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A EXPRESSIONS OF LOCATION AND SLOPE COEFFICIENTS OF CUMULANTS FOR THE

HEsTON (1993) MODEL

We present the expressions of the location A(Tn)

the n**-order cumulant (C’UMT(H), n=2,3,4) at a given maturity 7 =

Second Cumulant (n =2) We have

and slope B&”) coeflicients in the factor representation of

T — t for the Heston (1993) model.
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B THE ANDERSEN, FUSARI, AND TODOROV (2015B) MODEL
B.1 Specification
The Andersen, Fusari, and Todorov (2015b) (henceforth, AFT) model writes
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where (WS,WQ?,Wg,Bg,BQQt) is a five-dimensional Brownian motion with corr (Wg,Bg) = p1 and

corr (Wg , Bg) = po, while the remaining Brownian motions are mutually independent. The risk-neutral
compensator for the jump measure p is
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Note that the specification discussed in Andersen, Fusari, and Todorov (2015a) is obtained by imposing
n=0.

B.2 Conditional characteristic function of the log-price

Let Sy be the price of the underlying asset at time ¢. Given the log-price process y; = log (S;) and u € C,
we compute the conditional characteristic function as

ER [evsm=00] = exp {a(u,7) + B (u,7) Vi + B (u,7) Vay + Bs (u,7) Vi,



where T' = t 4 7 is a future payoff date, and functions « (u,7), £ (u,7), B2 (u,7), and B3 (u, T) are solution
to the following ODEs
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C CONDITIONAL CUMULANTS

To derive the analytical expressions of the conditional cumulants, we need to compute the partial derivatives
with respect to u € C, evaluated at w = 0, of the conditional log characteristic function

n B [0 ) = au,7) + B (u,7) Vi + B (u,7) Var + B (u, 7) Vi

This entails deriving the functions « (u, 1), 1 (u, 7), B2 (u, 7), and S5 (u, ) with respect to u. Note that the
computation of these partial derivatives is not straightforward and requires solving a system of ODEs. We
stack the slope functionals in a single vector 8 = (81, O3, Bg)/ to allow for a compact treatment.

C.1 First cumulant

We show that the factor loading vector for the first cumulant is the solution of the following ODE
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C.2 Second cumulant
We prove that the factor loading vector for the second cumulant is the solution of the following ODE
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C.2.3 Second cumulant Part 3
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C.3 Third cumulant

Using a similar strategy, we demonstrate that the factor loading vector for the third cumulant is the solution
of the following ODE
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C.3.1 Third cumulant Part 1

We can write

B+ B

)

- 0,s
e / e B+ BB (0,5) |ds | =[e7?—1] A7 (ng) - B§3)00> + PT(7)
0

BY) + B 9 (0, )

2,5 Ou
with r n(3) A1 »(3) eTM _eTr2 »(3) ™M _eTTR2
Bs (LUZ@ . BV (1,2) 5 =5— Bs (1’3)W
rn=| BY@no=n" BPere  BYER3) SR
| BY )= BB, BY(3,3)re
where Bg?)) Bf”)’
;¢ ,8
B® = BY |, B® = BY |, B®=pP'BPP
BY) By
C.3.2 Third cumulant Part 2
We have
3
. (0, s) B%,% () 92 (0, 5) . 3—; (0,5) Bige22 (0, 5)
e™ /e*SA %(0,3)’353(5)2—5(0,5) ds| = e™ /e*SA %(0,3)/33,10
0 0 /
95 (0,5)' BS) (s) 22 (0, 5) 9u (0,8) Bage

Third cumulant Part 2-1 We compute

T % (07 8)/ qucgﬁ (O> S) T QéeSDélqc€SDQ0

e™ emsa | o8 (0,5) B3 c—% (0,5) |ds| = Pe™” e PPt ClesP Bsye*PCy
3}% r ! % Z0¢ 28qct %

0 280, 5) Bageg (0, 5) 0 Che*P BygeetP Cy

—2PT (1) Co + [e™* — I| A~'PB,.Co,

with

I (r) = 7P (/ e_SDBquSDds> ,
0

ClB1ge
By = P'| CiBsge |,

ClBage
Bjge = P'Bj.P.
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Then we have

_ e (1 1)1—67—)\1>\ B f(l 2))\1;)\722 Biqc(LS)e )\1 tha
Dy (1) = | Bg(2 )ﬁ Bye(2,2)Te™2 B,.(2,3)< fzfm =
_ TN _ TR TA e~ 7K — —TK
Byc(3, )T@z Bee(3,2) 55— Bge(3,3)me” ™
T QéeSDBcheSDC:’O Xl
eTD / e—sDP—l C:(I)GSDEBquSDC:O ds | = X3 ;
0 C(’)eSDBQquSDC’O X2
with
_ _ ~ e"’(>\1+)\2) _ 67')\1 _ 9 ~ e'rQAg _ eT)\l
Xi = GG B () | |+ G B2, | T =5
_ 9 ~ eTQ)\l _ €T>\2 _ _ 5 eq—()\l-!,-)\Q) _ €T>\2
Xy = [Co)? Bape(11) | | 1 (1) C0(@) Bage(2.1) | T =
201 — Ag A1
72X\ —TKa 722 —TK2
— 2 ~ e — € = 2 ~ e — €
Xo = [Co()] Bage(1,1) | | 4 [Co(2)]? Bage(2,2) | &~
2 = (G Bt ) | TS ) Batz) | T
o o B eT(M+X2) _ o—Tka
92C0(1)Co(2) Baoe(2, 1
260 (1)Co(D (21| T
_ _ ~ eT(/\l—Kz) _ e TH2 B B 5 e‘f'()\z—ﬂz) — e TH2
+Co(1)Co(3)B24c(3,1) [ N :| + Co(2)Co(3)B2gc(3,2) |: " ] ,
and
quc = Pnquc +P12BB¢1C7
Bch = P2131qc + P22B3qcy
B2qc = P31§1qc + P32Bch + B2qc~

COB(C)

2quO
C/ aDB( aDCO
_PeTD / e—sDP—l COe‘SDB(Zs sDCO ds
0

C’{)eSDééz)seSDC_'O

e_‘m"’e_SDFéz)eSDds) Cy

+
1]
(]

i)Co(j)Pe™ (/ eS(Ai+’\j)eSDFEJ2»)eSDds> Co,
0

12

eSAleSDF?)eSDds) Co —2Pe™P </ es’\zeSDF§2)eSDds> Co
0



with

BY'C, 0 0 BY'¢c, 0 0
(e) _ (3)/ (e) 5(3)/ () ()
Bjgs = 0 Bjys Co (2())/ ’ BJqs - 0 Bjys Co (2())/ ’ BJqs PBJqé’
0 o B¢ 0 o BYe
and ,
(Bg)s +B2) +BY) + 2B§Z)S’C*0)
) = P | (B + B, + BS, + 2B Co ) 7
1 2 c
(B, + B, + BS) + 2B Cy )
with
(T ~ /- ~ 21 3%
Bl = Coli) (Com)BYY + Co(2)BY;2 + Co(3)BY)
Bt = PyPuBS) + Poy,PyB) + Py, Py B2
B
r®¥ = pt B(%’ . i=1,2,3
"y
L 2qs
2) B;"g;
—1 %, ..
r; =P B:(,’qg) , 1,7=1,2,3
| Byl
/\3 = —Ka2.
To compute all relevant quantities, we use the following result
eT(AlJFA*)—eTAl eT(A2+>‘*)—eTA1 eT(A*7“2)—eT>‘1
7D sA* —sD1_sD T(ALHAT) LT A2 T(A2+AT) _oTA2 eT(AM =r2) _oTA2
e e’ e Te ds) = Iy S 5— D= - TI'gg -
</O 21@7(3\11:;\%‘\)::37@ 22@7(>\2+>\2‘\)_677n2 T(A)\ —é\? e~ TH2
51 A1+ 2 s A2+A*+r2 g5
C.3.3 Third cumulant Part 3
3 2
. By (s) 52 (0.5)
e[| BRe 2E 0 |,
Bf) () 55 (0,9)
3
T Bg,i)z (S)/ 826
= 4 / e 4 Béggl (s) | 575 (0,5)ds |,
0 (’ ) 3u
B2,h (s)
3
. BY) (s)
= 4 /0 e 4 B:E)SZ (s) | (e ec — @) ds
3
B3 (5)
3
. B{Y) ()’ . 7
+€TA / 675A B§3})L (S)/ (PesD (/ e“’Dgasewaw> CO) ds
0 3 0
By (s)
: B{Y) (s) . CyeP By 4¢P Cy
+e7’A / 67314 Bé })L (S)I PesD / 67wDP71 Q(/)ewDBB,qewDQO dw ds
0 0 C(l)ewDBquwDCo

13



Third cumulant Part 3-1 We compute

3
, BY’) ()’
o /0 e | B () | (4B — @e) ds |
3
BS) (s)
3
. BY') ()’
= eTA/ e Béz(s)' e*Ads@,
0 3
B (s)
3
. ()
eTA/ e Bé,)l(s)/ dsp,
0 3
B, (s)
Thus,
3
. BYY) (s)
eTA/ e %A B§3,)L (s) | e*dspe,
0 3
BS) (s)
/
(Blhc + Blhs% (Oa 5))
o ’
= eTA/ e_SA (BShC + BShS% (O,S)) eSAdSS5c7
0 /
(Bth + BQhS% (O’ 3))
r (Bihe — B1rsCo + BthESAOO):
= eTA/ e_SA (B3hC_B3h€OO+B3hS SACO)/ eSAds@ca
0 (Bane — BansCo + Banse*2C))
T (Blh(' BlhsOO) T (BtheSACO):
= eTA/ G_SA (B3hc*B3hsCO): 65Ad8@c+€TA/ €_SA (thseSACO) GSAdS@c,
0 (Bahe — BansCo) 0 (BQ}LS€SACO)/
T T Q()eSDEIhS
- P <6TD/ estB}(L(Z) SDdS) ¢c+P 6TD/ estpfl C_V(/)eSDQBhs estS @C’
0 0 Che™P Bon,
T 3 T .
- p (e'rD/ e_SDB}(L(i)GSDdS> P + ZP {eTD/ es)\ie—sDB}(Llc)estS} Pe,
0 P 0
where
o (Bihe — BlhsCO)j B
B)) = P '| (Bah— BShsCO)/ P, ¢.=P '¢., Bjns =P BjnsP,
(Bzhc BansCh)
. E Blhs 1 0 0
B — p! COEthS . for i=1,23, Ey=|0 0 0
OeE Bth 0 0 O
0 0 O 0 0 0
Es = |0 10|, EBs=|00 0],
0 0 O 0 0 1
and
0 - 0 _e™ 0 TN _o—Th
. B(Lhre™ - BI(LYERIGE B (L3
P / P B0ePds— | BOG, DRSS BU@yre™ - BURySSEE
e N2t

0 0 0 r
B (3,1)S5=""2 BIY(3,2)¢ = B! (3,3)remr2
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Using

eT(A1+/\*)761—A1 er()\2+)\*)7er)\1

eT(AN —r2) oA
BT N =1 —Fa
r eT(M =r2) _mA2
237 o —ka
F33 eT()\*—ﬁz?ie—‘rmz
A*

L

. 'n ’C P — 1%,
7D sA* —sD1 _sD _ eT(MHXT) _mAo e (A2 +2*) T2
(& (/ € € Te dS) = lem F22#
0 r e (ALHAT) _STRo r (A2 +A%) _ —Tro
ELED VR 327 X A Fr2
we compute ¢ [ eS/\ie_SDB,(lic)eSDds.
Indeed,
3
. By (s)
eTA/ e 4 Bé })L (s)" | dsp.
0 3
B5)) (s)
T 3 T .
= P (eTD/ eSDB}(l(i)ds> e + ZP {eTD/ eSAie*SDB,(fc)ds
0 P 0
(Bihe — B1nsCo)’ 3 T ,
= (eTA — I) AL (BShc - thsoo)/ ©e + Z P {GTD / BSAiGSDdS} B,(:c)@p
(Bahe — BansCo)’ i=1 0
Thus,

-
D X; —sD
e’ /esiesds
0

r er)\l fOT es(Ai—/\l)ds 0 0
= 0 eT2 foT esXi=A2) 1o 0 ,
L 0 0 e™s fOT es(hi—23) gg
r - eT(Ni=X1) _
e [7”7;1 1) +71m:m] 0
P eT(Xi—X2) _
= 0 e [Wélllmtxz] +71[Ai:A21]
0 0 67')\3 |:
Third cumulant Part 3-3 From
B (s)' A1 wD B, wD A
T l,h s Coe Bque CO
eTA / B_SA B;S,?})L (S), PesP / e—wD p—1 C:(l)ewDEB,qewDCJO
0 B§3,)Z (S 0 C(l)ewDBQ’qewDCO

T ) s C:’(,)ewD-El,qewDC:’O
= PP / e *PB) | esP / e PPt ClewP By P Cy
0 0 C(,)@wDB%qewDCo

dw

ds

T C_'{)GSDBULS s C_'éewDBLqewDC_'o

+P eTD / e—sDP—l Cv[l)esDBBhS esD / e—wDP—l Cf(l)ewDB&qewDCfO

0 CéCSDBQhS 0 C_’éewDBquwDéo
C:'6€SD.?17Q€SDC:’0 Xl

We have e™” N e sPp-1 Q665Df33,quDq0 ds | = | X3 | with
C[/)€SDBQ7Q€SDCO X2
_ _ ~ 67’(/\1-1-)\2) _ eT)\l 9 ~ eT2A2 _ eT)q
X1 = Co(1)Co(2)B14(2,1) + [Co(2)]” B14(2,2) ;
Ao 200 — N1

0
0
T(Xi—A3) _
eT;all[meAg] + Tl[/\izxg]}
dw ds

dw ds p,



T2M\1 TA2

)

X5 = [Co(1)]> BaglL1) [ —c

20 — A2

B B 5 67'(/\1-1-)\2) _ TR
] + Co(1)Co(2)B3 4(2,1)

A1

72X\ —TkK2 T2A2

e — €

i |t OO B2 |

6T(/\1+>\2) _ 6—7‘/@2]

e

7 . e~ Th2
Xo = [00(1)} B2,q(171)[ 2/\2"‘“2] i

+200(1)C’0(2)B2,Q(27 1) A + Ao + Ko

_ B ~ 67’(>\1—fi2) — e T2 _ B _ 67()\2_52) _ e—Th2
+C0(1)Co(3)B2,4(3,1) N + C0(2)Co(3)B2,4(3,2) "
Thus,
Co(1)Co(2) B ,
X, W 0 0
X3 = T1tAa) w 4 e"(P1mr2) 0 4 Tz —k2) 0
X 2C0(1)Co(2) Ba.q(2,1) Co()Co()B,9(3.1) Co2)C0@®)B.4(3:2)
D YEDCE 1 2
222X Co(1)]? B3 o (1,1
+e7‘2>\2 0 + 67‘2)\1 %_i;()
2X2tKa 201+ kK2
Co()Co(2)B1,4(21) | [Co@]*B1,4(22) 0
A X2 + Da—X; N N2 A o
—e™Mt 0 _ e [Co(1)]"Bs,q(1,1) 4 Co()Co(2)Bs.q(2,1)
221 — A2 b¥)
0 0
0
7677-’{2 0
[éo(l)]zéz,q(l,l) [60(2)]232,{1(2,2) 2C0(1)Co(2) B2 4(2,1) + Co(1)Co(3)Ba,4(3,1) i Co(2)C0(3)Ba,4(3,2)
2X1+kK2 2X2+K2o A1+Ao+ko by Ao
Hence,
- C:f(/]esDELqesDC:«() 3 3 3
eTD / e—sDP—l q(/)@SD?g,qGSDC_'O ds | = Z Z eT()\i+>\j)¢ij _ Z eTAi’QZ)i
0 ChesP By 4esPCy i=1 j=i i=1

3 3 3
= ple? / e PBO [ SO5 sty 3 Ny | ds |
0 i=1 j=i i=1
3 3 . 3 .
_ PeTD ZZ (/0 es()\ﬁ-)\J)e—st ) B}(l(():)w” _p 7D Z (/0 es)\le—stS> Bl(i)d)“
=1 j=1i i=1

which is easily computed using

-
/ es)\ e—stS
0

07' es(/\*fx\l)ds 0 0
— 0 foT sV —22) g 0 ;
0 0 foT SN = A3) g
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er()\*f)\l)

o e T Tpeony) 0 0
_ TV =X2) 4
= 0 7)\*_)\2 1[)\*7&)\2] —|— T].[)\*:)Q] O
0 0 &1 1
e L] T Tl =g

T Cj(I)BSDEth s Cj(/]ewDél,qewD(?O
PP / e P p-1 Cle*P By esP / e~wPp-l ChevP By je*PCy | dw ds p,
0 0

Cle*P Boys ChevP By 4P Cy
. Che*” Bins 33 3
= PLe? [Ce P | ChePBu | (303 ety = Y | ds
0 ClesP Bops i=1 j—i =1
g
3 T q/es @lhsd}z]
_ Z Z Pe™P / es(x\i-l-)\j)e—sDP—l C_16€SD§3hswij ds
=1 j—i 0 Che*P Bopsthij
D
3 T C:(l)65 @lhswi
. ZPeTD / esAie—sDP—l C_'{)@SD@:%hswi ds y ,
=1 0 C(I)GSDBQ}LSKZJZ'
.
3 3 B VTN Vi Bins . )
= S [ e PPt By, | e Pds b Gy
— — 0 IR
i=1 j=i ijBth
.
3 I T N I 1 %@ms D 3
—ZPeT / eSie P P 1/};-@3115 eFds 3 Cy,
i=1 0 wgBZhs
3 3 T - 3 T _
= Z Z pe™P {/ es()‘iH‘f)eSD\IJijGSDds} Co — Z pe™P {/ eSAieSD\IJieSDds} Co.
i=1 j=i 0 i=1 0

All these terms are computed analytically using

Fllef(/\ﬁ/\*)—e”\l T em(A2+A") o7y T3 (V' mr2) et
e‘rD T es)\* estrests _ T eT(/\1+>>\\*)_eT>\2 T e‘r(igi))‘\*)_—)\el‘f& r eT(i*j'g\Ql)_—z%’&
; = | Yo xmee s le——%—  les~—F% =
N e T Ere) M
S PR 32 X A Tha 33 e
Third cumulant Part 3-2
3) oy
T Bl,h (8) s B
e / e 4 Bé })L (s) (PeSD (/ e_ngpwewaw> Co) ds
0 3 0
By (s)
S
= P <eTD/ e_SDB}(L(i) <eSD (/ e_WDgosewaw>> ds> Co
0 0
C_’(/)€SDBlhs s
+P eTD/ e P p~1 Q6€SDthS (eSD </ e_ngosewaw>> ds y Cy
0 C(/)€SDB2h 0



’
eTD (/ e_SDgOSQTDdS)
0

T T TA —TK
Po(l)Te™ (L2 ERECE (1, 3) e
TA TA T —TK
= | S@DGERE @ e (2 B
P53 D) 0320 ws(3,3) e
$(1,2)  0s(1,3) +(1,2)
ps(1,1)7 9/0\1—>\2 fq(-l-fiz g L fxz—h 23
= e ‘ij@’;% 0 0 |4 | @D 09, D
ps(3,1 ps(3,2)
Al+k2 0 0 0 Ao+Ko 0
5(173)
0 0 —f\l(g%
-7k ®s(2,
e 0(3 1) 0(3 y e
_ﬁler;fz _f\;Jr;fz (‘05(3 3
s(1, s(1, s(1,2
0 <§\L1(—1)\22) f\l(—l}:z) 0 0 0 f\Q(—)\l) 0
= M 7‘3’\5(2’)\1) 0 0 + re™ 0 0 |+e™ “/D\S(Ql\l) 0 ‘is(f’?’)
1 27— AL 2
NES)) 00 pa(3.2)
<§\1+H2 0 0 0 Ao+k2 0
0 0 o0 0 -zl 0 0
+7e™2 | 0 9(2,2) 0 | +e T 0 —220 el o0
5(371) 5(3,2) 3,3
o 0 0 _pe@l) e, 0 0 0 s(3,3)
3 3
= Z TN + Z os(i,i)Te™ E;
i=1 i=1
T 0 S _
P (eTD/ e_SDB}(LC) (eSD </ e_ngose“’de>> ds) Co
0 0
= P eTD/ stth ZeSA’H —i—ngS (4,1) seSAlE ds | Co
0 =1 =1
3 - 3 . )
= P Z <eTD/ es’\"e_SDds> B,S?Hi + Zg@s(i,i) <eTD/ se‘g)‘ie_SDds> B,(L(Z)Ei Co,
i=1 0 i=1 0
which is easily computed using
T
/ e e Pds
0
r 07' es()\*fx\l)ds 0 0
= 0 N s\ =22) g 0
0 0 foT SN =A3) s
[ er(=21)
— 1 71[)\*7&)\1]—1—7'1[)\* >\1] ) 0 0
_ eT(M=22)
- 0 Wl[)\*i)\ﬂ + 7—1[>\* >\2] ()\ . ) 0
I 0 0 S = e I CRSWIE S S [FUESY
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and

.
* J—
/ se*N e P ds
0

[ [y sesX"—h)ds 0 0
= 0 fOT ses(\ =A2) g 0
I 0 0 Jy sesN—Aa)ds
7'(/\*—/\1)( ()\*_)\ )_1)
e T 1 +1
(A =Ap)? L] 0 0
T
+71[)\*:)\1} i
eT( **2)(T(A*f,\2)f1)+11
— 0 (A2’ [A*#A] 0
T
+71[}\*:)\2] .
(A" =23) (7 A*—A3)—1)+1
(A" Xs)1)414
0 0 ()\*_)\23)2 [)\ #)\3]
T
L 3 Iae=ng]
T C_’(,)eSDBIhS E] _
P e‘rD/ e—sDP—l C’(’)@SDB;ghs <€SD (/ €_wD§036wa’UJ>) ds A
0 ééesDBth 0
- Che*P Byps 3 3
- P eTD/ e PPt | Che*P Bsps (Ze“ini+Z<ps(i,i)se“iEi> ds s Co
0 CheP Bane ) \ T =
3 T é{)ESD-BlthiOO 3 T CéeSDglhsEiéo
= pleP Z/ et PPt ChetP By Co derZgos(i,i)/ setie ™ PpTt | ChesP By EiCo | ds
i=170 ééeSDBQhSHiéo i=1 Y CéeSDBQhSEiC’O
T C:’(/)H:,'Elhs 3 T C:'(I)Egélhs
= peP Z/ e PPt [ LI, Bans eSDds+Zaps(i,i)/ seMe PPt | CHE!Bsns | ePds | Co
i=170 CUIT, Bops i=1 0 CLE!Bops

3 T
65Ai675DAiestS + Z <p5(i,i)eTD/
0

i=1

3 T
= P <ZeTD/
i=1 0

All these terms are computed analytically using

eT(A1+>‘*)—eT)‘1

.)\, 7.D D =,
se’e A€’ ds) Co

57—(/\2+/\*)—37'>‘1

eﬂ'()\*7i€2)767'>\1

T IS ( /\*) I'io (,\2+,\*)_,\1 I'i3 (A*—M)—m
D s\* —sD sD _ T(A1HXT) _gTAn T(A2+AT) _gTAg (A —r2) _eTAg
(/ et e *FTe d5> = | Ta g Te—F— Tlu“F— o |-
0 r eT(MHAT) _—7ro T A T eTO*iNQ?_E*THQ
31 >\1+>\*+I€2 32 )\2_’_)\*_’_52 33 )\*
and
T *
/ s’ e *PresP s
0
Ty foT se5N s T fOT seSA HA2=A1) g4 T3 fO’r seS(\ =A1—r2) g
= Ty foT seSNV HA=X2) g g T'9o f(;r se*M'ds Tog fOT geS(\ —A2—n2) Jo ,
Ty fOT SV HAL+R2) 1o Tso foT SV HA2tnR2) 1o Ts3 fQT seSN ds
and

7_)\*67)\* o eT)\*

+1 72

T *
/ seN'ds =
0

(A%)?
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C.3.4  What about % (0,7)7
We further establish that

055 (0,7)] o2
u _® , 078
" (1) + Ao (0,7),
a8 3ﬁ 5 @), 0B
3 _ 3 3 3)
Oé()(T) == @£)+@g),%(0,7 7 ((1 ( 07 T)+Oéh (T)W(O’T)7
LN o :
oz,(]3) (T) = get+ags (7)), with ags (T 0 ((Ji)/g—g (0,7) 0
0 0 252 (0,7)
0423) (T> = Qpe+ Qps 8IB (0 7_) fO?" .] - 172737
with
o =0 0 0]
83@nc 83@;0 82@71@ a?@p
(3) — + _ e
o =cy 0)+c 0) — 3¢ 0) — 3cg 0
aB@nc _ 83@nc /
a® = [3 0 o2 (0) 3eg 28 (0) 0}
— 83®n<‘ _ aS@nc
3¢ 0q09q? (0) 3¢ 0q00q10q3 (O) 0
_ — aS@nc _ 83@1’10
O{qc — 360 7@(]@8@81}3 (O) 3 0 % 8(] (0) 0
0 0 0
1) _ 83@710 _ aS@nc ! 3 _ 83@nc _ 83977,5 33@’”1
o) = [ B2 (0) 3¢ 20 (0) 0], oY = [ 3¢ 295 (0) cy (L& (0) + 2
3 _ a2@'nc (O)
" f’zcggg
0
_ 92Qnc _ A2@gnc
3co 5 (0) 3¢y g (0) 0
_ _ 22@nc _ 2Qnc 2Qnt
ans = | 3¢, £O (0) 3¢ (88% (0)+ %2 (0)) 0
0 0 0
Hence
Pa T 035
——(0,7) = ®) Al 0,5) | d
5 00 = ["(a® @+ 455 0.9)
T 635
= /O o® (s)ds + A, i 5.3 (0,5) ds.

20



From

0 [23% (O, 7’)] a3ﬂ
v =16y
or B ()+Aa 3(077—)7
we have o . - 55
zF — (3) zF
Ay /0 B (s)ds+4 [ 55 (0.5) s
Hence,
Tp 10°8 ®) (
s 09 ds=a75g / B® (s)ds
and
Pa 0y = ALATBO) (5)) ds + Al 4170
o @7 = | (o () ds + 4,471 505 0.)
= / ol Al ATIBG) (s)) ds+ AL A7t (/ e~ 4B (s) ds>
0 0
/ o® (s) + AL A- (e(T_S)A — I) B®) (s)) ds
0
a®(s) = a®(s)— A,AT'BO) (s)
0 0 0 02
= o +a® 22 (0,1)+ 22 (0,7) o) (1) 2 (0,7) + o (7) 5 0,7)
- (3) % B 1 »3) .\ OB 3) v 9°B
—Aa (1 ){BchrBls By (0, )+%(077) By, (7)%(077)+Bl,h(7) 92
< (3) )08 B 3),_, 98 (3) 0’
_A ( ){B3C+B3sa (077—)—’—87(077-)/33&(7)%(0 )+th(7)lﬁ
- 3) 3,08 op @), 0B @), v 0B
~Aa ) { B+ B 0.1+ 57 00) B (1) 5 (0.7) + BEL () 5.3
with
A/ — A/ A—l
It follows that
_ _ (31,08 op _ op @), v 0°8
3 — 3 3 3
a® (r) = a¥ +af ),%(0 T)+%(0a7)/ g)(T)a*(O,T)ﬁLOéh (T)/ﬁ(oﬁ),
with
5‘((:3) = agg) - Aa (1) ch) - Aoz (2) Bé?c) - Aa (3) Bg)c)
6 = ol — A, (1) BYY) - 4. (2) BY) - A4 (3) BY)
af) (r) = af) (r) = Ao (1) BYY) (r) = Aa (2) B (r) — Aa (3) B ()
) (1) = &’ (1) = A0 (1) BY)) (1) = Aa (2) B3 (7) = Aa (3) By (7).
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G (1) = g+ Gigs (1), with  ag(7) = 0 adFon 0
0 0 a9 (0,7)

( )quc A ( )B3qc - Aoz (3) BQqc

6 = o) = Aa (V) By -

Oéqc = O[qc -

Ao (2) BY)Y — A, (3) B

0
5‘513) (1) = Qnet Cthaii (0,7)
Qpe = Qpe— Aa (1) Bine — Aoa (2) B3hc - Aa (3) Bope
Qps = Qpg — /_104 (1) Blhs - Aoe (2) B3hs - Aoz (3) Bth;
0
£ (0, S) = GSACO — C{)

We have

/ a® (s)ds
0

= [((a9 a0+ P00 0 5 0.9 +a? 0 T8 0.9) as

= a® /T ds+a§3>’/ %(o,s)dw/Tg—ﬁ(w)’ag@( )35 (0, s)ds—i—/o al® (s)’%(o,s)ds

- “>7+a“>’/ 95 (0, s ds+/ 050,58 (B + ias (5)) 92 (0, s)ds+/0T (ahcmhs%(o,s)) TB(O 5) ds
_ ag3>r+ozg3>’/o 8—5(0,3 ds—i—ahc/ o 0.9) ds+/ 98 OS/&qca/B(O s)ds

! 86 " & 86 8/8 ! — 82ﬁ
+/0 %(O,s) Qgs (S)%(O,s) ds-i—/o %(0,3) O‘hsw(o,s) ds

gi (0,5)" ays (s) % (0,5)ds = Cp (/ eSA,o?qs (s) eSAds> Co—2C) </ ags (8) eSAds> Co+Cy (/ ags (8) ds) Co
0 0 0 0

. Cyg?/ Jg—ﬁ (0,s)ds 0 0
/0 ags (5) ds = 0 ay [T98(0,s)ds 0
0 0 04,(18) N 8—6(0,3) ds

/ ags (s) e¥ds = (/ Qgs (s) PeSDds> p!
0 0
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[ 072?'%5 (0,5) 0 0 Py P2 0O esM 0 0
ags (5) Pes? = 0 és)’g—ﬁ (0, s) 0 Py Py 0 0 2
0 0 —((Ii)/% (0’ S) P31 Py 1 0 0 ess
P1107((115),%u (0,s) P12Oé<(15)/g§ (0,s) Pi3 @g}s)/gﬁ (0,5) M 0
= | Pual?’ %2 (0,s) Ppald’25(0,s) Pual %2 (0,s) 0 e 0
| Puai G (0,s) Poafl'5e(0,5) Pwagg(0,s) L O 0 e
[ Plléc(g}g),eSAlg—g (0,s) Pia (Sz,(ll)/es)‘2 98 (0, s) Plga,gs)/es 3 08 = (0,s)
= P2107(i),65’\1%§ (0,s) P2204¢(;§)/65>‘2%§ (0,5) Py e gﬁ (0,s)
Puag e %2(0,s) Panag'e2 92 (0, s) Poal” 397 (0, 5)

- Puaqs) fT 3)\18,8 = (0,5)ds P120_é((]}q) 075)‘23’3( ,8)ds Plgo_zl(zi) (;5)‘385 (0,s)ds
/ ags (s) Pe*Pds = P21as [T shaﬂ( s) ds P22a5i> T e 980, 5)ds  Paaly [ e392(0,5) ds
0

Pglas fT 5>‘185 - (0,5)ds ngozqS fT S)‘Zaﬂ - (0,5)ds ng&((]i) OTS’\?’aB (0,s)ds

T * 8 T * T * T *
/ e 98 (0,s)ds = / e (eSACo - Co) ds :/ SATN D a5, —/ N dsCy
0 ou 0 0 0
TA* 1

= (A+aD7! (eﬂf‘“*ﬂco - Co> - eTco

?

Pz Py Piz | | Puag'e™22(0,s) Pandy e*222(0,5) Paayy e 22(0,s)
P13 P Pss P315(§1i TesM aﬁ > (0,s) ngdg),eS)‘z 85 (0,s) P33Oéq2s>/€SA3 28 (0,s)

es)\l P es)\l Po es)\l Ps; ] Pllo_é(l)/ sA1 giﬁ (O, 8) P12a(1)/ sAo SB (0 8) P130é(l)/ sA3 86 (O7 S)

M oesM 0 0 ] |:P11 Py, Pa ] Pn’(l sA1 aﬁ( ) P12a(1)’ s)\gi(o S) P3@(1>’ s\3 gﬁ (0 s)

0 0 es

= 65>‘2P12 es>\2P22 €S>\2P32 P217<3 sM1 6[3 (0 S) Pzza(3), sX2 8’8 (0 8) P230é 3y S)‘g 8/3 (O S)
e3Py e8Py 98 Pagy Pglafﬁ)' sA1 66 (0 s) szdffs)/eSM 8B (0, s) PSS@((I?/esAg 06 (0, 5)

= ((Pliplj + P21P23 + Ps3; P3;an (2)) (it )8,8 (0, 5))

¥

-
/ eSDlP'o_aqs (s) PePds
0

/ T
= ((Pu-Pudé? + P21;P2j5‘¢(1i) + P3@'P3j54,(125)> /0 es(/\#/\j)% (0,s) d5> N
ij

),

Top ) 0% ([T OB /- To%p
/Oau(o,s) ahsW(O,s)dsto /Oe ahsW(O,s)ds — C)lus /OW(O’S)dS
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AT 6SA,dhs% (07 S) ds = ‘/O'T 6SA,dhs (eSA@c - @c) ds + /OT S Oéhs {Z eS)\ IL; + Z (PS Z Z 2} C_'ods
. 3 3 3
+/ sA Oéhg {ZZ s )\ +)\ ZeS/\id}i}ds
0 — P

1
T , T , T ,
/ ey, (e54@e — @) ds = ( / e ahseSAds> B — ( / esA ds) Gips Be
0 0 0

T

S

e’ ozhs {ZeSA‘H —I-Zgos i) se*? }C’ods

(/ eS)‘ieSA/ds> s PTI; + Zsps(i,i) (/ seS)‘ieSA/ds> ozhsPEZ} Cy
0 0

i=1

I
—N
g

with

/T e ds = (A" + )\I)_l (eT(A,‘H‘I) - I)
0
/

seeshds = 7 (A/ + )\I)_l eT(AFAD) _ (A/ + )\I)_l / et ds
0

=1 j=1 =1

3 3 r 3 -
= ZZ (/ es(/\¢+)\j)esA’ds> thP”L/Jij — Z (/ eSAiesA/dS> @hspwi
- . 0 0

i=1

. 3
/ A G, P {ZZ SN Zemwz}d«s
0

C.4 Fourth cumulant

Similarly, the factor loading vector for the fourth cumulant is the solution of the following ODE

954 (0,7)]
or

914

:B()()+Aa4(0,r) (10)

with

B9 (7) = (B (1.5 (7). 8" (1)) .

B () = 8D+ B 0,0+ P07y BY (1) 2 (0,7)

ou ou 34 ou
, 0%8 0% 0% 9B
FB ) Gop O) 4 5oy O Bl 00) + Byl () 55 (0.7,
(4) _ p@® (4) -
B;, (r) = B+ B (T (1), with
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(4,1)1 88 ap 1 p(4,1) 08 T
B 35 (0,7) +5-(0,7) B 75 (0,7) B(4’1’2)'62—5(0 ) 0
Lpbrers jgsh  ou? \U0 T
(4) jqsh ou? ( ’T) 4
— 3)1 43
qus (T)_ (4,1,2)r 52 B](-qs) %(0,7’)"‘%(0,7’)/.8](»(1(1)%(0,7)
Bjgan uz (0:7) (4,3)1 923 0
+qush 02 (O,T)
I 0 0 0 |
and 95
4 4 4 .
By (r) = B+ Bj 5 (0,7) for j=1.2,3, k=hl
with
B(4’2)/ _ B(4’2)/ _ [ 0 0 0 ]
Jas  — Tjgsh T
84@710 84@10 83®nc 83@17
B = 5 = (0) 4 ¢f 75 o (0) = de =5 (0) = def 5 (0)
Jc J 3q§ J 3(]3 J 3(]8 J 3(]8’
4 _ gtene _ atene !
B — [ 4c; BE(0) e 20 (0) 0 }
— 9*@nre —  9tanc
w | 5 ogar ©) 6% Gy 0 0
quc = 66] quiaqlaqg (O) 6Cj 7aqgaq§ (0) 0 y J = 1a2a3
0 0 0
(4.1)  _ - dtere - glenc ! (4,3) _ — dlene - gtere !
Bigs™ = [ dey 99004} () 12¢ 9909497 9q3 0) 0 } o Bigs = [ 12¢ 990941043 (0) 4q 90003 0) 0 ] )
41 _ prene _ atenc 4 (4,3) _  pigne _ gtgne _oteni 4
BY = [ de3 Z95(0) 1265 52255 (0) 0 } , B — { 1265 5.252°55 (0) 4cz 9975 (0) + c3 22 (0) 0 } ,
(471) . _ 84(__)710 _ 34(__)nc 4 (473) . _ 64(__)nc _ 84(")"'0 !
B = [ de3 295 (0) 1265 52255 (0) 0 } , B - [ 1265 52075 (0) 4e3 2975 (0) 0 ] ,
r _ adgnc _ adgne - - _ 84@7:.0 _ adonc
- er Togr (0) 267 55522 (0) 0 s | 2o O 261 fg,3q% (0) 0
N — 7a4®nc 784@710 5 _ _ adgnc _ 4nc 4 ni
Biy, 20y 5 (0 Ber 48 (0) 0 |+ Buy' = | 200 285 (0) o (%2 0+ 252 (0) 0
L 0 0 ] 0 0 0
_ adnc _ adgnc - r _ adnc _ nad4gnc
- o 86% (0)  2c3 % (0) 0 . 3c3 gq%i%qg (0) 23 gql%qg 0) 0
R _ _ gtgne _ 9igne 3) _ adpane _ agdone
By’ = | 205 G5, (0) Bc5 852 (0) 0 v Bigg = | 25 % 0) ¢ Ba(q)§ ©) 0
I 0 0 0 I 0 0 0
_ adgnc _ adgnc - - 7849716 734 ne
- ¢ 2 (0) 265 22 (0) 0 e | 2 o (0) 263 5qaag (0) 0
s _ _ a4@ne _ atgne 3) _ adponc o 4 nc 4 oyni
Bl = | 2 285(0) 362550 0 |0 By = | 25295(0) o (68% (0) + 25 (0)) 0
I 0 0 0 I 0 0 0
4,1 _ a3gne _ a3gne ! 4,3 _ a3gne _ a3 gne _ a3gni /
Byl = [ 602 (0) 6 S8 (0) 0], BiD = [ 60 595 (0) 6er L2 (0)+6c; 22 (0) 0 |
471 _ a3gnc _ a3gnc ! 473 _ a3gnc _ a3gnc _ a3gni 4
Béqeiz = |: 603 88(;)% (O) 683 gq’f%% (O) 0 :| ) Bi(iqs}z = [ 663 gq%qg (0) 603 aa(q)g (0) + C3 aagg (O> 0 :| )
(471) o _ asenc _ 63(_)nc ! (473) _ 83@"& _ 83®nc _ 83 ni !
B — [ 6c3 525 (0) 6e5 S (0) 0 } , B [ 6c; 2295 (0) 65 225 (0) + 6¢; 22" (0) 0 } ,
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(4,1,2)r — 93@nc — 93@ne /
quSh - 6cj 0q30qs (0) 6c (O) 0 ]

_ 93 gnc
(4) J g%(z)%ih (0)
= - d%ere
thc - 68] m (0) )
0
_ 93@ne _ ylenc
. 126] 8 (0) 126 g (0) 0
- _  p3@nc _ p3ane
Blhs - 1261 m (0) 1201 W (0) 0 )
i 0 0 0
_ 93@ne _ ylenc
. 1265 5 (0) 1265 5 (03) | 0
_ _ 6 e)’ﬂC _ a @’VLC _8 (__)’VLZ
Bayy = | 1205 525255 (0) 12¢5 2905 (0) +3c5 25 (0) 0
I 0 0 0
_ 8397112 _ 83@710
@) 1202 6%0611% (0) 1202 3%?418113 (O) 0
_ _  pl3@nc _ 93@ne
Bth - 1262 m (0) 1202 m (O) 0 )
I 0 0 0
— 952@n° — 9%2@nc — 92@n°
(4) 4oL + ;chénacqoaql © (4) _ 82@%53 0909, E%)zem (4) dez ‘g‘éc’gg& (©)
By, = det 55 (0) v Baie = | Aoy 555 (0) + e G (0) |+ Bae = | dey 555, (0)
0 0 4o2p2
_ _ a2gne _ a2gne
N 403 4 4ey 2 a‘jf (0) 4oy 5252 (0) 0
o _ 92gne _ 2 gne 2 oni
By, = dep 2O (0) e (8;;% (0) + 2 (0)) 0l
L 0 0 0
_ 52gne _ 92gnc
" deg 50 (0) dey 525 (0) 0
4 _ a24nc _ a2gnec _ a2goni
Byie = | Az 555, (0) deg Z50— (0) + 265 %52 (0) 0
I 0 0 0
_ 52gne _ 92gne
N 4c; 68% (0) 4ey 55 (0) 0
_ _ A2gnc _ 2nc 2 ni
By, = | 4 29 (0) de, (88% (0)+ 2 (o)) 0o |
L 0 0 403
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82 Qnec

- _ 9a2gnc —
302 + 3¢} 68% (0) 3¢1 e (0)
(4) _ 92gnc _ 2nc 20nt
By = BT 9 (0) 3 (5% (0)+ 258 0)
0 0
- _ a2gne _ a2gnec
N 3c; % (0) 3¢5 foas (0) | 0
Bsng = | 3¢5 g (00 3¢5 %5z (0) + 5 %52 (0) 0
i 0 0 0
_ 22gnc _ 92gnc
N 3¢, 33% (0) 3¢5 §-5-(0) 0
_ a24onc _ 2 anec 2 ni
By 3¢ 5o (0) 3e (52 (0)+ 52 (0)) 0
L 0 0 303
Hence we have .
9°p

Oul

C.4.1 What about g%ff (0,7)7
We further prove that

(0,7) =™ < /0 " msApW) (s) ds)

0
0
0

0 (%4 (0,7)] ot
u _ (4) Al 76
S =@ (1) + 4,55 (07),
B B B
4) - 4@ 4y “E g o4 “F
o (1) = a®+al 2 0,1)+ 22 (0,7) ol (1) 5 (0,7)
2 2 2 3
@, v O°B 0B /(4078 @, v 0B
+ay,” (7) 02 (0,7)+ 92 (0,7) Yhg 92 0,7) + a7 (1) By 0,7),
oz((;l) () = oz((;é) + a((;é) (1), with
aé@”’%ﬁ (0,7) + g—ﬁ (20, ) a%l)% (0,7) (4,1,2) 928 0. 7)
+als 34 (0,7) son 0w
4
gsh ou? \» +a(4:;:>)’g27,§ (0 7_)
qs u ?
L 0 0
oz,(f) (1) = oz,(:? + a,&?% (0,7) for 7=1,2,3, k=h,l
ith
wit a(4) - 84@nc (0) N C+ 64@;; (O) e 83@nc (0) B c+ 8391) (O)
c 0 aqé 0 aqé 0 6q8 0 aqg
al® = [ 4eg 28 (0) 4cg S22 (0) 0 }
(4) oo ‘g‘i(%;} ©) e 8‘%?(2;3:’13 ©) 0
Qg = 6058%%87?18% (0) 605W®8q§ 0 0],
0 0
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— 9*@ne —  9t@ne 4,3) _ _ 4gne — 9%enc
altt = | 4¢g Saaas (0) 12¢5 52525 (0) O |, altd = | 12¢ Topaaz (0) 4 5,52 (0) 0 |,
r _ adgne — 9*@ne - - _ at@ne — 9*@ne
- Wl O 2agEe© 0] [SadEg O 2 f5 )
s _ _ ne — pgtenc s — _ Qnc _ Qnec QM
Ygq - 2¢g gqgia% (0) 3¢ 943042 0) 0|, Qg 2¢q 201062 ©0) < ( g7 (0) + g7 (0))
L 0 0 | L 0 0
_ adpne _ a4pnne - - _ 9tgne _ 9t@ne
co Zpor (0) 265 5 (0) 0 - 3¢ siagz (0 260 Ggagg (0) O
4,1 . _ ad@ane _ 9tone 4,3) _ — atgne _ atgne
at(m ) = 2¢g 3@% (0) 3¢ 943042 0) 0|, Qg 2¢q 201048 ©0) < 343 0) ©
I 0 0 I 0 0
_ ndgnc _ adgne 9 r _84®nc _8497“:
cg T (0)  2¢5 55 (0) 0 » 3¢y fvaz (0) 260 5o (P) |
4,1 . _ adgne _ 9tgne 4,3) _ _ otgne _ [ otene 9rani
o = | 25 28 (0) 37 225 (0) 0 |, el 265 995 (0) o5 (%2 (0)+ 22 (0))
L 0 0 ] L 0 0
4,1 _ a3gne _ g3@ne ! (4,3) _ 9%@ne _ 93@ne _93eni 4
aésh) = { 6co 85% (0) 6cp 942043 0) 0 } Qe = | bc 041042 (0) 6cy g2 (0) + 6cq 9q3 (0) 0 ] )
4,1,2)r e Y - pPere !
agn ' = [ Geo 5gzag; (0) 6¢0 5g,902 (0) O
6cy 22 (0)
(4) 0 995901
ahc = 686% (O) )
0
_ 33@nc _ 839nc
@ 1200 Bgoaqf (0) 1200 8%?‘113!13 (0) 0
- —_d%em° - 2%em°
s = | 12¢5 5209010 (0)  12¢ 90002 (0) 0 |
0 0 0
— 92@nc
(4) “ g‘%‘gﬂé (©)
e’ = | e 9q09q3 0)
— 92@nc — 9%2@nc
( 4cg Zgor (0) dey 5252 (0) 0
4) _ a2qne _ (92@me 92@ni
o) = | dey 297 (0) de ( o (0) + £ (0)) 0l
0 0 0
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3c gagg"" (0) 3¢5 297 (0) 0
(4) _ A2pnc _ 2nc 2ni
g = | 3¢y 28 (0) 3¢, (88(;§ 0) + 28 (0)) 0
0 0 0
Hence
0*a T o*p
el — (4) /
o0 LA ( (5) + Ao 4aL@)ck
T 845
- (4) A -
/0 o'V (s)ds + A, . Ol (0,s)ds
we have o T - i
G0 = [ B assa [ 2809
hence ﬁ (‘)45
1 B
/ 51 (0:8)ds = A7 20 (0,7) — A” / @ (s
and
gﬁ%o ) = ' Al AT BW )d-+A’A 10°8 0
Oult T) = Oé ( ) ou 4( 77—)

= / (a<4>() Al AT BW (s))ds—i—A’aA’leTA ( / esAB(4>(s)ds)
0 0

_ / (a (5) + 4447 (794 — 1) B (5)) s
0

D GENERAL RISK-NEUTRAL MOMENTS ODES FOR AN N-FACTOR AFFINE MODEL
We provide the general expressions of o™ (1) and B™ () = (B§n) (T)) o in the ODEs of the
J=1,..

risk-neutral moments for a generic N-factor affine model, nesting the AFT specification. We have

2/ 9p 8 108
BJ(Q)(T) = B(2 +B a (7 )+%(077) B]( 87(077—)7
2,08 op op
a®(r) = o+l F 0+ 50 a5 (0m)
Moreover
By _ pB, 608 B e 9B @)y 0B
B] (7-) - Bj,c + Bj,s 8'& (077—) + 8'[1/ (0’ 7-) BJ7 (7—) 6'{,6 (O?T) + Bj,h (7-) 8U2 (077—)7
i OB .
B (1) = Bjee+ Bjgs (1), Bigs (1) = diag (Bj(qsa (0,7),i = 1,...,N> ,
3 0B
B (1) = Bjpe+t Bins - (0,7).
op op op 3, ., 0?8
®3) - 3 @)Y o° 13 -y 92 3)
a® (1) = a®+a® 2 0,1)+ 52 (0,7) 0l (1) 52 (0,7) +afd (1) 55 (0,7),
agg’) (1) = oget+ogs (1), with oy (1) = diag < ((1? gﬁ 0,7),i=1,. N) ,
u
0
aé?)) (T) = et ans 35 0,7).
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In addition,

B () = B+ BT 0.0 + 5 (0.1 B <>8ﬁ< "

ou ou
@, 0?8 0B ) 0B @, OB
+B; (7)82(0 )+W(07)B]hq87( 7)+ Bj, ()%(077),
(4 _ (4) (4) ;
B;, (1) = Bj,.+B;(1), with
. iy OB op ) OB .
B (r) = diag <B§js>’ 5, (0.7) + 5 (0,7)’35.;)% (0,7) ,i=1, N)
2
(4,i,k) 0°B
" (quSh du? (07T))¢,k:1,...,N7
0
By (r) = Bj(i)chB](k)saﬁ 0,7), for j=1,..,N, k=h,l
op op op
4) - @ 4y Zr had " o@ o
™ (1) o+ oy au(0’7)+8 0,7) ag” (1) 5 (0,7)
0B 0B ; (4)0%8 @, v 0B
()82( )4‘@(07)@@@(077)4‘% (T)W(OJ),
al(r) = a% al¥ (1), with

P
al) (1) = dwg< all aﬁ(o )+£(0,7) (4.) ”8(0 ),izl,...,N)
(@i ky O°B
(e gaon)

) [ARS}

2 2 4 4 4 4 . . 4,3k
where B](-’q)7 aé ), Bjne, 0ye, B](-ql, Bg('th a((lc) and a,(lq) are symmatric matrices and B](q’;,;) =
(47k72) (47i7k) J— (47k7z)
qush ) aqsh — “gqsh

E DERIVATIVES OF AUXILIARY FUNCTIONS

Recall that the total number of partial derivatives of order or degree d for a n-argument function

f(z1,--- ,zy,) is a natural bijection with monomials of degree d in n variables. This corresponds to
the number of combinations of d elements in d+n — 1 elements denoted by (d+371), or equivalently

d+n—1) )

the number of combinations of n — 1 elements in d + n — 1 denoted by ( M

E.1 First order

Note that ©™¢ is a n = 3-argument function, and therefore its total number of partial derivatives

of order or degree d =1 is (d+z;%:3) =3.

For A_ > 0 and Ay > 0, we have
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agnc
dqo

6@77,6
oqn

8@716
0q3

e
dq3

06
0qo

a@nc
dqo

(g0 =0,q1 =0,q3 =0)

0
2 _ 2
/ 0%z +0x 1z +0x(1—p3)usz /\_e>“zdz

oo
0
\_zerZdz
o0

/ H122€0><z+0><,u,122+0><(l—pg)p,gz
—oo

0
Ml/ \_22eM2dz
—o0

2 2
(22 7))

2
)\TM

—00

0
(1 —pg)ug/ A_z2eM2dz

(1— p3) p3 (eAz (z2
2

2 (1 —p3) p3
=0
0q3 (a3 =0)

—00

0
p3u3/ \_z2er%dz
—00

2
A 2
P33 (6 z <Z ——2z+ 7

)

2
)\TP3M3
oer

dq0
+oo

/ 20\ e MAdz
0

(q0 =0)
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2
A

2
A

0

0
2
/ ,03,U3Z260><p3u3z )\7€>\7de

—00

k)

0

—00

2)\,e>‘*zdz

0
2 . 2
/ (1 o p3) /L32260><Z+0><Mlz +0x(1—p3)psz )\76)\7de

0

—0o0



E.2 Second order

+oo
= / Apze M2z
0

1
= —67)\"'2 (Z + )\+>

1

Ay

—+00

0

Note that ©™¢ is a n = 3-argument function, and therefore its total number of partial derivatives

of order or degree d = 2 is (

62 enc
8q(2)

82 enc
dq3

62@nc
0q00q1

(0)

i) =6

0
/ 22€0><z+0><u122+0><(1—p3)u3z2)\
-0
0
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E.3 Third order

Note that ©™¢ is a n = 3-argument function, and therefore the total number of partial derivatives

of order or degree d = 3 is (d+g;§:5) = 10.
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E.4 Fourth order

Note that ©™¢ is a n = 3-argument function, and therefore the total number of partial derivatives

of order or degree d = 4 is (d+g;i:6) = 15.
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F DEeTAILS ON THE AFT MODEL ESTIMATION

“+o00

0

F.1 Discretizing the stochastic jump-diffusion motion

From the underlymg asset price dynamics in AFT model, we compute the quadratic variation of

Vil = fo Sz @1 pcopp (dt, dz, dy) and Vi = fo Jre [(1 = p3) 2?10y + p3y?] o (dt, dz, dy), as well
as their covariation. We have

t
v, = // e pcopu (dt, da, dy) |
0 R2
t
2
Vi Vi), = //RQ (1= ps3) a®Lizeoy + p3y?]” p(dt, dz, dy),

[VlJv VBJ]t = / /};2 1 - P3 T 1{x<0} + p3y ] 1{:c<0}:UJ (dt7dx7dy) :

We also have the corresponding risk-neutral expectations
t
@ [‘/lja Vlj]t = / / x41{$<0}VtQ (dl‘a dy) dt,
0 JR2
t
2
Qi V], = / /R2 [(1 = p3) 2 Ligcoy + p3v?]” v (do, dy) dt,
vV, = / /R2 (1~ p3) 2?10y + psy?] Lipeoyf (de, dy) dt.
Thus, the instantaneous variance and covariance of V;] and V3 can be computed as
2
(Ui]t) = / €z 1{I<O}Vt (dz,dy),
R2
2 2
(03)" = /RQ [(1 = p3) 21 jaoy + p3v?]” v (dav, dy)

ofs = /R2 2% [(1 = p3) 2* 1m0y + p39%] Lipeoyvi® (dz, dy).

Formally, the instantaneous variance is
J\2 4
(Ult) = /RQSU 1{m<0}’/tQ (dz, dy),
= ¢~ /R2 1{x<07y:0}x4/\_6_’\*‘x|daﬁ ® dy,

0
= c_/ g*A_e M1oldy = e, (12)
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with 0
24
A = / s _e Mgy = 22

o A\
Similarly,
2 2
(o) = /R2 (1= ps) 2*1ucoy + p3y?]” v (da, dy) .
= /R2 [(1 — p3)* 210y + p3y" + 203 (1 — p3) $2921{x<0}} v (dz, dy)
= /R (=000 4205 (1 = p0) 2%?) Lpcoyi? (dar dy) + vl (da,dy)]
= / ((1 —p3)® 2t +2p3 (1 — p3) m2y2) pcoyv (dz, dy) + / Py (da, dy) .
R2 R2
Note that
(1= p3)® 2 + 2p3 (1 — p3) x2y2) Lacoy (dz, dy)
= ¢ <(1 — p3)? 2" + 2p3 (1 — p3) x2y2) Ae MM o ymopde ® dy,
and
/R2 ((1 — p3)? ' +2p3 (1 — p3) w2y2) Lpcopvi® (da, dy)
0
= ¢ (1- p3)2/ g A_e M 1lde = (1 - pg)? My
Moreover,

P3y'v? (d, dy) = ply* { (Cil{x<o}/\—€7k‘|z| + C+1{x>o})\+67A+|x|> Liy=0y + cil{x:O,y<O})‘—ei>\_|y|} dz®dy,
and 0
/Rz piy*v? (dz, dy) = p3 [/OO y4A—eA‘y'dy] = pENLe
This yields
(o9)" = [(1 = p0)? + p3] e (13)

For the instantaneous covariance, we have
of3 = /R2 2? [(1 = p3) 2L gpco) + p39%] Lipeoyvi® (da, dy),
= (1—p3) /R2 2 gcoy¥i? (dz, dy) + ps /R2 22 Lgcoyyy’ (da, dy),

= (1-p3) (o})". (14)

Turning to the risk-neutral expectations, we get

E€ [Ml /R2 x21{z<0}u(dt,dfv,dy)]

= M </R2 $21{x<0}VtQ (d:l,‘,dy)) dt,

0
= judt </ 51:2)\_6)‘—|‘T|dx> o,

prdth_c;
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with

In the same way, we obtain
E€ [ug /R2 (1= p3) 2°1(yc0p + p3y°] u(dt,dw,dy)}

= padt /R2 [(1 = p3) 21 ucoy + psv?] v/ (dz, dy) ,

~1 A_e Aol et A e*>‘+|“|) leye
_ dt 1— 27 2 (C {z<0} {z>0} N+ {v=0} L dy,
143 /R2 (1 = p3) 21 pco) + p3y°] { e Lo yenhe r®dy
0 0
= pu3(1—ps)dt </ x2)\_e_)“|x|dx> ¢, + pugpsdt </ y2)\_e_)“|ydy) c
— 50 —o0
0 —
= padt (/ x2)\_e_)‘|m|d:z> ¢, = psdti_c; . (15)
—0o0
The resulting discretized transition equations can be written as
Vitri —Vir = k1 (171 — Vlt) At + Mljx_ct_At + €1t+1, (16)
Vatr1 — Var = ko (U2 — Var) At + e2441, (17)
Vatr1 — Var = —r3Va Al + usA—cpy At + e3t41, (18)
or in a compact form as
Vigr = @o + @1Vi + €441,
with
K1U1 + ,ulj\_ca —Kk1 + ;Ll;\_cl_ u15\_02_ ,ulj\_cg_
(poEAt I{g'l_)g s ‘1)1 Elg —|—K1, K1 = At 70 tliQ 0 _
H3A_cy H3A_cy H3A_Cy  —K3 + pigA_cg

Specifically, I3 is a 3x 3 identity matrix, Vi41 = (Vigr1, Vart1, Varg1)'s and g1 = (€104, E2041, €3641) -

The covariance matrix of the noise term is

otVie+puiXie, 0 paps (1= p3) Noep
Var, (ei41) = At 0 o5V 0
paps (L —p3) Aie, 0 43 [(1 —p3)* + p%} Nep

At the daily frequency, the discrete time step is At = 1/252. Combining the state transition equa-
tion with the risk-neutral cumulant measurement equation (outlined in the main text) allows to
estimate the factors along with the parameters of the model using the modified Kalman filter algo-
rithm. The initial conditions are Vyjo = —K['®g, and vec (Pop) =Ty — @1 ® ®1) vee (= (Vo))
where ® denotes the Kronecker product.

F.2 Parameter constraints

Our goal here is to check whether, beyond the parameter restrictions imposed by Andersen, Fusari,
and Todorov (2015b), additional constraints are required in our estimation procedure to guarantee
admissibility of the three latent factors and covariance stationarity.
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Diagonalization The implementation of the risk-neutral moment-based estimation for the three-
factor AFT model was done under the condition that the matrix K; is diagonalizable. This is
equivalent to ensuring that the block triangular matrix

—K1 —i—i,uljxfcl_ u35\,cj 0
K{ = At pA—cy —k3 + psA-c3 0 (19)
H1IA—Cy H3A_Cy — K2

is diagonalizable. Note that K? is obtained from K by (i) permuting the second and third columns,
(ii) then permuting the second and third rows, (iii) and finally transposing the resulting matrix.
Recall that A_ = 2/\2. Thus, verifying if K; is diagonalizable, boils down to checking if

A= (20)

2 — 2 —
—K1 + 33 p1c; 3T H3Cq ]

%MC; —K3 + %My,cg
the upper left block in K7, is diagonalizable. By computing
det (A ALy)
2 _ 2 _ 2 _ 2 _
= | —m+ N2 MG — A —krs+ N2 Hacs A — N2 H163 33 K3 s
2 _ 2 _ 2 2 -
= A+ K1 — )\Tulcl A+ K3 — )\—2,11303 — )\—2)\—2#301 H1Csg s
9 2 _ 2 _ 2 _ 2 _ 4 -
= N — |-k + N2 Hac — k3 + N2 M3 A+ | =K1+ N2 G —K3 + N2 H8Cs | T I Hscy Hics
we see that a sufficient condition for diagonalization is
2
2 _ 2 _ 2 _ 2 _ 4 -
—K1 + Nz Haer — ks + N2 H3Cs —4((—r1+ Nz Ha —K3 + N2 H3Cs | T g st s > 0.
This implies that
2 2 \* 16 _
—K1 + 2 e + K3 — N2 180 + N HBCL Gy > 0, (21)

which is always true. The corresponding eigenvalues are

(=r1+Apacr — R34+ A-pacy) + \/(—m + A ey + w3 — A_pacy)” +4 (A2 pscy pacy )

A= 5 oo (22)
N (—/11 + 5\_#1cf — K3 + j\_ugcg) - \/(—m + X_ulcf + K3 — 5\_;1,36;)2 +4 (X%ugcfulcg) (23)
2 = .
2

~ ~ ~ !/
For a given eigenvalue A € {\1, A2}, solving for the corresponding eigenvector P = {Pl Pg] in
AP = \P,
or equivalently in B B
{ g—/ﬁ + A_piey — A) P+ A pzey P =0,
Apics P+ (—k3 + A_pse; — A) P, =0,
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yields -
. A —A_picy ) A
B = Atm—dme) 5 (24)
A_p3c]

Hence, an eigenvector associated with A € {1, Ao} is

5\_/;301_
- . 2
()\4—/{1—)\#101 ) (25)

This confirms that the matrix K is diagonalizable.

Stationarity To ensure covariance stationarity in the AFT model, the eigenvalues of Ky should
be between —2 and 0. Thus,

—K1 + /~L15\—Cl_ — AAt /,Llj\_c; ul;\_cg
det (K1 — M3) = (At)® det 0 —Kg — R 0 . (26)
pzA_cy H3A_Cy  —K3 + pU3A_c3 — Ait

For the eigenvalue A to be between —2 and 0, it must be the case that

2 A
—2<A<0 &= -5 <5<0
At At
2
= —— <A<,

At

where A = A\/At. Next, the determinant is computed as

—Kk1 + ,ulj\_cl_ S\ ,LL15\_CQ_A ulj\_cg
det 0 —Kg — A 0
H3A_cy H3A_cy  —K3+ pHgA_cz — A

K1+ /~L1)\ ¢ — )\) (—mg — 5\) (—Klg + ﬂg,;\,cg — ;\> — ,ulj\,cg (—ng — 5\) ,ugj\,cf,

(-
( 2 ) (( F1L+ mA-er — ;\) (—"13 + psA_cy — 5\) - ﬂl;\_C;ﬂg;\_cl_> ,
(-

- (—/@ — 5\> ()\2 — (=K1 +mA_c] — K3+ psA_cy) A+ Kikg — KipaA_c3 — nguljx,cf) )
The discriminant of this second-order polynomial in s

T T N\2 < —
A = (—m + iAoy — K3+ pzA_cy ) —4 (/{1&3 — K1HM3A_C3 — K31 A—_C] ) ,

= (—m + ,ulx,cf — K3 + ugj\,c3 2

)" -
= (fm + ,ulj\,cf — K3 + ugj\,c?) )2 ( K1+ ,ulj\,cf) (—143 + ,ugjx,cg) + 4#15\,c§u35\,cf,
= (—m + ,ulj\,cf + k3 — ng\,cs )2

and the roots are

5 (fm + ,ulj\_cf — K3 + ,LL35\_C§) — \/(fm + ,ulj\_cf + K3 — ,ugj\_cg)2 + 4,u1;\_c§,u35\_cf (29)
1 - 5
2

5\ (—m + ,u15\,cl_ — K3 + ,u35\,c3_) + \/(—m + ulj\,cl_ + K3 — ,u35\703_)2 + 4M15\70§M35\701_ (30)
2 = .
2
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((—/—@1 + ,ulj\,cf) (—/—@3 + ,ugjx,cg) — ,uljx,cg,ugj\,cf) ,

+ 4 A_cs psA—cy >0, (28)

Ko — ) (A2 (=r1 4+ mAey — Kz + psA_c3) A+ (=K1 + mA_cy) (—krs + psA_cz ) — Mlj\,cgNBS\J;) ,

(27)



The stationarity condition translates into the following constraints:

—% < _AKQ < 0,

4 <M <0, (31)

-Z <X <o.
Hence,

2
0< ke <— 32
K2 At? ( )

and

T - T - T - T \2 T - ot -
2 < (7/£1+,u1)\_cl —K3+puzA_cg )f\/(fﬁlﬁul)\_cl +K37,u3)\_c3) +4piA—cg3 p3A—cy

-% : : 7 E—RC)
2 (—Hl"r#l)\fcl_—HS‘HU‘S)\—C;)‘F\/(—Hl+#l)\—cl_+ﬁ3_ﬂ3)\—cg) +4pr1A—cg psAi—cy
—ai < P) < 0.

Alternatively, one can consider the following set of inequalities:

T - T \2 T - x - s - T -
0 < \/(fer;u)\_cl +r3—p3A_cg ) +4p1A—cg3 p3A—c;y f(fnler,l)\_cl —K3+uszA_cg ) < 2

< < [ - _\2 - - <
_(—/-;1—5-;1,1)\,01 —k3+pu3A_cy )—\/(—Hl—s—yl/\,cl +r3—p3A_cy ) +4pi A _cy p3r_cy 9
0< 5 < A

which entails B _
(—/ﬂ + iA_c; — K3+ Mg)\_cg) <

s T N2 s — 5 _
\/(—m + piA_cy + K3 —_Mg)\_03 ) + 4,111)\_03 H3A_cy
<+ (—r1+mAoe] — K3+ pushocy),

and . - -
—A7 — (—m + piA_c] — K3+ pu3A_c3 )
< \/(—m + ,uljx,cl_ + k3 — m,cgf + 4u15\,c§u35\,cf (34)
< — (—m + ul;\_cf — K3 + ng\_cg) .
If A
A7 +2 (=K1 + pA_c] — k3 + pgA_cy) >0, (35)
then
~ (—k1+ mA_c] — K3+ pshocy) > — (=K1 + mA_c] — K3+ psicy ),
and

4 - - T _ < _
_E — (—Hl + Nl)\—cl — k3 + H3>\—cg) < (_’{1 + Ml)‘—cl — K3+ :u3)‘—63 ) ’

which further implies

(=K1 + piA—c] — K3 + psA_c3)

< \/(—/{1 + mjx,cf + K3 — ,ugjx,cg)z + 4,u15\,c§,u35\,cf
< - (—Hl + Mlj\_cl_ — K3+ Mg;\_cg) . (36)

It follows that (—Iil + ,uljx_cf — K3 + ugx_cg) < 0 and

T T \2 s o~ T T \2
(—/{1 + piA_cy + K3 — Mg)\,cg) +4pA_czpuzA_c; < (—/{1 +piA_cy — K3+ ,ug)\,c?)) .
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Hence, B - - B
dpA_cg psh—cy <4 (—r1 4+ mA_cy) (—kr3 + psi_cy ), (37)

and _
N o
M < Ka. (38)
K1 — p1A—c]

It must also be the case that B
K1 — iA—c; >0, (39)

or equivalently
piA—c; < Ki.

We now verify whether the condition (—/11 +mA_c] — K3+ ,ugj\_cg) < 0 is met. We have

—K1 + ,u15\_cl_ — K3 + /ng\_cg

- A_Ca K -
< =K1+ pA-c] — %7311_ + pusA_cy
K1 — M1A—c]
_ - A_cy
= —K1+mA_c; — pu3r_cy ('ul_l> < 0. (40)
K1 — H1A—C]

Therefore, the conditions for the covariance stationarity are

2
0 < hy< —, 41
) "2 At (41)
mA_c; < Ki, (42)
Xi —
_MeAG M (43)

K1 — ,ulx_\,cf

_ 0 9
A :/ 22\ _e Mgy = -

Interestingly, these stationarity conditions boil down to the following inequalities:

where

0 < ko, (44)
2‘;1;1 < k1 (45)
2
BT < g, (46)
K1AZ — 2p1¢]

which matches exactly the restrictions derived by Andersen, Fusari, and Todorov (2015a) in their
footnote 37 (except the typo for k2).

Positivity We impose the classic feller condition

O’% < 2K177, O'% < 2K90s. (47)
It is convenient to ensure that all element of Vyjg = —K7 Ldy are positive, where
K101 + p1A—cy —K1+ pA_c]  pA_cy fA-cy
by = At KoU2 , Ki=At 0 —K9 0
p3A—co p3A—cy HU3A_Cy  —K3 + U3 _c3
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Because ®( > 0, the sign of V{o is determined by the sign of — K7 L. We observe that

det (K1) = —ko (=K1 +mr_cy) (K3 + psA_cy) + KapsA_cy pA—cy
= ko (pusA—cy mA—cz — (k1 — mA—cy) (k3 — pusA—c3)) ,
= K2 (—/{3 (I‘il — ,ul)\,cf) + /61143)\,cg) s
N _ K1 3/_\_0_
= —kKg (/@1 — pA—c ) K3 — M—_?’_ <0, (48)
(”1 — 1A )
given the stationarity conditions. It follows that
1 —K2 (—Kg + ug;\,cg) u15\,c§u3;\,c; — ,uljxic; (—1463 + /f35p€§)7 mgul;\,cg
K;l _ m Q (—m —|—Ju1)\,cl_7) (—&3 + ;fgx\,cg) — ul)\icgug)\,cl_ 0 ~
1 Kotz A_cqy M3A_C] iA_cy — H3A_Cy (—m + ,ul)\,cl_) —Ko (—m + ,ul)\,cl_)
which simplifies to
1 K9 (53 - ,ugj\,cg) ;@5\,05/{3 ~ ngulj\,cg
K{'= dot (K1) 0 K3 (k1 — ul)\_ci) — K1psA—c3 0 (49)
1 I€2,LL3>\_61_ /il,ug)\_c; K2 (Iil — [L1>\_Cl_)
Given that _ _
K1M3A_Cq K1M3A_Cq -
K3 > 1H3A—C3 — > 1H3A-C pU3A_cs (50)
(/<c1 — piA_cy ) K1

we conclude that all the element of K L are negative, and therefore, Vojo is always positive.

G EXTRACTING RISK-NEUTRAL MOMENTS FROM OPTION DATA
G.1 Description of option data

We use daily data of European options written on the S&P500 index from OptionMetrics to con-
struct nonparametric risk-neutral variance, skewness and kurtosis series. The study period is from
September 03, 1996 to December 30, 2011.

For a given day in the sample, call and put options data are sorted by maturity and strike price.
Risk-neutral moments are computed using mid-quotes as in Chang, Christoffersen, and Jacobs
(2013) and Feunou et al. (2014). Following Bakshi, Cao, and Chen (1997) and Jiang and Tian
(2005) we exclude options with zero transaction volume, options with mid-quotes less than $3/8,
and options which do not satisfy basic no-arbitrage bounds. Consistent with the extant literature,
we only include out-of-the-money (OTM) and at-the-money (ATM) call and put options in our
sample to ensure that the contracts we use are liquid. Namely, we eliminate in-the-money (ITM)
call options with moneyness -the ratio of strike price X to underlying asset price S- below 97%
(X/S < 0.97). Analogously, we exclude ITM put options with moneyness above 103% (X/S >
1.03). Rather than restricting our analysis to weekly (Wednesday) contracts, we use option data
from all 3,073 trading days in our observation window. Our sample contains 570,108 contracts
with maturities ranging from 1 month to 2 years, and is markedly larger than a typical Wednesday
option data set. The large size of our data set should enhance the robustness of the option-implied
moments computations.

Table Al displays the descriptive statistics of the option data. To illustrate the main charac-
teristics of S&P 500 index option, we sort the data by moneyness, maturity, and market volatility
index (VIX) level. Panel A of Table A1l groups the data in six moneyness buckets and shows the
number of contracts, the average option price, and the average Black and Scholes (1973) option
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implied volatility. Looking at the average implied volatility row, we notice that most contracts
are deep OTM puts with moneyness lower than 0.97. These OTM put contracts exhibit an aver-
age implied volatility of 26.11% whereas the average implied volatility for options with moneyness
larger than 1.05 is 16.12%. This pattern reflects the well-known volatility smirk in index options
across moneyness. From all 570,108 options in our sample, the average contract price is $22.09
with an average implied volatility of 20.41%. In Panel B of Table Al, option data are sorted by
maturity expressed in calendar days. The average implied volatility is of similar magnitude across
different tenors during the sample period. Moreover, options with longer maturities are, on average,
relatively more expensive. Panel C of Table Al classifies the data by the VIX level. As expected,
option prices and implied volatilities increase in VIX and the bulk of the data (77%) are from days
with VIX levels ranging from 15% to 35%.

It is noteworthy that moments extracted from daily information on option contracts are in-
herently forward-looking and risk-neutral. Option-implied volatility, skewness and kurtosis are,
therefore, convenient for assessing conditional valuation models and expected payoff theories.

G.2 Uncovering higher risk-neutral moments

Actual option data are available for discontinuous and limited strike prices whereas the computation
of risk-neutral moments requires the integration of various power option contracts over a continuum
of strike prices. As a consequence, the estimation of option-implied moments might suffer from
biases mainly related to the discreteness of strike prices, the truncation and the asymmetry of the
integration domain. We follow the empirical strategy of Jiang and Tian (2005) in order to mitigate
the potential biases in the estimation of risk-neutral moments.! Thus, on each day and for any
given maturity, we employ a cubic spline to interpolate the observed implied volatilities over a
finely-discretized moneyness grid. This procedure is intended to produce a compact set of implied
volatilities. Obviously, the interpolation is implemented only for dates where at least two OTM call
prices and two OTM put prices are available. Moreover, we extrapolate the implied volatility of the
lowest or highest available strike price outside (below or above) the observed moneyness range of
any given contract, as articulated by Chang, Christoffersen, and Jacobs (2013).2 We then convert
these interpolated-extrapolated implied volatilities back into call and put prices using the Black
and Scholes (1973) formula. Call prices are computed for moneyness above 100% (X/S > 1) and
put prices for moneyness below 100% (X/S < 1).

We rely on the model-free methodology suggested by Bakshi and Madan (2000); Carr and
Madan (2001); Bakshi, Kapadia, and Madan (2003); and Kozhan, Neuberger, and Schneider (2014)
to compute the volatility, skewness, and kurtosis of the risk-neutral distribution. A key insight of
this approach is that one can replicate any desired payoff by designing a portfolio of OTM European
call and put options over a continuum of strike prices. To give an overview of this approach, we
consider an underlying asset with a price process defined over a physical probability space ({2, P, F)
which is equipped with the filtration {F;}32, of its o-algebra F. The mapping between the risk-
neutral probability measure ) and the physical measure P is achieved through Girsanov’s formula
%\]:T for a finite horizon T' < oco.

Let ¢+ = yt+r — Yy denote the log-return on the underlying asset value (S = e¥) between time
t and t + 7. To simplify notation, we drop the time subscript (¢ + 7) of the terminal value of the
asset and write the payoff at maturity for a generic contingent claim as G[S]. As argued in Bakshi

!Chang, Christoffersen, and Jacobs (2013) conduct various Monte Carlo experiments to assess the importance of
these biases and conclude that Jiang and Tian (2005)’s approach helps improve the accuracy of risk-neutral moment
computations.

2The interpolation-extrapolation procedure yields a fine grid of 1000 implied volatilities for moneyness ranging
from 0.01% to 300%.
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and Madan (2000), any twice-continuously differentiable payoff with bounded expectation can be
spanned according to the formula

GIS] = G[S]+ (S —5)Gs[S / Gs[X](S — X)X

-  Ges X)X — S)*dX. (51)
0

which entails positions in the slope (first derivative Gg[e] evaluated at some S) and the curvature
(second derivative Ggg[e] evaluated at the strike price X) of the payoff function. By discounting
the risk-neutral conditional expectation of the contingent claim at the risk-free rate ry, we obtain
its price

EQ{e7g[S]} = e 7(G[S] — SUs[S]) + Gs[S)S + /S " Gss[X]C(t 7 X)dX

S
+ / Gss[X]P(t, 7 X)dX, (52)
0

which mirrors the value of a portfolio including risk-free bonds, the underlying asset and OTM calls
and puts. The integrals in Eq. (52) can be evaluated numerically using for instance a recursive
adaptive Lobatto quadrature.?

To construct higher risk-neutral moments, we focus on power contracts, that is,

7”7&2,7 the volatility contract,
G[S] =< r}, the cubic contract,
7";;1,7 the quartic contract,

and their discounted risk-neutral expectations EtQ {emrmri ), E?{e_TfTrf”T}, EtQ {e="mrt }. The
risk-neutral volatility, skewness and kurtosis are computed as

Vol = {EZ((rir — B[]} /2, (53)

Sker _ EtQ[(TtT _EQ[rtT])s] (54)
Y AER (rer — B2 [res)?%

Kurtfi_ _ EtQ[(TtJ - EtQ[Tt,T])Zl] (55)

{EZ((rir — B [re )2}

respectively. Finally, for any given maturity of interest (r = 1, 2, 3, 6, 9, 12, 18, 24 months),
we implement a linear interpolation to calculate the corresponding risk-neutral moments. This
yields 3,860 daily observations of each risk-neutral moment (volatility, skewness and kurtosis) for
maturities ranging from 1 month to 2 years. Recall that within the family of affine-Q models, there
exists a linear relationship between the risk-neutral cumulants and the latent factors. Moreover,

(2)

these cumulants are linked to common standardized centered moments according to CUM;’ =
Vary -, CUM;B) = Skew; ; x Vart/ and CUM(4) (Kurty, — 3) x Var,aT. Next, we focus on

T
the factor structure of risk-neutral cumulants.

3Chang et al. (2012) use a cubic spline to calculate the integrals across moneyness.
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G.3 Principal components

To reduce the dimension of the risk-neutral cumulants observed at different maturities to a small
number of components, we implement a two-step data reduction procedure. First, we sequentially
perform a principal component analysis (PCA) on option-implied second, third, and fourth cumu-
lants series. The factors related to a given risk-neutral cumulant are extracted from all the time
series corresponding to the different maturities (1 to 24 months). For each risk-neutral cumulant,
we retain the 3 first principal components which explain nearly 99.56%, 97.14% and 96.98% of the
variability in the risk-neutral second, third, and fourth cumulant, respectively. In Table A2, Panels
A-C report the summary statistics for each set of principal components extracted from the option-
implied cumulants. Second, we pool all 9 risk-neutral cumulant-specific principal components
together and run another PCA. This approach is intended to extract the 3 main principal compo-
nents that explain a sizeable part of the total inertia in all (second, third, and fourth) risk-neutral
cumulant series. Panel D in Table A2 reveals that these 3 principal components of comparable
inertia (31.90% for PC¢!, 30.25% for PCS!, and 25.09% for PCS!), account for about 87.24%
of the data variability. The correlation matrix of the risk-neutral cumulant principal components
are presented in Table A3. Note that by construction, principal components extracted from the
same PCA are orthogonal, and therefore uncorrelated. Non-zero correlations are presented with a
shaded (grey) background and measure linear dependencies between factors of different risk-neutral
cumulants. Significant correlations with absolute values above 0.5 are reported in dark grey filled
cells. The three first principal components of the risk-neutral second cumulant series seem broadly
negatively (resp. positively) related to those extracted from the risk-neutral third (resp. fourth)
cumulant series. Consistently, the first three principal components related to third and fourth cu-
mulants appear to share broadly negative correlations. Overall, this indicates that the risk neutral
cumulants under consideration are not redundant.

50



REFERENCES

Andersen, T., N. Fusari, and V. Todorov. 2015a. Parametric inference and dynamic state recovery
from option panels. Fconometrica 83:1081-1145.

. 2015b. The risk premia embedded in index options. Journal of Financial Economics
117:558-584.

Bakshi, G., C. Cao, and Z. Chen. 1997. Empirical performance of alternative option pricing models.
Journal of Finance 52:2003-2049.

Bakshi, G., N. Kapadia, and D. Madan. 2003. Stock return characteristics, skew laws and the
differential pricing of individual equity options. Review of Financial Studies 16:101-43.

Bakshi, G., and D. Madan. 2000. Spanning and derivative security valuation. Journal of Financial
Economics 55:205-38.

Black, F., and M. Scholes. 1973. The pricing of options and corporate liabilities. Journal of Political
FEconomy 81:637-54.

Carr, P., and D. Madan. 2001. Optimal positioning in derivative securities. Quantitative Finance
1:19-37.

Chang, B., P. Christoffersen, and K. Jacobs. 2013. Market skewness risk and the cross-section of
stock returns. Journal of Financial Economics 107:46-68.

Chang, B., P. Christoffersen, K. Jacobs, and G. Vainberg. 2012. Option-implied measures of equity
risk. Review of Finance 16:385-428.

Feunou, B., J.-S. Fontaine, A. Taamouti, and R. Tédongap. 2014. Risk premium, variance premium,
and the maturity structure of uncertainty. Review of Finance 18:219-69.

Heston, S. 1993. A closed-form solution for options with stochastic volatility with applications to
bond and currency options. Review of Financial Studies 6:327—43.

Jiang, G., and Y. Tian. 2005. The model-free implied volatility and its information content. Review
of Financial Studies 18:1305-1342.

Kozhan, R., A. Neuberger, and P. Schneider. 2014. The skew risk premium in the equity index
market. Review of Financial Studies 26:2174-203.

51



Table Al: Option data

This table presents the characteristics of S&P 500 index option data by moneyness, maturity, and VIX level. We use out-of-
the-money (OTM) call and put option data from OptionMetrics for the period September 03, 1996 and to December 30, 2011.
The moneyness denoted X/S is measured by the ratio of the strike price (X) to the underlying asset value (S). DTM denotes
the number of calendar days to maturity and we include options with maturities of 1 month to 2 years. The average price is

reported in U.S. dollars and the average implied volatility is expressed in percentage.

OTM Put OTM Call
D — [xe] 0
< e e <
o — — —
\Y \Y \Y \Y
N n n n n 0
=3} ~ ~ ~. ~ S
S > >~ >~ ~ —
\Y V Vv Vv \Y A
0 - o — o) 0
~ =N S S) =) ~ =
>~ S o — — >~ <
Panel A: By Moneyness
Number of contracts 245,160 58,296 72,150 58,988 28,637 106,877 570,108
Average price 13.53 39.32 39.70 37.46 20.11 12.45 22.09
Average implied volatility 26.11 17.28 16.27 15.68 14.26 16.12 20.41
=)
o D
2 2 S =
\Y \Y \Y é o
v A A a S A
Z v v v e Z B
a) ] 3 & S @) <
Panel B: By Maturity
Number of contracts 115,659 161,448 98,606 43,105 25,121 126,169 570,108
Average price 10.83 14.97 20.26 25.07 26.38 41.05 22.09
Average implied volatility 20.01 20.56 20.35 21.30 20.78 20.27 20.41
o o) o 0
I a o) ]
\Y \Y \Y V
= & & - a 3
V. > > > > A
§ \Y \Y \Y \Y § —
> = ] & R = <
Panel C: By VIX Level
Number of contracts 68,540 133,380 165,267 89,701 49,631 63,589 570,108
Average price 16.42 18.69 22.78 24.80 25.11 27.32 22.09
Average implied volatility 11.56 16.05 19.50 22.49 26.01 34.16 20.41
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Table A2: Principal components from the term structure of risk-neutral cumulants

This table reports descriptive statistics of three main principal components extracted from the term structure of risk-neutral
second cumulant (Panel A), third cumulant (Panel B), and fourth cumulant (Panel C). The column headed “Contr. (%)”
displays the percentage of common variance accounted for by each principal component in the principal component analysis.
Panel D presents the summary statistics of the first three principal components (accounting for 90.22% of data variability)
obtained from a principal component analysis of all nine factors of risk-neutral cumulants (CUM(2), CUM®) | and CUM<4)).
The principal component analysis in Panel D is based on the correlation (rather than the covariance) matrix, as principal
components from the term structures of different order risk-neutral cumulants (CUM®), CUM®) | and CUM®) have been

standardized to ensure comparable variability.

Contr. (%) Std. Dev. Skewness Kurtosis AR(1) AR(2) AR(3)
Panel A: Risk-Neutral Second Cumulant

rc? 9216 0.09 3.59 2259 098 096 095
rcy 6.65 0.02 1.92 2425 092 090  0.88
rcy) 0.75 0.01 2.51 41.86 064 065  0.60
Panel B: Risk-Neutral Third Cumulant

rc® 8202 0.06 -6.49 61.88  0.95 093  0.90
rc 1173 0.02 720 19935 074  0.75  0.69
rcy) 3.39 0.01 1073 43778 028 039 0.31
Panel C: Risk-Neutral Fourth Cumulant

rc 8116 0.12 20.83 63981  0.67  0.64  0.55
rcl) 1255 0.05 1326 699.47 034 041  0.36
pc! 3.27 0.02 -0.72 5721  0.61  0.66  0.65
Panel D: All (Risk-Neutral Second, Third, and Fourth Cumulants)

PO 31.90 1.69 -4.79 36.00 097 095  0.94
PCgt 3025 1.65 631 11806  0.83 082  0.77
pCgl 25.09 1.50 -17.29 74547 024 035 027
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Table A3: Correlation matrix of principal components from the term structure of risk-neutral
cumulants

This table reports correlations among principal components from the term structure of risk-neutral cumulants (CUM(Q),
CUM®) | and CUM(4)). Shaded cells indicate correlations between principal components of different risk-neutral cumulants.
Note that correlations among principal components extracted from the term structure of a given risk-neutral cumulant are null

by construction. Dark grey filled cells indicate correlations with absolute values above 0.5.

pc®  pc?  pc?  pc®  pcl®  pcl  pc®  pclV  pclV pcell  pogt pogl
rc®  1.00
pct? 000  1.00
pc{® 000 000  1.00
pct® 72094 -013 009  1.00
pc{® 019 | 085 -015 000 100
pc¥ 005 020 | =073 000 000  1.00
pct® | 065 037 024 | -0.82 043 -021  1.00
pctY | 053  -018 -024 048 ~ 050 054  0.00  1.00

Pc§4) 0.26 -0.63 0.10 -0.17 0.67 -0.46 0.00 0.00 1.00

pPC@l [20.96 0.06 -0.06 0.97 -0.23 0.00 -0.71 -0.58 -0.32 1.00

PCgl _0.04 -0.92 -0.10 0.22 0.95 -0.16 -0.55 0.26 0.72 0.00 1.00

PCgh 0.05 0.14 -0.80 0.04 0.15 0.96 -0.32 0.62 -0.40 0.00 0.00 1.00
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