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and evaluate it at the ML estimates θ̂ to obtain Ẑ. Then one performs an OPG
regression, with regressors Ĝ and Ẑ, and uses n minus the SSR as the test
statistic. Provided the matrix [Ĝ Ẑ ]>[Ĝ Ẑ ] has full rank asymptotically,
the test statistic will be asymptotically distributed as χ2

(
1
2k(k + 1)

)
. When

some of the columns of Ĝ and Ẑ are perfectly collinear, as quite often happens,
the number of degrees of freedom for the test must of course be reduced
accordingly.

It is illuminating to consider as an example the univariate nonlinear re-
gression model

yt = xt(β) + ut, ut ∼ NID(0, σ2),

where xt(β) is a twice continuously differentiable function that depends on β,
a p--vector of parameters, and also on exogenous and predetermined vari-
ables which vary across observations. Thus the total number of parameters is
k = p + 1. For this model, the contribution to the loglikelihood function from
the tth observation is

`t(β, σ) = − 1−
2

log(2π)− log(σ)− 1
2σ2

(
yt − xt(β)

)2
.

Thus the contribution from the tth observation to the regressor corresponding
to the ith element of β is

Gti(β, σ) =
1
σ2

(
yt − xt(β)

)
Xti(β), (16.66)

where, as usual, Xti(β) denotes the derivative of xt(β) with respect to βi.
Similarly, the contribution from the tth observation to the regressor corre-
sponding to σ is

Gt,k(β, σ) = − 1
σ

+
1
σ3

(
yt − xt(β)

)2
. (16.67)

Using (16.66) and (16.67), it is easy to work out the regressors for the
OPG version of the IM test. We make the definitions

êt ≡ 1
σ̂

(
yt − xt(β̂)

)
, X̂ti ≡ Xti(β̂), and X∗

tij(β) ≡ ∂Xti(β)
∂βj

.

Then, up to multiplicative factors that can have no effect on the fit of the
regression, and hence no effect on the value of the IM test statistic, the re-
gressors for the test regression are

for βi : êtX̂ti; (16.68)

for σ : ê2
t − 1; (16.69)

for βi × βj : (ê2
t − 1)X̂tiX̂tj + σ̂êtX̂

∗
tij ; (16.70)

for σ × βi : (ê3
t − 3êt)X̂ti; (16.71)

for σ × σ : ê4
t − 5ê2

t + 2. (16.72)


