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Winter Term 2008/09

Practice Questions for the Midterm Exam - ANSWER KEY

1 Endogenous growth with transitional dynamics

(a) The elasticity of substitution is a measure of curvature of the isoquants. The slope of an isoquant
(TRS) for the CES technology is:

TRS =
dL

dK
= −

fK
fL

= −
η

1− η

(
K

L

)σ−1
(1)

εK,L = −
(fK/fL)

(K/L)

d(K/L)

d(fK/fL)
=

[
−
d ln(fK/fL)

d ln(K/L)

]−1

By taking logs of (1), we obtain:

ln(fK/fL) = constant+ (σ − 1) ln(K/L)

Hence,

εK,L =

[
−
d ln(fK/fL)

d ln(K/L)

]−1
=

1

1− σ

As σ → 1, εK,L →∞ as in a linear technology where factors are perfect substitutes. As σ→ 0, εK,L → 1
as in the Cobb-Douglas technology1 , and as σ→−∞, εK,L → 0 as in the Leontief case where production
occurs in fixed proportions and there is no substitutability at all.

(b) The CES production function is:

Y = A {ηKσ + (1− η)Lσ}
1

σ = LA {ηkσ + (1− η)}
1

σ

Replacing the production function into sY = δK+
.

K we find: δK+
.

K = sLA {ηkσ + (1− η)}. Dividing
by L yields

δk +

.
K

L
= sA {ηkσ + (1− η)}

1

σ (2)

We know that

K = kL⇒ K̇ = k̇L+ kL̇⇒
K̇

L
= k̇ + nk (3)

Use (2) into (3) and rearrange

k̇ = sA {ηkσ + (1− η)}
1

σ − (δ + n) k (4)

The first term on the right hand side of (4) is per-capita saving and the second term is the effective
per-capita depreciation of capital.

1 Let’s prove that the CES production function corresponds to the Cobb-Douglas case when σ → 0. Take logs of the pro-
duction function: log Y = logA+ 1

σ
log [ηKσ + (1− η)Lσ ]. Consider the lim

σ→0
log Y=logA+ lim

σ→0

1
σ
log [ηKσ + (1− η)Lσ ].

Now, lim
σ→0

1
σ
log [ηKσ + (1− η)Lσ ] =

lim
σ→0

log[ηKσ+(1−η)Lσ ]

lim
σ→0

σ
= log[η+(1−η)]

lim
σ→0

σ
=
[
0
0

]
.

Hence, we can apply De L’Hopital rule to solve the limit: lim
σ→0

1
σ
log [ηKσ + (1− η)Lσ] =

lim
σ→0

d
dσ
(log [ηKσ + (1− η)Lσ ]) = lim

σ→0

1
[ηKσ+(1−η)Lσ ]

[ηKσ logK + (1− η)Lσ logL] = η logK + (1− η) logL.

Hence log Y = logA+ η logK + (1− η) logL or Y = AKηL1−η .
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(c) The growth rate of per capita capital is γk =
k̇
k

γk = sA
{
k−σ [ηkσ + (1− η)]

} 1

σ − (δ + n) = sA
{
η + (1− η) k−σ

} 1

σ − (δ + n) (5)

Since γk depends on k−σ, we can get only an asymptotic steady-state, i.e. a constant rate of growth of k
and K as k →∞; only in this case the term k−σ vanishes, given that.0 < σ < 1. For finite k there is no
constant rate of growth of k and K. We obtain the steady-state growth of k by taking the limit of (5)
for k→∞:

lim
k→∞

γk = γ
∗

k = sAη
1

σ − (δ + n) (6)

The asymptotic growth rate is just asymptotic saving (per unit of k) minus effective depreciation. Note
that, since 0 < η < 1 and 0 < σ < 1, the growth rate is maximized as σ → 1 because technology
approaches the linear one and decreasing returns on capital disappear.

To find the growth rate of K, log-differentiate k = K/L to get d
dt ln(k) =

k̇
k =

d
dt [ln(K)− ln(L)] =

K̇
K −

L̇
L ⇒ γK = γk + n . From (6), the steady state growth of K is

γ∗K = γ
∗

k + n = sAη
1

σ − δ

(d) Find the economy’s growth rate of GDP per capita as a function of parameters and the capital
level.

From the production function, output per capita is

y = A {ηkσ + (1− η)}
1

σ

Its time derivative is

ẏ = A
1

σ
{ηkσ + (1− η)}

1

σ
−1 ησkσ−1k̇ = Aη

{
η + (1− η) k−σ

} 1−σ

σ k̇

The growth rate of GDP per capita then is

γy =
ẏ

y
=
Aη {η + (1− η) k−σ}

1−σ

σ k̇

A {ηkσ + (1− η)}
1

σ

=
η {η + (1− η) k−σ}

1−σ

σ k

{ηkσ + (1− η)}
1

σ

k̇

k
=

=
η {k−σ [ηkσ + (1− η)]}

1−σ

σ k

{ηkσ + (1− η)}
1

σ

γk =
ηkσγk

ηkσ + 1− η
=
ηkσ

(
sAη

1

σ − δ
)

ηkσ + 1− η

(e) In the following graph the vertical axis represents the growth rate of per capita capital, curve 1

represents the function s
f (k)

k
, the dotted line 2 represents the constant sAη1/σ and line 3 represents

the constant (n+ δ).

1

2

3

k
k0

Graph 1.
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The curve s
f (k)

k
is downward sloping as lim

k→0

f (k)

k
=∞ and lim

k→∞

f (k)

k
= Aη1/σ.

If we start at k0, the growth rate of k, γk, is the vertical distance between 1 and 3. The fact that
γk > 0 means that k will grow over time. Note that as k grows, its growth rate decreases and approaches
it’s asymptotic steady-state level. If sAη1/σ > n+ δ (as we have assumed), then the steady-state growth
rate γ∗k is positive.

There is conditional convergence in this economy as

d

(
f (k)

k

)

dk
< 0. This means that countries with

lower per capita capital, other parameters equal, will grow at a higher rate than countries with a higher
k.

(f) If σ < 0, the steady-state growth rate is zero. Remember that γk =
sf(k)
k − (δ + n)

lim
k→∞

sf(k)

k
= lim
k→∞

sA
{
η + (1− η) k−σ

} 1

σ = 0

As k grows, the marginal and average product of capital will fall up to the point where sf(k)
k = (δ + n)

and growth stops.
Intuition. With σ < 0, K and L are poor substitutes: as K/L increases, the relative scarcity of labor

cannot be compensated and therefore reduces the marginal productivity of capital substantially. In the
previous case (0 < σ < 1), instead, K and L were good substitutes: since capital could “make up” for
labor, an increase of its stock relative to the other factor did not depress its marginal productivity much.
Remember that in the limit σ→ 1 the technology becomes linear.

2 Factor rewards and the golden rule

Consider a neoclassical production function Y = F (K,L). Define y =
Y

L
, k =

K

L
, then Y = Ly = Lf(k).

The marginal product of capital is
∂Y

∂K
= f ′(k) and the marginal product of labor is

∂Y

∂L
=
∂Lf(K/L)

∂L
= f(K/L)−

Lf ′(K/L)K

L2
= f(k)− kf ′(k)

A competitive firm, which takes the interest rate and wage as given, will choose k so as to maximize its
profits:

max
k
L [f(k)− (r + δ) k −w]

The first order condition is
f ′(k) = (r + δ)

In a full market equilibrium wages must be such that profits are zero (otherwise firms will either close or
expand to infinite size):

w = f(k)− (r + δ) k = f(k)− f ′(k)k

Hence, each factor of production earns its marginal product.
The fact that rewarding each factor with its marginal productivity exhausts output is an application

of the Euler theorem. Since Y (K,L) is homogeneous of degree 1, αY = F (αK,αL) ∀α. Take the
derivative w.r.t. α, set α = 1 and you will find the result: Y = FKK + FLL.

We have just seen that per capita income can be decomposed into capital income + labour income,
when the technology exhibits constant return to scale:

y = f ′(k)k
︸ ︷︷ ︸
Capital

+ f(k)− f ′(k)k
︸ ︷︷ ︸

Labour

By assumption, capitalists own the whole capital stock, while workers are the only group of agents
supplying labour. Then, if capitalists save their income and workers spend it entirely, it follows that the
we can express per capita savings as:
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s = f ′(k)k

In equilibrium savings must be equal to investments, or S = I (s = i, in per capita terms). Moreover,
recall that in a steady-state total investment offsets exactly the effective depreciation of capital, or
i = (n+ δ)k.

Imposing the equilibrium condition gives:

f ′(k)k = (n+ δ)k → f ′(k∗) = (n+ δ)

where the marginal productivity of capital = rate of effective depreciation. This is exactly the golden
rule of capital accumulation. The idea is that one additional unit of investment rises output per capita
of its marginal product but brings about a maintenance cost (in a steady-state k must be constant) of
n+ δ. If you want to maximize the revenue from investment in steady-state, you should invest up to the
point where the return on capital offsets exactly its maintenance cost.

3 Dynamics in a Solow-type model

See the scanned pages.

Figure 1:
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Figure 2:
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4 A Simple Ramsey Model

See the scanned pages.

Figure 3:
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Figure 4:
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