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This supplementary appendix contains the following technical details omitted from the main
paper due to space constraints: (i) the convergence rate of the one-step NPL algorithm, (ii) the

proof of Lemma 3, and (iii) the proof of Lemmas 7-10 in Appendix B.

1 One-step NPL Algorithm

Let Ly (P, a,0f) = N~! Zfil InV(P, o, 0¢)(ailx;) be the NPL objective function. Suppose that
an initial consistent estimator of « is available. The one-step NPL algorithm, with its estimator

denoted by (afl, PP L), is defined recursively as:

Step 1: Given (PPL ~] 1,9f) update a by &f = a - (@Qnj-1)" %LN(ijiLl,dffl,éf),
Where QNJ—]_ = QN(PPLl, J 170f)

Step 2: Update P using &fL by ]%PL = \I/(I-:’JliLl, de, éf)
Iterate Steps 1-2 until j = k.

The following proposition establishes that the one-step NPL algorithm achieves a similar

rate of convergence to the original NPL algorithm.

Proposition A.1 Suppose the assumptions of Proposition 2 hold and the initial estimates
(afr, ]30PL) are consistent. Then, fork=1,2,...

aft —a = Oyllapt — all* + NV PEE — Pl + ||PEE - P|]?)
[+O0,(NY2||a —ab%||) for OPG ],
Pt —P = Oy(llax* — al).



Proof of Proposition A.1 We prove the result for only the NR and OPG methods. The
proof for the default NR and line-search NR is essentially the same except for showing Pr(Qﬁ #*
NE)y — 0 and Pr(Q%” # QNVF) — 0; see the proof of Lemma 7.1 of Andrews (2005) (A05

hereafter). We suppress the superscript PL from o?f L

and PJP L and we suppress éf from
P, (P, a, éf) and Qn (P, «, éf) when it does not lead to confusion.
Recall the MLE satisfies the first order condition @a(lf’,éz) = 0. Applying the generalized

Taylor’s theorem to ¥, (P, &) — i, (P i1, 0j—1) gives

0 = Uo(Pj1,d;-1) + Datho(Pj-1,d;1)(& — d;1)
+Dpg(Pj-1,d;1)(P = Pj-1) + R
= Vo(Pj1,@-1) + Qn(Pjo1,85-1) (&5 — &j-1) + Qn(Pj-1,&-1)(4 — &)
+ [Datha( Pt 6jo1) = Qu(Py1,65-1)] (& = Gyo1)
+Dppy(Pj1,6j-1)(P — Pj_1) + R, (A-1)

where Ry = Op(||P — Pj_1]|> + ||&@ — &;1||?) from Lemma 7(b). The first two terms on
the right of (A-1) cancel out. For the fourth term on the right of (A-1), the term inside
the bracket is zero in the NR and O,(||P — Pj_1|| + ||& — &;_1|| + N~%/2) in the OPG from
Lemma 7(d), (e) and the information matrix equality. For the fifth term on the right of
(A-1), it follows from the generalized Taylor’s theorem, Lemma 7(c), and P — P% § — §0 =
Op(N“Y2) that Dpto(Bo1,d5-1,05) = Op(llBios — P} + Opllajo1 — all) + Op(N-1/2),
Therefore, Qu(Py1, d;-1)(@& — &) = Op(N"V2||P = By_1[[) + Op(lla — &y >+ |2 = By )
[+0,(N~1/2||& —&;_4]||) for OPG]. The stated bound of &; — & follows from Qn(Pj_1,&;_1) —
E(0?/0a0a’) In ¥ (P, 0"), which is negative definite.

We complete the proof by showing the bound of lf’j -P. Similarly to the proof of Proposition
2, expanding ]5] = \I/(Pj_l,dj) around (]5, &) and applying Dp\I/(P, &) = 0 and Assumption
4(g) gives Pj = P + Op(||a; — &|| + ||Pj—1 — P||?) = P + Op(||&; — @||). The required result
follows by induction. [J

2 Proof of Lemma 3

We drop the superscript PL and M PL from & and P,. We show that, if &g = o and By = PO,
then for £ =0,1,... (this corresponds to (A.9) of A05)

sup Prgo (||ax — é&|| > pn k) = o(N ), sup Prgo (H]Bk - P|| > /JN,k) =o(N"°)(A-2)
09€0, 09€0;
sup Prgo (\TN,k(eg) ~ T (69)] > N—1/2MN,,€) — o(N79), (A-3)
90691
sup Pryo (wa,k(eo) — W (6%)] > N‘1/2MN7;€) — o(N79). (A-4)
90691



Then, as in the proof of Theorem 7.1 of A05 (p. 203), the stated result follows from applying
Lemma A.1 of AO5 three times, because the condition on  (corresponding to fy in A05) in
Lemma A.1 of A05 is satisfied by our Lemma 9.

First, using an induction argument, we prove the result for the one-step NPL algorithm. Let
pn g = N~FED/2 10PN For k = 0, (A-2) holds from Lemma 9 and supyeg ||(9/00) Py|| < oo.
Suppose (A-2) holds for k = j —1 > 0. Then, from (A-1) in the proof of Proposition A.1, we

have

dj—a = Qn(Pj-1,d;-1)"" |Dato(Pj1,dj-1) = QN (Pj-1, 54]'71)] (@—aj1)
+QN(Pj1,8j-1) ' Dptpo(Pj—1,dj-1)(P — Pi_1) + Qn(Pj—1,&-1) 'Ry j(A-5)

where || Ry 1| < (SuD(pa ) 11D (P, O)I)(116 — djo1][2 + 1P = By ]|?).

We obtain || Dpthy (Pj_1,d;-1)|| < én;(N"Y2In N 4 [|Pj_y — P|| + ||&j_1 — &]|) with
supgoce, Proo(||En || > K) = o(N~¢) for some K < oo, by expanding Dpib,(Pj_1,dj-1) =
Dpipy(Pj_1, dj_l,éf) around (P, a?, 053), applying the triangle inequality to H15j_1 — PY|| and
||&j—1 — a®]|, and using Lemma 7(f), SUD(q,2) SUP(p,0) ||D3In ¥ (P,0)(alz)|| < oo,

SUD(q,2) SUPg |[(0/00) Py(alz)|| < oo, and Lemma 9.

Similarly, we obtain supgocg, Prgo(||Qn(Pj—1,dj—1) 7| > K) = o(N~°) by expanding
QN(Isj_l, @j_1) around (P° oY, 053) and applying Lemma A.2(a) of A05 and Assumption 7(c).

In case of NR, the first term on the right of (A-5) is zero. Hence, the first equation of (A-2)
for k = j follows from these bounds on Dp@a(Pj_l,dj_l) and QN(J-:’j_l,dj_l)*l. In case of
the default NR, line-search NR, and OPG, repeating the argument of the proof of Lemma 1
of Andrews (2001) gives supgoce, Prgo(|[Datha(Pj—1,&j—1) — Qn(Pj_1,d;-1)|| > N~1/2InN) =
o(N~¢). Using this, we can bound the first term on the right of (A-5) and establish that the
first equation of (A-2) holds for ¥ = j. To show that the second equation of (A-2) holds
for k = j, expanding W(P;j_y,&;) around (P, &) and applying DpW¥(P, &) = 0 give ||Pj — P|| <
1D (P, &)][]|é;—6]| +(sup(p.ay ||ID*U (P, o, 07)|]) (||6—él|[>+]| Pj—1—P][?). Then the required
result follows from sup(pg) |[D¥(P,0)|| < oo and sup(pg) ||[D?W(P,0)|| < .

We proceed to prove (A-3) and (A-4). Let ¥, denote (Xn(0))rr. Also, let ¥j, denote X,
with Dy () and V() replaced with DY (P, 8)) and VEE(By, 0;), where ), = (d%,é}). In
view of the arguments in pp. 205-6 of A05, (A-3) holds if there exists K < oo and § > 0 such
that

sup Prgo(|X, — g, > pni) = o(N™F), (A-6)
90691

sup Pryo(Xg, < d) =0o(N™°), sup Pryo(X, < 6) =o(N7°). (A-7)
0°€O, 09O,

Let 6 denote an estimator that satisfies: for all € > 0, supgocg, Proo(||0 — 6°|| > &) = o(N 7).
Then, proceeding in the same way as the proof of Lemma A.3 of A05, we obtain the follow-
ing; for all &€ > 0 and some K < 00,supgoee, Proo(|[Va(8) — V(6°)]] > &) = o(N~°) and



supgoce, Preo(||[Dn(8) — D(6°)]| > €) = o(N~°). Thus, (A-7) holds. Equation (A-6) holds
if supgoce, Proo(||[VEL(Br, 0x) — Vv(0)|] > png) = o(N~¢) and supgoce, Prgo(|| DN (Pr, 0) —
Dn()]] > png) = o(N~°). Note that Vy(§) = VIE(P,8) from (A-10). Therefore, the first
result follows from applying the generalized Taylor’s theorem to V(P 0;) — Vi L(P,§) in
conjunction with Lemma A.2(b) of A05 and (A-2). The second result is proven in an analogous
manner, and we complete the proof of (A-3). Finally, in view of the argument in p. 206 of A05,
(A-4) follows from (A-2) and the proof of (A-3), because Lemma A.8(a) of A05 holds in our
case (see the proof of Lemma 2). The proof for the one-step NPL for general k > 1 follows by
induction.

The proof for the one-step NMPL algorithm follows an analogous argument, and hence is
omitted. [J

3 Proof of Lemmas in Appendix B

Lemma, 7 collects the bounds that are used in the proof of Propositions 2-4, A.1, and Lemma 3.
Lemma 8 collects the results on the derivatives of In U5(P, 6). Lemma 9 is our version (i.e., for
& and éf) of Lemma A.4 of A05. Lemma 10 is our version (i.e., for & and éf) of Lemma A.6 of
A05.

Lemma 7 Suppose Assumptions 1-5 hold, P —p PO and 6 —p 6°. Let 1;(P,0) denote either
InW(P,0)(a;|z;) or InWa(P,0)(a;|x;). Then

(a) DS\II(P, é)(ai\xi) =0,(1) fors=1,2,
(b) N7UN . suppgyenpxe, ID*Wi(P,0)]|7 = Op(1) forq=1,2 and s =1,...,4,
(¢) suppep, [INTEN, DpaIn T (PO, 6°)(as]zi)h]| = Op(N~V/2),
(d) N-'N | D*i(P,0) = EgoD>;(P°,6°) + Op(||P — PO|| + |6 — 6°]| + N~1/2),
( N_l Zfil D9¢’L(P7 é)DGwZ(Paé) ~

= Ego Dgti(P,0°) Dgti (PP, 0°) + Op(||P — POl + |16 — 6°]| + N~1/2).

If Assumptions 1-8 hold, then (b) holds for (P,0) € Bp x O;.
(f) Suppose Assumptions 1-8 hold. Then, for all e > 0 and ¢ > 0,
supgo cor Pr(||[N"VSN | Dpo In U(PO,6°)(as]z)|| > eN~V2In N) = o(N~°).

Proof Parts (a) and (b) follow from Assumptions 4(c), 4(g), and 5(b).

For part (c), first recall EDpg, In W (P, 0%)(a;|z;) = 0 from the information matrix equality
and Proposition 1. When the support of x; is finite, the stated result follows immediately because
DpoIn U (P 6°)(alx) is a matrix. When some elements of x; are continuously distributed, we
apply the framework of Section B.1 of Ichimura and Lee (2006), who build on van der Vaart
and Wellner (1996) (VW hereafter). Without loss of generality, assume all the elements of x
are continuously distributed. Define y = {a,z} and my(y;) = DpoIn W (P, 0% (a;|z;)h. Let



M = {mp(y) : h € Bp}. Then, it suffices to show sup,,, |IN—1/2 Efil mp(yi)| = Op(1).
From Theorem 2.14.2 of VW, there exists a constant C such that

E | sup

1
<C [\ U 10g Nyellarllmas M. [ ) el M I, (A9
mpEM 0

N
N7Y2S " mp(y)
=1

where Nyj(e, M, || - ||) is the bracketing number for the set M, M(y) = sup,,, caq [mn(y)|, and
|M||p2 = (E|M(y)|*)'/2. See VW p. 83 for exact definitions. In our case, ||M||ps < oo from
Assumption 4(g). Since my(y) is a linear operator in h, it follows from Theorem 2.7.11 of VW
that Nj(2¢||M||p2, M, ||-]|p2) < N(¢, Bp, |||l ), where N (e, Bp, ||-||o) is the covering number
for the set Bp (see VW p. 83 for the definition), and || - || is the sup norm in Bp. Finally, it

follows from the smoothness of P(a|x) specified in Assumption 4(i) and Theorem 2.7.1 of VW
that log N (g, Bp, || - ||oo) < Ck(1/¢)? with 3 < 2 and Cx < co. Consequently, the left hand
side of (A-8) is finite, and part (c) follows.

Parts (d) and (e) follow from part (b) and the law of large numbers.

For part (f), from Theorem 2.14.24 of VW, there exist constants C' and D such that

Pr| sup
meM

for all ¢ such that pun <t < max(uy, N~Y2)+N1262 where un = E[sup,,c [N 712 SN ()]
and 0%, = sup,,erq |E(m — Em)?|. Note that pn < oo from part (c) and 03, < co because m is
bounded. Set t = elog N/C. Then, for sufficiently large N, puny < t < max(uy, N*1/2)+N1/20j2\4
holds, and the right hand side of (A-9) is bounded by D exp —cz(log N)? for a constant cy > 0,
which is o(N~¢) for any ¢ > 0. O

2N1/2
max(puy, N~12) + N1/26%

N
NS m(y:)

i=1

(A-9)

> C’t) < Dexp—

Lemma 8 Suppose Assumptions 1-4 hold. Then

DpInWUy(Py,0)(ai|lx;) =0, DglnWe(Py,0)(ai|z;) = Dln Py(a;|x;),
(a) Doy In Vo (Py, 0)(as|z;) = D?In Py(a;|x;), DpglnWs(Py,0)(a;|z;) = 0.
The same results hold for the derivatives of Wo(Py,0)(a;|x;) and Py(a;|x;).
(b) EgpDppglnWa(P° 6% (a;|z;) =0, EgpDgpgInWa(PY 0% (a;|z;) = 0.
{ SUD(hy ho)e B B |1V 7 ity Dppon Wo (PO, 09) (i) hiha|| = Op(N7Y/2),
SUP (1 hayeox By [N~ 2oisy DopgIn Wo (PO, 6°)(as]wi)hihal| = Op(N~Y/2).

Proof The first result of part (a) is a simple consequence of Proposition 1 and the chain
rule. For the other results of part (a), recall Py(a;|x;) is defined implicitly as a function of 6 as
Py(ai|z;) = VU (Py,0)(a;|z;). Taking the derivative of In Py(a;|x;) = In ¥ (Py, 0)(a;|x;) and using

Proposition 1 gives

Dln Pg(ai‘l'i) = Dp In \I/(Pg, 0)(GZ‘$Z)DP9 + Dg In \I/(Pg, 9)(&1‘.%'1) = Dg In \I/(Pg, 0)((]@‘1‘1)
(A-10)



It follows from the chain rule and DpW¥ (P, 6) = 0 that, for all h € ©,

D*In Py(a;lzi)h = DppInU(Py,0)(ai|x:)DPsh - DPy+ DopInW(Py, 0)(as|i)h - DB
+Dpgln \I/(Pg, 9)(CLZ|$1) - DPyh + Dgg In \I/(Pg, 9)(al|xz)h (A—ll)

Now collect the derivatives of In Wo(P,0) = In W(¥(P,0),0), where P is not necessarily the
fixed point of ¥(-,0).

DogInWqo(P,0)(ai|z;) = DpIn W (U (P,0),0)(a;|x;)DgW(P,0)+ Dy In U (V(P,0),0)(a;|x;), (A-12)

where Dp In W(U(P, 6),0) is the F-derivative of In (P, #) with respect to P evaluated at (V(P, ), 6),
and similarly for Dpp In ¥(W(P,0),0) etc. Furthermore, for all h € ©

Dgg In \IIQ(P, 9)(az\xl)h = Dpp In \I/(\I/(P, 9), 0)(@1’.’BZ>D9\P(P, Q)h . DQ\I/(P, 9)
+Dop In U(U(P,0),0)(a;|z;)h - Dg¥(P,0) + DpIn U (U(P,0),0)(a;|x;) Dog¥ (P, 0)h
+DppIn U(U(P,6),0)(a;|x;) Dol (P, 0)h + Do In U(T (P, 0), 0)(a;|z;)h. (A-13)

The cross derivative of Wy(P,#) takes the form, for all h € Bp

DpoInUs(P,0)(aj|z;)h = Dppln U(U(P,0),0)(a;|z:) DpU(P,0)h - Dy¥(P,0)
+DpIn U(U(P,0),0)(a;x;)Dpe (P, 0)h + Dpgln U(U(P, ), 0)(ai|z;) Dp¥(P, 0)hA-14)

Evaluating (A-12)-(A-14) at P = Py with Dp¥(Py,0) = 0 and using (A-10)-(A-11) gives the
first set of the results in part (a). The required results for the derivatives of Wo(Py, 6)(a;|x;) and
Py(a;|z;) follow from the same argument.

To show part (b), taking the F-derivative of (A-14) and evaluating it at P = Py gives,
for all hy,he € Bp, DppglnWy(Py,0)(a;|x;)hihe = DppInV(Py,0)(a;|x;)DppV(Py,0)hihy -
Dg¥(Py,0) + DpgIn U (Py,0)(a;|z;)Dpp¥(Py,0)hihy. Similarly, for all k&y € © and ke € Bp,
Dapo In Wa(Py, 0)(aila;)krks = DppInW(Pp,8)(as|z:) Dop®(Py, 0)k1ks - DoW(Pp, )
+DpyInU(Py, 0)(a;|z;)Dgp¥(Py, 0)k1ka. Part (b) follows because Ego Dpp In W(P°, 0% (a;|z;) =
0 and EgoDpyIn U(P? 6°)(a;|x;) = 0 from Proposition 1 and the information matrix equality.

The proof of part (c) follows from the same argument as the proof of part (c) of Lemma 7.
The only difference is that Dppg is an operator in h,k € Bp x Bp, which has 2d continuously
distributed elements. O

Lemma 9 Suppose Assumptions 1-8 hold. Then, for all € > 0,

sup Prgo <N1/2|]éf —H?H + NY2||a — | > slnN) =o(N7°).
6°co!

Proof From Lemma 5 of Andrews (2001), we have SUPgocol Pre?(Nl/ZHéf — Q?H >elnN) =
o(N~¢) for all £ > 0.



Define py(a,0f) = —N~1 Zfil In P9, (ailzi) and p(a,0f) = —Egpoln P, g,)(a;|z;), so
that & = argminaece, pn(a, 0f). By Assumption 6(b), given any ¢ > 0, there exists § > 0
such that ||a — || > ¢ implies p(a,@?) - p(ao,eg) > 0. Therefore, supgocgt Pryo(||& —
A% > &) < suppocer Prgo(p(dﬁ?c) - p(aO,Q?) > 6). Since p(a,0f) is uniformly continu-
ous, the right hand is no larger than supgocer Prgo(p(&,85) — p(a®,0f) > §/2) + o(N~¢) <
supgocer Proo (p(&, 05) — pi (@, 05) + pn(a®,05) — p(a®,07) > 6/2) + o(N =) = o(N~°), where
the first inequality follows from py (&, éf) — pn(a?, éf) < 0 and the last equality follows from
supgocer Proo(sup(a,6,)co lon (e, 0) — p(a, 0f)| > n) = o(N°) for all n > 0, which follows from
(8.49) in Andrews (2001).

Therefore, we can use the argument in p. 34 of Andrews (2001) following his equation (8.51)
to obtain infgcg1 Prgo((0/0a)pn (&, éf) =0) = 1—0(N7°). Then, the stated result for & follows
from expanding (9/0a)pn (&, 0 ) around (a?, 953) and applying an argument similar to (8.52) in
Andrews (2001). O

Lemma 10 Suppose Assumptions 1-8 hold. Define Sy (0) = N~1 Zfil h(w;,0) and 6 = (&, é})’
Let An(6°) denote NY2(0 —0°), T (62), or Hy(0,0°). Let L denote the dimension of An(6°).
For each definition of An(0Y), there is an infinitely differentiable function G(-) that does not
depend on 0° and that satisfies G(EgpSn(0)) = 0 for all N large and all ° € ©1, and
SUPgoce, SUPpep, |Proo(An(0°) € B) — Prgpo(NY2G(Sn(8%)) € B)‘ = o(N ), where By, denotes

the class of all convex sets in RL.

Proof The proof follows the proof of Lemma A.6 of A05. Suppose An(6°) = N1/2(é —
0°). Define 5(0) = [(9/0a/ )N~ S I P,y (aila), (0/005) NV SN In fo, (2] ai, 1)) From
Lemma 9, 0 is in the interior of © with probability 1 —o(/N~¢), and we have infgocg, Prgo(s(0) =

0) =1 — o(N~¢). Consequently, the proof of Lemma A.6 of A05 carries through if we replace
(8/00)px (0) and O in A05 with our s(f) and §. The only difference is (8/z)v(Eg, Ry (00), )| s—0 =
Nt Zfil Eo,g9(Wi,00)g(Wi, 0p) in line 20, p. 210 of A05 needs to be replaced with

(0?/0ada’) In Pyo(a;|x;) (62/(9&69}) In Pyo (a;|x;)

EgpRn(0°),2)|3=0 = E
( 00 N( )vl')| 0 0 (82/86]%99})lnfeg(:c”az,xz)

0

927
Because this is negative definite, the implicit function theorem can be applied to v(-,-) at the
point (EgoRn(6°),0), to obtain infgoce, Prgo(d — 6° = A(Rn(6°) + en(6°))) = 1 — o(N~°).
This equation corresponds to (A.35) of A05, where Ry (0°) and ey (0°) are defined in the same
manner as in A05 but his (9/06)pn(0o) replaced with our s(6°). The remaining part of his proof
carries through, because Lemmas A.5 and A.8 of A05 holds in our context by our Assumptions
1-8, and our Lemma 9 plays the role of Lemma A.4 of A05. [J
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