind
the fourth inequality, take Q7 as an example, and note that we can write Q7 = B,A Bl , where B,, is an
orthogonal matrix (i.e., B, B], = I, = B}, B,,) whose columns are the orthonormal eigenvectors of Rz, and A, is

a diagonal matrix with n — K,, — J one’s and K, + J zero’s along the main diagonal; hence, it follows that

Tr (0.Qz. Q) = Tr (QuB.ABL0,) < Tr (0,B,B,0,) = Tr (ﬁi) , (52)

and, by a similar argument, T'r (ﬁnQ Xnﬁn) <Tr (ﬁi) Now, note that since the bound given by (51) holds
with probability one, we deduce that
< () Bty &

A, = (Tn> u) L E_ [Z My

hence,A,L—>Oasn—>ooif@—>03,sn—>oo.
n

o ()] oot

(53)

Turning our attention next to the term B,,, we note that similar to the argument given for A,, above, we have

that with probability one

1 n i—1 Jj—1
<r )E(gg)aw Zmen +szwn
=2 j=1 j=2i=1

S 1 )
< <r2> S0 Tr (MM, < (r2> o990, | K, +Z o, ] . (54)

It follows again that since the bound given in (54) holds with probability one, we deduce that

n i—1
B, = <7“ )E(gg)aqu_ ZZ Myjn +ZZ Mijm

i=2 j=1 j=2i=1
(«m)
<7"2> E uu

K, + E5 (Z Wy n)] n/ri) ) (55)

IN
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sothatBnHOasnﬂooifA%HOaanoo.
Finally, turning to the term C,,, we note that

n i—1 n t—1
2(7“ ) UVu g E nnm]]n + g g ngnmyzn
n

i=2 j=1 i=2 j=1

- <"Ti>2 {Tr 37, + (17 [M7.))° _zim;}, (56)

so that with probability one

g n t—1 n i—1
Oy
2 r E E munm]]n +§ E ngnm]zn
n

=2 j=1 =2 j=1
O_g 2 5 5 n
_ ( 7}/u> Tr [32] + (7 [07,])° - 23
" i=1
2 =2 2 o? 2  —
< ( ) ‘TT {M} (T [M.]) ( 42 <%) ‘Tr [MM}
ol 2 — — — ol 2 . —
- ( ru> |77 [Pz, = Pxo = Q7,0 (Pz, — Px.) + Q7,0:07,00x, ]| +2 (r_u> 7 [37,37,]
Ug 2 — — O'g
< ( 7}/u> [Kn + |TT (QEHQHQZnQnQXn) H +2 <%) K, + Z Win
o \? AN N o o9 \?2
< ( Vu) K, + <ﬂ> Tr (2.Q7, D) +2< VU> K, +Zw§n
Tn Tn Tn —1 ’
o9 \? o \? —2 oy
() () ) 52 o
TCEARR 3 e
where the second equality from the top follows from the fact that under Assumption 6(b)
Tr (Pin — PXn — Qinﬁ’ﬂQXn) = Kn —Tr (anﬁn) =0 a.s. (58)

In addition, note that the third inequality in (57) follows from the Cauchy-Schwarz inequality and the fourth
inequality follows from the same argument as given in expression (52) above. Since the upper bound given in
(57) above holds almost surely, it follows that

o9 2 n i—1 n i—1
el = 2 (%Y g, | S S i s 3 S
" =2 j=1 i=2 j=1
o? n i—1 n i—1
< 2(ru> Zn szunmun +ZZmZJnmﬂn
" =2 j=1 i=2 j=1
< 3 ( . “) n+ ZE 2,)
n
= 0 (Kn/rn) , (59)
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so that C,, — 0 as n — oo if ¥YEn — 0 as n — oo. It follows immediately from (53), (55), and (59) that

n

izE (vn@'mun)z -0 (60)

r?L

as n — oo under the condition that 3% — 0 as n — oo. Moreover, in view of (49) and (60), it follows as a direct

consequence of Chebyshev’s inequality that

Vrgg)/ﬁnun D
In HmPn Py

61
- (61)
Next, we show that, under the assumptions of the lemma,
(9)/ -
n anunQXnun » 0. (62)

Tn

To show this, note that

(9) =
Vn Q?n —n QXn Up
Tn

<

Tn Tn

VTS‘(})/Qin V@ \/u’n Qx,Z2Qx, un [ (ﬁ sup €| VTSg)/Qin A W Qi

where the first inequality above follows from Cauchy-Schwarz. Next, note that standard arguments yield

!
un QXn un ﬁ)

- Oun < 00, (64)
and, from part (e) of lemma A2 given below, we obtain
(9) (9)
v, _
L AL D (1-a) < o (65)

n

)th

where Eg{f) denotes the (g, g)'"* element of 3y . Moreover, it follows from assumption 6(d) that

(&) swpléinl 2 0. (66)

n

(63), (64), (65), and (66) immediately imply that

(9) -
Vo' Q7 EnQxptn p
=0
r?L

(67)

as n, K,, r, — oo such that Knﬂ — « and ﬁ% — 0. Now, the desired result for part (a) follows directly from
(61) and (67).

To show part (c¢) of the lemma, note that, similar to part (b) above, it is sufficient to simply show that
any arbitrary element of %ﬂx converges in probability to zero, i.e., it is sufficient to show that, under the

assumptions of the lemma,

Vv Vi “P?n - Px,) = Q7. 2Qx | VA

-0 68
- o (68)
OB VRO /
where Zﬂ% is the (g,h)t" element of %ﬂx Note, however, that (68) can be shown in a manner very

similar to the proof of part (b) above, so to avoid redundancy we omit the proof here.
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Since the proof of part (d) is also similar to part (b), we again omit it to avoid being repetitive.

To show part (e), we again proceed by showing the mean square convergence of the g** element of gé%éf?—,:nﬂ to
zero, noting, of course, that the matrix Qx,, is well-defined almost surely for n sufficiently large under Assumption
2(b), as argued previously. To proceed, write the g element of gﬂ%’fﬁ—i‘(ﬂ as

e;C;LZ;LQXnu7L
S, (69)
b?Lr’VL

where again e, denotes that g'" column of the G x G identity matrix Ig. Calculating the first two moments
shows that

elgC':LZ':LQXnE (u ‘ 7”)

bnry

e;ClLZ! Q xp, Uy
E {Lﬂ =Fp. =0 (70)

bnry

by Assumptions 3, and that

e/ C! ZQxun | e ClZhQxn E (wd! | Z,) Qx ZnCrey
E = Bz 22
bnr" n bnrn
o Ouy e/g Cil, Z;LQXn Z"C’ﬂe!)
- ( rn )Egn { e , (71)

Note that the expectation £z (-) in equation (71) exists for n sufficiently large as a consequence of the proof of
part (a) of this lemma, where we show that, under assumption 2, there exists positive integer N and constant
D* < oo such that for all n > N,

e;C;LZ;LQXnZnCneg

b2r,

< D* (72)

with probability one. It follows from (72) that for all n > N,

o/ n 2 'Clz! 2, Ch,
P {M:l _ (O’uu) {Efn |:€g n TLQXn eg:l} < <Uuu> D* :O(r;l) (73)

bnrn Tn b72L Tn Tn

The desired result, thus, follows immediately given (70) and (73).

Part (f) of this lemma can be shown by showing the convergence to zero of the (g, h)"" element of CnZp@xaVin

bnrn

th

in the mean square sense. Since the proof is very similar to that for part (e) above, we omit writing this proof to
avoid redundancy.

To show part (g), we again note that a sufficient argument would be to show the convergence (in probability)
to zero of the (g, h)!" element of YM, where the matrix M, is well-defined almost surely for n sufficiently

bnrn

large as previously argued. To begin, write the (g, )" element as

LViM Z,Cren Vi [Py — Px, — Q7. 0:Qx,) ZuCrer Vi Qg EaQx, ZuCren

(74)

bprn bprn bprn
We will show that both terms on the right-hand side of (74) converge in probability to zero. Starting with the

first term, note that

E V;Sg)’ [an - ]DXn - Q7n§7LQXn] ZnCneh
bnTn
> (ngy| Z) [P — Px, — Q7 9.Qx,] ZuCuen

- B -
Zn bnrn 0 (75)
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since F (V,Sg)' | 7n) = 0’ by Assumptions 3. Note further that

) o 2
- (VTS()) [an — PXn — QEnQHQXn] chneh>

bnrn

= 02 2Bg, (1012 [Py, = Pxo — Qxa8Qz,] E(VOV | Z,) [P, — Pxy = Q7,20Qx,] ZuCuen )

n 7L

2(979) o o
< 12,2 ) Efn (e;LC;LZ;L [an — Px,, + QXnQnQEHQnQXn] Z’nCneh> . (76)
Now, with probability one

e, Cl 7! [an — Px,, + anﬁannﬁann] ZnCrep
< €,C! 7 Qo ZuCren + €4 C 2 Qx. Qi ZnCrer,
< ehcl Z/ QXn Z?LC'rLeh + (l ) ehcl Z/ QXnZ"OVLeh (77)

n<n

where [,, = sup @; »| as defined in Assumption 6(a). Moreover, there exists a positive integer N and a constant
1<i<n
D* < oo such that for all n > N

»(9:9) _ —
( b;/vé > Ein (e;lc’;lZ;L [Pin - PXn + QXnQnQZnQTLQXn] ZnCneh)

< (Eg{/‘?)> Efn (l:ehcl Z/ QXnZTLCTLeh:| + (E)2E7n |:ehc/ Z/ QXnZnCneh]>

Tn bn Tn b% Tn
»(9:9) 5
< (—%l¥>{1+(hg }D*::O(ﬁf), (78)

under assumption 6(a), where the last inequality above follows from expression (72). Expressions (75) and (78)
and the Chebyshev’s inequality then directly imply that the first term on the right-hand side of (74) converges
in probability to zero. Next, to show that the second term vanishes as well, write

759) Qin ETLQXn Z,Cren

VD' Qg VD \/ehC’ 2! Qx. Z2Qx. ZuChren

b7lr7l 7LTVL VLT.?L
n V(g) QZ V(g) 6} CZ QXZnCneh
< {, | —sup |£zn|:| = e , (79)
Tnoi birn
where the first inequality above follows from Cauchy-Schwarz. Part (e) of lemma A2 given below, we obtain
(g) Q= (g)
nZ L 209 (1 - a) < . (80)

Moreover, from part (a) of this lemma, we deduce that

e/hC’;LZ’;LQXn Z,Chrep
b2ry,

= Oa.s.(l)' (81)

Furthermore, Assumptions 5 and 6(d) imply that

[n
——sup |&in| 2 0. (82)
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It, thus, follows from (79), (80), (81), and (82) that

(9)/ =
n an unQXn ZnChep P
-0

by

(83)
under the assumptions of the lemma. The desired result then follows immediately. &

Lemma A2: Under Assumptions 2-5, suppose that r, — oo as n — oo such that ﬁ% — 0. Then, the following

statements are true as n — oo.

(a) £B5E2 20,

(b) V]’JW*]Vn ﬁ) O;

T

(c) “ablata 2,0 where My = | (Pz, - Px,) — (7= ) Qz,]

V;-;Q_ Un
(d) ——==n— ﬂa\/u(l—a);

() 19Zalh 2y (1 q);

n

(f) Lo9Zntn P 5 (1-q).

Proof of Lemma A2: To begin, we first note that Assumption 2 implies that, for n sufficiently large, the
projection matrices Py , Px,, @z, and Qx,are all well-defined with probability one, so that the matrix M, =
[(PZ, — Px,) — (ﬁﬁ?}) an} is well-defined with probability one as well. Now, to show part (a) of the
lemma, note first that M is a special case of the matrix M,, = [(Pz_ — Px,) — @z Q.Qx,, |, where we take

Win = (%) for all i. Hence, given the proof of part (b) of Lemma Al above, all we need in order to

establish part (b) of this lemma is to show that (ﬁg?}) satisfies conditions (a)-(c) of Assumption 6. To

proceed, observe that, in this case,

Fl pa— K?L
l, = sup |W;n|=—"77-——, 84
lgign ‘ ’ n— Kn —-J ( )
from which it follows that since 0 < o < 1,
— 5 a
liml,= liml, =—— < oo, (85)
n—00 n—00 11—«

so that Assumption 6(a) is satisfied. Moreover, observe that in this case

éwn (1= hin) = (J—”_J) i (1—hin) = (%) (n—K,—J) =K, (36)

=1

so that Assumption 6(b) is satisfied. Finally, observe that in this case

2\ K.n B

since we assume that K, = O(n), so that assumption 6(c) is satisfied as well. The desired result then follows

directly given the proof of Lemma Al part (b).
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The proofs of parts (b) and (c) of this lemma follow in a similar manner from the proofs of parts (c) and (d)
of Lemma Al and, hence, are omitted here.

Vr/\ an un

th
element of joon

To show part (d), it suffices to show that, under the assumptions of the lemma, the g

converges in probability to the gt element of the vector oy, (1 — ), i.e.

(9) QZ Up p

- o, (1—a). (88)

To proceed, note first that, for n sufficiently large, so that (7;771)_1 is well-defined almost surely, we can take
the expectation of the left-hand sider of (88) to obtain:

@' 0 Q- |:E’7 _ (u Vn(g)')] g
p (_Q> S P RN = Tap, (1r(Qz,))
K, —J (
= o}, (%) — o, (1—a), asn — oo. (89)

Next, let g;j, denote the (3, §)t" element of the matrix an, and we can calculate the second moment of

V' O un .
M, for n sufficiently large, as follows:

/ 2 1 , 2
L G G )

(g) Qz un} 1

1 n n n n 2
= <p> Bz S D 3D i ahin Byjz,, [vigugongu] § — (08, (n— Ky — J))
=1 j=1k=11=1

n i—1
()b, (S5 S

=2 j=1 j=2i=1

1 ~ 5
= <TL2 ) u) E_ [Z iin

1 ’ n i—1 n i—1 1
+2 <F> (O—\g/’u) EEn Z Z Qii,n qjj’n + Z Z Qij,n qjiﬂl, — 5 (n _ K" _ J)Z
=23

j=1 =2 j=1 |
= Dn + gn + JT?H say, (90)

where the second equality above follows by noting that the expectation En@n [vg,1jVg kW] equals zero except in
the cases where either (i=j=k=10)or (i=jand k=1)or (i=kand j=1)or (i =1 and j = k). Dealing with
the term D,, first, observe that with probability one

(%) E(v},u?) E} qz} < <%) B()Tr |Q7, Q7

E(v2 u?)

S (n— K, — ). (91)

Moreover, note that since the bound given by (91) holds with probability one, we deduce that

un n <i) ; (92)

hence, D,, — 0 as n, K,, — oc.
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Turning our attention next to the term &,, we see that with probability one

n i—1
<n2>z((1,(1) - qu“’" +quu,n

=2 j=1 j=2i=1
1

It follows again that since the bound given in (93) holds with probability one, we deduce that

n i—1 J=
£ — (%) S0z, |33 +ZZ(JW —O< ) (94)

i=2 j=1 j=2i=1
so that &, — 0 as n, K,, — o0.
Finally, turning to the term F,,, we note that
1 1S tS 1 2
2(;) ;]Zlq“nq“n +;]Zlq”nqﬂn f—(anan)

- (o) {rrles)+ @ len) -0 -ar 23]
(%)2{nKnJ2iqi2@} (95)

=1

so that with probability one

g n i—1 n i—1
2(%) ZZszn‘b],n +ZZQ13anzn *l(n*Kn*J)z

=2 j=1 =2 j=1
o9 \? oy 2 3(0%.,)°
<ﬂ> |n—K,L—J+2(ﬂ> ‘TT [Q7 ”:¢|n—Kn—J\ (96)
n n n n

Since the upper bound given in (96) above holds almost surely, it follows that

o 2 n i—1 n i—1 1
-7:n|2< Vu) Zq“n%Jn +ZZqZJ7LQJZVL 7_( 7Kn7t])2 :O(nil)a
1

1=2 j= 1=2 j=1 (97)

so that F,, — 0 as n, K,, — oo . It follows immediately from (92), (94), and (97) that

Vn(g)/ — Unp
var # -0 (98)

as n, K, — oo. Moreover, on the basis of (89) and (98), we deduce part (d) of the lemma A2 as a direct
consequence of Chebyshev’s inequality.
Parts (e) and (f) of this lemma can be shown in a manner similar to part (d) above; hence, for brevity, we

omit their proofs. &

Lemma A3: Under Assumptions 2-4, the following statements are true as n — oo.
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/ 1 1
(a) Sz Peoltn 2.,

(b) Rl 25y,
Proof of Lemma A3: Before proceeding, we note that as argued in the proof of lemma 1, Assumption 2 of
the paper imply that the projection matrices Pz and Px,, are well-defined with probability one for n sufficiently

large, so that the difference Pz — Px,, is also well-defined with probability one for large enough n. Now, to

n

. . V(P —Pxp, )un
show part (a), it suffices to show that, under the assumptions of the lemma, the g element of ﬁﬂKn—x”M

converges in probability to the ¢! element of oy, i.e.

755]) (an - PXn> Un p g
— O'Vu.
Ky,

(99)

To proceed, note first that, for n sufficiently large, we can take the expectation of the left-hand side of (99) to

obtain:
E ( s (Pg, — Px,) un) g (2 [ Pz Pxo) [z (V)]
K, LN K,
Ug/u O—{J/u g
= Kn Ein (T’I“ (‘F%n - PXn)) = Kn K" =0Oyy- (100)

Next, let p;;,, denote the (i,5)!" element of the matrix (PZ, — PXn), and we can calculate the second moment
f Vég)/(%nfpxn)“”
Kn

, for n sufficiently large, as follows:

Vi (Pg, - Px.) un] 1 1
var

, 2 , 2
K, - KrZLE [Vrfg) (Pz, — Px.) un} T K2 (E |:V'r§g) (Pz, — Px,) U"D

1 n n n n 2
= <ﬁ> Ez SN D pijn piin By, Wigujvrgu] o — (03,
n

i=1 j=1k=1 (=1

- () iz, [ Sk |
" i=1
1 n i—1 n j—1
* <K,2L> E$/g"/g)g““l%n Zzpfan Jrzzpz?j,n

i=2 j=1 j=2i=1

n i1—1 n i—1
+2 (%) (U{J/U)Z Egn ZZPun Pjjn + ZZPij,n Pjijn — <%> K,ZL
n

=2 j=1 =2 j=1
= gn + H'n +Im say, (101)

where the second equality above follows by noting that the expectation E, 7 [vg,iujVg U] €quals zero except in
the cases where either (i =j=k=1[)or (i=jand k=1)or (i=kand j =1) or (i =1 and j = k). Dealing with
the term G, first, observe that with probability one

1 2 2 = 2
<F%> E(Uiguz‘) l;i%n

(75) BURaDTr (P, ~ P (P, ~ )

2,2
= (;Z) E(2u2)Tr [(Py. — Px,)] = % 102)
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Moreover, note that since the bound given by (102) holds with probability one, we deduce that

1
gn (K2> @g z E_ men

hence, G,, — 0 as n, K,, — oo.

Turning our attention next to the term H,,, we note that in this case

<K2> E(g g)guu i

1=2 j=

i—1

pzzj,n + Z me n
1

j=2i=1

1
< <K2> E(Q g)o'uuTT {(P7n — PXn)/ (P7n — PXn)} = <Kn> ag‘/g)duu

with probability one. Since the bound given in (104) holds with probability one, we deduce that

n i—1 n g1
Hn <K2> E(g g)o'qu_ Z Z z ” + Z prj,n =0 (%) ;
=2 j=1 "

j=2i=1

so that H, — 0 as n, K,, — oc.

Finally, turning to the term Z,,, we note that

1 n i—1 n i—1 1
2 () 0t |3 3 S s — 21

=2 j=1 =2 j=1

_ (7){T (7, — Px)?] + (Tr [(P7, — Px,)] 2an}

g 2 n
Oyu 2
= K, -2 ii
() {2

so that with probability one

g n -1 n 1—1 1
2(?{‘{:) Zzpunp]jn +Zprnpﬂn _EKTZL

=2 j=1 =2 j=1

< () il - pel+2 () |3

(%yKﬁ%ﬁy@ﬂ%r&J%;&ﬂpﬂiﬁ

IN

Since the upper bound given in (107) above holds almost surely, it follows that
59 2 n i—1 n i—1 1
|In| =2 (%) Efn Zzpiim Pjjn + Z Zpij,n Pjin — §K72; =0 (K;l) )
" i=2 j=1 i=2 j=1
so that Z,, — 0 as n, K,, — oo . It follows immediately from (103), (105), and (108) that

9 (Py — Px,)u
Ky

var — 0
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as n, K, — oo. Moreover, on the basis of (100) and (109), we deduce part (a) of the Lemma A3 as a direct
consequence of Chebyshev’s inequality.

To show part (b) of the lemma, note that, similar to part (a) above, it is sufficient to simply show that any
arbitrary element of Mﬁ“#, say the (g, h)!" element, converges in probability to the (g, h)" element of

Yyv, i.e., it is sufficient to show that

Vrfg)/ ( P7n _ PXn) VTSh)
K,

2, Eg{f) as n — oo. (110)

Note, however, that (110) can be shown in a manner very similar to the proof of part (a) above, so to avoid
redundancy we omit the proof here. &
Proof of Theorem 3.1: To proceed, note that for n sufficiently large so that M,, = [(Pin - PXn) - Qz, ﬁnQXn

is well-defined with probability one, and we can write

Y MyYon CLZ'Qx.ZnCrn  C.Z'Qx.Va VIMyZnCo VM,V
v n Qo + Qxalln | + : (111)
Tn bnrn bnrn bnrn Tn

Now, it follows from parts (a), (c), (f), and (g) of lemma A1 that
i/zryLMrLY27L

T'n

=Y, +Op(1)v (112)

where ¥, = b %r1C! Z! Qx, Z,C, is positive definite almost surely for n sufficiently large given the result of

lemma A1 part (a). Moreover, for n sufficiently large, we can write

_ : 113
Tn by Tn ( )
so that
/
Yon Muttn 20, as n — oo, (114)
Tn
given parts (b) and (e) of lemma Al. Next, note that we can write
/Zi.)?n 7/60 _ (liyzlnMnYZ'nil_F |:Y2/7LMnY2n:| B IG) 60 + |:Y2/nMnY2n:|+ l:Y2/nM7Lu'rL:| ) (115)
In view of (112) and (114), it follows by Proposition 2.30 of White (1999) and the Slutsky’s theorem that
|:§/2/nM7L§/2’VLj| N |:Y2/7LM7LY2’VL:| _ IG ﬁ) O (116)
Tn Tn
and that
Y3, M Y2 1" [ V3, Myun
it [ttt "
T'VL r'n

from which we deduce that B\wm 2, By as required. @

Proof of Theorem 3.3 To proceed, note first that XL 1ML, is smallest root of the determinantal equation

yin QXn Yin yin QX,—, Y2n yin QE Yin yin QE Y27L
det — A\ n n =0 118
¢ {( Y3,Qxn¥1n  Y2,Qx,Y2n "\ V3,07 y1n  Y2,Q07z Yon (118)
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or, in more succinct notation,
det {Y,Qx,Yn — MY, Q7 Yn} =0, (119)

where Y}, = [y1n, Y2,] and where the elements of the determinantal equation given above are all well-defined with

probability one for n sufficiently large, as a consequence of Assumption 2. Now, define T = ( ; IO )and
—Mo G
note that the smallest root of equation (119) is the same as the smallest root of the equation

det {T’Y,;QXHY,LT — )\nT’YTZQZ‘YnT} =0, (120)
where
1 7/60 y/ QX Yin y/' QX Y2n 1 0
Y'Y! Yy, T = in n 1in n
n@xa Y < 0 Ig > ( Y3, QxY1n  Y2,Qx,Y2n —Bo Ig
— u;LQXnu" U’;LQXHE/ZVL (121)
Yzln QXn un Yzln QXn Y27L '
and
N A _ urIannun U;LQZn Va
TV, @z, YT = < VaQz un VpQz Vi )’ (122)
Now, let A, = #n{‘] + ™ and rewrite (120) as

det u'/nQXn Unp U;LQXn Yo, - n—J u'/nQin Un U;LQZn Vi
YzanXn Un, YzanXn Y2n n— Kn —-J V%an Un, V;;Qin an

'V’nuhQEn Un 'V’nU«AQEn Vn
_ n n —
Tn TnVAQEnun TnVéQEn Va - 0’ (123)

n n

which, in turn, can be shown, by straightforward manipulation, to be equivalent to the determinantal equation

4 ZnC
det u;LM;:un = Qxbp — +U;LM:‘/"
ClLZ! Qxpu , ClZ! Qxpy ZnC. C! Z" Qx, Vi V! Qxpy, ZnC ’
patn 4 VM,  —hEagasnen 4 Snfmexatn 4 tateasnto VUMV,
rnun Qz,un rnu'ann Va
— n n j—
Tl mViQz un  mnViQz, Va =0, (124)
n n

where M) = [(PZ, — PXn) — (ﬁﬁ?}) an} . Moreover, it is apparent that XLIMLJL, the smallest root of
equation (118), is related to TrrarL n, the smallest root of (124), by the equation

n—J TLIMLn"n

ALIML,n = P o (125)
n
Furthermore, note that Trrar., is also the smallest root of the determinantal equation
u’]M*]un u:.‘an ZnCh + u’nM:]Vn
det 1 ot n e ! ot /bn/f'n ';'n V-
CnZpQxpun + VaMpun CnZnQxn2ZnCn + CnZnQxpnVn + Va@xpZnCn + VaMpVn
bnrn rn b% ™ bnTn bnrn ™
u’nQZnun u’nQZn Vh
— n n R
Tl wiag,un  va@zaVe (O (126)
n n
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It then follows by parts (a), (e), and (f) of lemma Al and parts (a)-(f) of Lemma A2 and by continuity that as

n — oo, the difference between Trrar,, and the smallest root of

0 0 _ ow (1 —a) oy, (1—a) B
(82 ) - Znlion) ghloa 1, .
goes to zero in probability as n — co. Since the smallest root of (127) is obviously zero, we deduce immediately
that Torarz,n = 0p(1). It follows that from (125) that

~ n—J T,
Nornin = —— (_) , 128
LIML, n—anJ—Fop o (128)
as required. ©
Proof of Theorem 3.4 To show part (a), note first that, for n sufficiently large, Pz and Py, are well-defined

with probability one, and we can write

YZ/n (PZn - PXn> Y2n _ Tn C;LZ;LQXn ZnCn + ﬁ C;LZ;LQXT\ V”
Kn Kn bgﬁ'n Kn bnrn
K n bn Tn K n '

(129)

Now, since it is assumed in part (a) that 72 — 0 as n — oo, it follows from parts (a) and (f) of Lemma Al and
from part (b) of Lemma A3 that

Y3, (Pz, — Px,) Y2n

Kn — Evv, (130)
where Yy is positive definite by assumption 3 and is, thus, nonsingular. Moreover, for n sufficiently large, we
can write

Y5, (Pz — Px,.)un n A n Vi (Pz — Px,)un
2 ( Zn Xn) — (T ) C’n nQXnu + ( Zn X ) ) (131)
K, K, byrn K,
so that
Y] (P; — Px.)un
2 ( Zn ) L oy, as n — oo, (132)
K?L
by part (e) of lemma Al and part (a) of Lemma A3. Next, write
/ + /
~ V3, (Pz, — Pxo) Yon | | Y2u (P, — Px,) You
Bosrsm — B0 = —Ig | Bo
K, K,
+
Yzln (Pin — PXn> an Yzln (Pin — PXn> Un (133)
K’VL K?L ’
Given (130) and (132), it follows immediately by the Slutsky’s theorem that
+
Y] (P7; — Px,) Yo Y;, (Pz — Px,,) Yo,
2'”( Zn Xn) 2 2 ( Zn X) 2 7IG£’0 (134)
K, K,
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and

+

Y4, (P — Px,) Yay
K?L

Yzln (an — PXn) Unp,
Ky

1 LSt ova, (135)

so that BZSLS,?L LN Bo + E;]"/(J'Vu as required.
To show part (b) note that since in this case 7= — ¢, for some 6 € (0,00), as n — oo , it follows directly from
parts (a) and (f) of Lemma Al and from part (b) of Lemma A3 that

Y4, (Pz. — Px,) Yan
K,

= (6\I’n + Evv) + Op(l), (136)
where ¥, = b %r1C" Z! Qx,, Z,C,, is positive definite almost surely for n sufficiently large given the result of
part (a) of Lemma Al. In addition, from part (e¢) of Lemma A1l and part (a) of lemma A3, we deduce that

YZ/n (P_Zn — PXn) Unp, P
—
Kn

OVu. (137)

The desired result, thus, follows directly from (136) and (137).

To show part (c), write

V3, (Pz, — Px,)Yon  CLZ.Qx,ZnCy L CuZiQxaVn

T’VL b%, r?L b?L T?L

V'vriQXnZ"C’VL 4 <Kn> eri (Pin B PXn) an

by T K, ’

n (138)

where, given Assumption 2, both sides of equation (138) are well-defined with probability one for n sufficiently
large. Now, since it is assumed in this part that %’\1 — 0 as n — oo, it follows from parts (a) and (f) of lemma
A1l and from part (b) of lemma A3 that

Yé/n (an _PXn)Yén

rn

=0, + 0,(1), (139)

where, again, we note that, given part (a) of Lemma Al, we see that ¥, is positive definite almost surely for n
sufficiently large. Moreover, note that, for n sufficiently large, we can write

Y (P; —Px)un C' 7 V/ (P> — Px.)un
2n( Zn Xn) _ CnZnQXnu” + <ﬁ> ( Zn Xn) , (140)
Tn bnrn Tn K,
so that
¥4, (7, — P ,
2n (Pz, = Pxn) tn 20, as n — oo, (141)

T'n

given part (e) of lemma Al and part (a) of Lemma A3 and given the assumption that %"1 — 0 as n — oco. Next,
write

+

Y2/n (an - PXn) Yo,

Tn

Y2/n (an - PXn) Yo,

Tn

325Ls,n - Bo —Ia | Bo

+

Y2/n (I—%n - PXn) Yon

Tn

(142)

Y2/n (I—%n - PXn) un]

Tn
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In view of (139) and (141), it follows immediately by the Slutsky’s theorem that

+

an (an - PXn) Y2n

Tn

an (an - PXn) Y2n

Tn

— 2o (143)

and

+

Y2/n (]Din - PXn) Yon

Tn

=0

, (144)

Tn

Y2/n (]Din B PXn) un] P

from which we deduce that BZ SLS.n LA Bo as required. ©
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