Queen’s University
Faculty of Arts and Sciences
Department of Economics
Economics 250 2006 Final

Instructions: 3 Hours

READ CAREFULLY. Calculators are permitted (no red stickers). At the end of the
exam are several formulae and tables for the binomial, normal and ¢ distributions. Answers
are to be written in the examination booklet. Remember most of the grades are awarded for
how you set up the problem and NOT for the calculation itself.

Please Note: Proctors are unable to respond to queries about the interpre-
tation of exam questions. Do your best to answer exam questions as written.

You are to answer ALL questions. SHOW ALL YOUR WORK. There are a total

of 100 possible marks to be obtained and marks are indicated for each question.



Answer all 12 questions.

1. (10 marks) Relative efficiency can be thought of a relative precision in a confidence
interval. You are given the following sample information on 3 independent observations
from a normally and identically distributed population with known variance of 4:

3,8,10

Consider 2 estimators of the population mean p
1 1

X = X, +-X
g2t g

_ 1 1 1

X X Xy =X
3 1+3 2+3 3

(a) Show that each of these is unbiased

BIX] = SELG]+ 5Bl =
FIX] = SB[+ 3 E0X%]+ S EX] = s
(b) What is relative efficiency and calculate it
VIX] = 4XV[X2]+ixV[X2]:x4+ix4:
> o 4
VX = =3
RE = g{;} = 2 = 1.5 (50% more efficent)

(c) Calculate the 95% confidence interval for both estimators and explain in what
sense the two intervals are different.

" 1 1
X pu— —_ —_ ]_ pu—
5 X8+ 5 x10=9
X+7Z4 xvV2 = 9£1.96x V2=[7.04 11.772]
_ 1
X = ox(3+8+10) =7
) 4 4
X+2Zy x5 = 7il.96x\/;:[ 4736 9.26]

:Notice that the confidence interval for the sample mean is much more tightly
distributed around its estimate of the population mean.
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Interpret the intervals: If we do a large numbero fo confidence intervals we know
that 95% of them will bracket the true population mean pu

2. (20 marks) A firm wishes to test whether its recent marketing blitz has had an impact
on its sales. Before the blitz sales per month were thought to be 12 million dollars.
Over the next year 12 monthly observations were taken with a mean sample sales of
12.5 million and a sample standard deviation of 1.

(a)

(b)
()
(d)

(e)
(f)

Develop a formal hypothesis to test and state whether it should be one or two
sided

What assumptions are you making?
Is the hypothesis retained at the 1% level? What about the 5% level?

Explain why one or two sided tests can make a difference. Do they have different
probabilities of Type I error?

What is the p-value of this test?

Calculate power of the test (at 5% level ) if the true population 12.5
H, : pn<12
H, : p>12

assuming that central limit theorem applies (sample size is very small so that
is unlikely). Also assuming each observatioon is independently and identically
distributed but since this is sales this is again unllikely since there is seasonal

patterns.
— 12 12.5 — 12

tcal 5 >

J‘? Vi

the 1301 = 2.718 ==retain the null hypothesis at the 1% level. #1105 =

1.796 =just retain. The one sided tests and the two-side have the same prob-

ability of Type I error («) but there are difference critical values. For instance

tyy o = = 2.201 so the null is comfortably retained for the two-sided alternative.

There is a difference in power and there is a jchance that the null will be rejected
for one-side but retained for a two-sided

p —value = P(t > t11) ~ .05

=1.73

| 52 1
fo + t11,.05 X = — 12+ 1.796 X {/ —
n 12

we reject the null of 4 < 12 anytime the sample mean is greater than 12.518

P(X > 12518 |pu=125)

12.518 — 12.5
P(Z > (1) ~ .5

Q

12

therefore the power is around 50%.



3. (10marks) Suppose their is a convention to select a leader of the party and that
there are 4 candidates labelled C; Cy, C3, and Cycandidates. Initially each candidate
has the following support

(a) There is voting and each time the lowest voting candidate is dropped and we
assume that the support for candidate 2 receives 80% of the vote (round to the
nearest integer)) from the losing candidate and the remainder are divided evenly
between the others.

(b) What is the outcome of this election?
(c) Is this a binomial problem. why or why not?

Round 1 = C(C} drops out

P(C;) = .35+.18 x.1=.368

P(Cy) = .28+.18x.8=.424

P(C3) = .19+ .18 x .1 =.208
Round 2 = (3 drops out

P(Cy) = .368+ .208 x .2 = .4276

P(Cy) = 424+ .208 x .8 = .5904

and Candidate 2 wins on the third vote . No it is not a binomial problem as each
probability depends on the last outcome. It is not independent.

4. (5 marks) A student in 250 remembers that Gregory has told him that more in-
formationin estimating the population mean is preferred to less. The student has 3
observations on X; available and so just repeats them to give a total of 6 .

(a) Can you illustrate what the student is thinking in the general case when 3 inde-
pendent observations are augments with another 3 independent observations

(b) Can you show that by simply replicating the 3 observations that there is no fall

in the variance of the estimator?

o’ o
— VS .—

3 6
The data is Xl,XQ,Xg,Xl,XQ,Xg

~ 1 -
X = (X4 X+ X3+ X0+ X5+ X) = B[X] = p
2
. 1
VIX] = %+ 2 (200X, X] + 20[Xp, Xa] + 20 Xa, X))
2
1
T+ =5 (2 X SD[X11] x SDIX4] +2 x SD[Xg] x SDIXy] +2 x SD[Xs] x SDIX
_
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and no gain in efficency

5. (15marks) There are two populations of independent data available on literacy and
we wish to test whether the two population proportions for literacy are the same. If
the first sample, there is 25% cannot read with a sample size of 50 and in the second
20% cannot read with a sample size of 75.

(a) State the formal hypothesis tests and state any assumptions you are going to
make to test this hypothesis?

(b) What is the pooled estimator of the population proportion

(c) Construct a hypothesis test using the most efficient estimator of the population
proportion for the variance at the 10% level

(d) Construct an hypothesis test using an inefficient (though) unbiased estimator for
the variance at the 10% level

(e) What is the 90% confidence interval in (b) and what can you say about hypothesis
tests from this confidence interval

Ho T = Te
Ha . 7T17£7T2

we are assuming indpedence within and across samples

X1+X2_25X50—|—2X75_

oot ¥y 50475 22
Z. = 25 —.20 _ 25 —.20 _ 66
\/ ppoozxslllfppooz) + ppoozxgllgppooz) \/ '225X0'78 + '22;5'78
do not reject the null that they are the same
Z. - 25 —.20 _ 25 —.20
\/ ppoozX(nll—ppooz) + ppoozX(nl2—ppooz) \/ '225X0'78 + '22;578

ppool X (1 - ppool)
00 + Za x
Ppocl 2 \/ ny + ng
22 x .78
75

22 — 1.645 X
[141 .299]

Any hypothesis test in this interval would be retianed at the 10% level of signif-
icance



6. (5 marks) When calculating the p-values students in Econ 250 do not have access to
the t-distribution for their tests and must use the Z tables.

(a) Why is that the case?

(b) Suppose that a p-value with the t-distribution of n = 5 for a two-sided test is
exactly 0.05. What would the student’s use to approximate this from the standard
normal table provide

(c) Explain how this reporting is misleading if someone were testing at the 1% level?
assist the explanation.

The t-distribution is indexed by its degress of freedom.
There degrees of freedom are in principle infininite

There would need to be a t-table for each degrees of freedom. Indeed that is alot!

p—wvalue = 2 x (ty > tcal) = .05
must be that tcal = 2.776 since tos 4 = 2.776
Using the normal to approximate p-value
p—wvalue =~ 2x (P(Z>2.776) =2 x (1—.9973) = .0054

What happens is that with the approximate p-value being so small, this would
lead readers to reject null more frequently. :Large test scores using the normal
lead to small approximate p-values whereas especially when degrees of freedom
are few (like 4) these large test scores can happen more frequently.

7. (10 marks) We have said that the normal approximation to the binomial gets more
accurate as the sample size increases. This problem explores that phenomenonwith
™= 3.

(a) Suppose the number of sucesses is 5 with a number of trials of 10 and 20. Calculate
the probability for both trial sizes using the binomial distribution and the normal
approximation

P(X = 5):<5>.35.75:.10

4.5 — X — b=
PX = 5P -3 | 55-3
V10 x .3 x .7 \/mr(l —7)  VI0x.3x.T

P(1.03 < Z < 1.725)
Fz(1.725) — F(1.03) = .9582 — .8485 = .1097

Q



2
P(X = 5)—(5()).35.715—.179

456 g 5.5—6
P(X = 5)zP( s )

<
V20 x 3 x .7~ \/mr(l —7) V20x.3x.T
P(—=73< 7 <.—.243)
Fy(73) — Fy(24) = 7673 — 5048 = 1725

Q

8. ( 10 marks) The central limit theorem is a beautiful thing. Suppose we have 20
uniform independent objects over the interval 4 to 20.

(a) Explain the central limit theorem in this context and illustrate
(b) If the sample size is 25 what is the distribution of the sample mean

(c) What is the probability of a single observation being 2 standard deviations around
the mean

(d) What is the probability of the sample mean being plus or minus 2 standard
deviations around its mean

The central limit is a theorem that says as the sample size gets large for
practically any distribution that is independently and identically distributed

the sample mean willbe approximately normally distributed in large samples.

_ 2 20 — 4 2
2 12 12
- 21.3
Xos ~ N(12, —

X ~U[4 20 = p

o = V213=46=2x46=92
P(12-92 < X <12+9.2)=100%

since we are looking at normal distribution we can go immediately to standard
deviationand see that

P-2<7Z<2)=.95
9. (10 marks) Suppose we are hypothesis testing at the 5% level,

(a) With 20 true independent hypothesis, how often should we reject the null hypoth-
esis?

(b) Another way to think of this is what is the probability of not rejecting the null
hypothesis in 20 successive true tests.
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(c) Suppose there are 2 hypothesis tests that are true and independent, what is the
probability of rejecting either of them at the 5% level?

X = number of rejections
EX] = nx.06=1
20
P(X =0) = <o ) .05°.95% = 359

P(RiUR,y) = P(Ry)+ P(Ry) — P(Ry1) X P(Ry)
05 +.05 — .05 x .05 = .0975



Formula Sheet

Statistics Formulas

Notation

e All summations are for ¢ = 1,...,n unless otherwise stated.

e ~ means ‘distributed as’

Population Mean

1 N
o= N;xz
Sample Mean
X =1y
= — Z;.
N =1
Population Variance
ot = ii[ﬂc — u?
N= '
1 X, 2
= NZ% .y

Sample Variance

52 nil ?:1['%' - X]Z
Alternatively
1 & _
2 _ 2 _ %2
#= [y a? — 0



Grouped Data (with £ classes)

k

X Z v;f; where v; is the class mark for class j
]*1
2 1 &
5T n— 1 Z fiws

Probability Theory

P(AUB) = P(A)+ P(B)—P(ANB) (additive law)
P(ANB) = P(B)P(A|B) (multiplicative law)

If the F; are mutually exclusive and exhaustive events for i = 1,...,n, then
P(4) = Y P(ANE) ZP P(A | E;)
P(A E
PE;, | A)= il ZiD(Eél) | E:) (Bayes’ Theorem)
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Counting Formulae

N
(N - R)

oy _ (M) _ N!
R R) (N —R)R!

Py =

Random Variables

Let X be a discrete random variable, then:

e = E[X]=Y aP(X =)
o2 = VIX] = El(e — )% = Y (@ — )2P(X = 1)

x

o; = E[X*]—(E[X])’

The covariance of X and Y is

CovlX,Y]| = 04 =E[(X — p)(Y — p)]
— E[XY]- E[X] x E[Y]

The correlation coefficient of X and Y

_ Oay
pxy -
0,0y

If X and Y are independent random variables and a, b, and ¢ are constants, then:

Ela+0X +cY] = a+buy +cpy
Via+bX +cY] = Vol +cPo)

If X and Y are correlated then

Va+bX + Y] = b0} + Po, + 2bcoy,
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Coefficient of Variation (C'V)

cvV = x 100% for population

| =19

CV = —= x100% for sample

>

Univariate Probability Distributions

Binomial Distribution: For x =0,1,2,...,n and :

fle) =
ElX] = a—2kb
VIX] = (b 12‘”

Normal Distribution:For —oco < < o0

f(z) = (27r02)_1/26xp[_(£620_2m]

X o~ N(/,Lx,di—)
X_
7z = 27 U N(0,1)

ox
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Estimators in General

~ A

If 6 ~ N(6,V[0]), say, then under appropriate conditions:

Z=""7 ~N(0,1)

Confidence Intervals:

(a) 100(1 — )% confidence interval for 0 : 6 + Z, /QSD[é] , with known variance.

~

(b) If V0] is unknown, then

t= ~1

SE[]

with appropriate degrees of freedom. 100(1 — a)% confidence interval for 0 : 0 + ¢, 2SE 6],

where SE[f] is an estimator of SD[f].

Estimating Means and Proportions

X = iZXZ, §* = n_lz(X,—X)Q
BX] = VK= T
X (1 —m)

p= Elp]=m; Vp] =

Differences of Means and Proportions for Independent Samples

n

2 (n1 —1)s1 + (ng — 1)s3

Spool = ny + ny — 2
EXy = Xo] = — oy VI[X— X = — 4=
nq No
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If variances are assumed (ie. 02 = 02) to be the same we may , estimate

1 1
SX1—-Xy = \/812)00[< + 7)

ni U]

X1+ Xy
Ppool = n1+n27
E[p1—p2] = M — T
m(l —m mo(l — 7
Vif—g = Blom) i om)

ny na
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