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An exact form of the local Whittle likelihood is studied with the
intent of developing a general-purpose estimation procedure for the memory
parameter (d) that does not rely on tapering or differencing prefilters. The
resulting exact local Whittle estimator is shown to be consistent and to have
the same N (0, %) limit distribution for all values of d if the optimization

covers an interval of width less than % and the initial value of the process is
known.

1. Introduction. Semiparametric estimation of the memory parameter (d) in
fractionally integrated (I (d)) time series is appealing in empirical work because of
the general treatment of the short-memory component that it affords. Two common
statistical procedures in this class are log-periodogram (LP) regression [1, 10]
and local Whittle (LW) estimation [5, 11]. LW estimation is known to be more
efficient than LP regression in the stationary (|d| < %) case, although numerical
optimization methods are needed in the calculation. Outside the stationary region,
it is known that the asymptotic theory for the LW estimator is discontinuous at
d= % and again at d = 1, is awkward to use because of nonnormal limit theory
and, worst of all, the estimator is inconsistent when d > 1 [8]. Thus, the LW
estimator is not a good general-purpose estimator when the value of d may take on
values in the nonstationary zone beyond %. Similar comments apply in the case of
LP estimation [4].

To extend the range of application of these semiparametric methods, data
differencing and data tapering have been suggested [3, 15]. These methods
have the advantage that they are easy to implement and they make use of
existing algorithms once the data filtering has been carried out. Differencing has
the disadvantage that prior information is needed on the appropriate order of
differencing. Tapering has the disadvantage that the filter distorts the trajectory of
the data and inflates the asymptotic variance. As a consequence, there is presently

Received March 2002; revised July 2004.

ISupported by ESRC Grant R000223629.

2Supported by NSF Grant SES-00-92509.

AMS 2000 subject classification. 62M10.

Key words and phrases. Discrete Fourier transform, fractional integration, long memory, nonsta-
tionarity, semiparametric estimation, Whittle likelihood.

1890



EXACT LOCAL WHITTLE ESTIMATION 1891

no general-purpose efficient estimation procedure when the value of d may take
on values in the nonstationary zone beyond %.

The present paper studies an exact form of the local Whittle estimator which
does not rely on differencing or tapering and which seems to offer a good general-
purpose estimation procedure for the memory parameter that applies throughout
the stationary and nonstationary regions of d. The estimator, which we call the

exact LW estimator, is shown to be consistent and to have N (0, }‘) limit distribution

when the optimization covers an interval of width less than %. The exact LW

estimator therefore has the same limit theory as the LW estimator has for stationary
values of d. The approach seems to offer a useful alternative for applied researchers
who are looking for a general-purpose estimator and want to allow for a substantial
range of stationary and nonstationary possibilities for d. The method has the
further advantage that it provides a basis for constructing asymptotic confidence
intervals for d that are valid irrespective of the true value of the memory parameter.

The exact LW estimator given here assumes the initial value of the data to
be known. This restriction can be removed by estimating it along with d, as
shown by Shimotsu [14]. Also, computation of the estimator involves a numerical
optimization that is more demanding than conventional LW estimation. Our
experience from simulations indicates that the computation time required is about
ten times that of the LW estimator and is well within the capabilities of a small
notebook computer.

2. Exact local Whittle estimation. We consider the fractional process X;
generated by the model
(1) A—L)yX, =u, I{t > 1}, r=0,=+1,...,

where /{-} is the indicator function and u; is stationary with zero mean and spectral
density f,(A) ~ Gg as A — 0. Expanding the binomial in (1) gives the form

t
—d,
@) 3 C = w1,
k=0
where
_ Ttk _ o _
(do)x = N (do)(do+1)---(do+k—1)

is Pochhammer’s symbol for the forward factorial function and I'(-) is the gamma
function. When dj is a positive integer, the series in (2) terminates, giving the usual
formulae for the model (1) in terms of differences and higher-order differences
of X; An alternative form for X, is obtained by inversion of (1), giving a valid
representation for all values of dp,

y T (o)
3) Xp=( =L Oud{t=1} =) —

k=0

Uy_f.
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Define the discrete Fourier transform (d.f.t.) and the periodogram of a time series
a; evaluated at frequency A as

n
we (L) = (27111)_1/2 Zate’“‘
=1

L) = [wa (W)
2.1. Exact local Whittle likelihood and estimator. 'We start with the likelihood

function of the stationary innovation u;. The (negative) Whittle likelihood of u,
based on frequencies up to A,, and up to scale multiplication is

L)) L2

4) Zlogfu(x >+me j==

where m is some integer less than n. We want to transform the likelihood
function (4) to be data dependent.

If |dy| < %, it is known that /,(A;) can be approximated by A?dolx()x i)
[10, 12]. Therefore, if one views I,(A;) as the jth observation of u, in the
frequency domain, replacing 7, (A ;) in (4) with k?do I (1) and adding the Jacobian

;’1:1 log }LJTZd
function coincides with that of the LW estimator.

However, when dj takes a larger value, in particular when |dg| > 1, A?d‘) (A )
no longer provides a good approximation of /,(;). In this paper, we propose
to use a “corrected” d.fit. of X, that can approximate I,(A;) and validly
transform (4) in such cases. Lemma 5.1 in Section 5 provides the necessary
algebraic relationship for these quantities for any value of dp, namely,

L0 j) = Tado , On) = | Du(e™i5 do) 12 vx (1 j; do)1?,

to (4) makes it data dependent. Indeed, the resulting objective

(5) i 1 1/2%
ve(hjid) = we(hj) — Du(e™i;d) ™' Qn) ™12 X; 0 (d),
where
n
i, gy (=D ik
Dy(e*d)=)" ¢
k=0
and

n—1 n
- - s (—d)
Xond) =Y drpe "Xy withdyp= ) Te’“.
p=0 k=p+1 ’
The function vy (A;;dp) in (5) adds a correction term that involves X A n(dO)

to the d.f.t. wy(A;), which ensures that the relationship (5) holds exactly for
all dy. Accordingly, we may interpret vy (A ;; do) as a well-suited proxy for the
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Jth frequency domain observation of X;. Consequently, replacing [,(X;) in (4)
with | Dy, (% ; d)|?| vy (Ajs d)|%, adding the Jacobian ZTzl log| Dy, (ei;d)|~% and
using (5) again give, in conjunction with the local approximation f,(A;) ~ G and
|Dn(e™;d)? ~ 237 (8],

m

1 1
0n(G.d)=— Z[log(Gx;Zd) + EIMX(A,-)}
j=1

where Iza, (A;) is the periodogram of

t
AX, =1 -L)YX, =Y (=

k=0

We propose to estimate d and G by minimizing Q,,(G, d), so that

(6) (G.d)=  agmin (G, d),
Ge(0,00),de[A1,Ar]
where A and A, are the lower and upper bounds of the admissible values of d

such thatA—oo < A1 < Ay < 00. Concentrating Q,,(G, d) with respect to G, we
find that d satisfies

d= argmin R(d),
de[Ar,A7]

where

. m . lm
R(d) =logG(d) —2d— ) logh;, Gd)=— ) Ipa,(A)).
(d) =log G(d) m;og, (d) m;m(,)

The estimator d is based on the transformation of the Whittle likelihood function
of u; by (5). Since (5) follows from a purely algebraic manipulation and holds
exactly for any d, we call d the exact local Whittle estimator of d. [The word
“exact” is used to distinguish the proposed estimator (which relies on an exact
algebraic manipulation) from the conventional local Whittle estimator, which
is based on the approximation I(A;) ~ A;Zdlu (Aj). Of course, the Whittle
likelihood is itself an approximation of the exact likelihood, but this should cause
no confusion.]

2.2. Consistency. We now introduce the assumptions on m and the stationary
component u; in (1).

ASSUMPTION 1.

fu) ~ Go € (0, 00) as A — 0+.
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ASSUMPTION 2. Inaneighborhood (0, §) of the origin, f, (1) is differentiable
and

d
> log fu(0) = o™  asi— 0+.

ASSUMPTION 3.
o0 o
2
M,=C(L)8,=ZCJ'8;_J', ch<oo,
j=0 j=0
where

E(/|Fi_1) =0, EE|F_)=1 as,t=0,%I,...,

in which F; is the o-field generated by &5, s < ¢, and there exists a ran-
dom variable ¢ such that Ee?> < oo and for all # > 0 and some K > 0,
Pr(le;| > n) < K Pr(le] > n).

ASSUMPTION 4.

1 1 12
_+m(ogm) + ogn_)o for any y > 0.
m n mY
ASSUMPTION 5.
Ar— A1 < %

Assumptions 1-3 are analogous to Assumptions A1-A3 of [11]. However, we
impose them in terms of u; rather than X,;. Assumption 4 is slightly stronger
than Assumption A4 of [11]. Assumption 5 restricts the length of the interval
of permissible values in the optimization (6), although it imposes no restrictions
on the value of dj itself. For instance, if we assume the data are overdifferenced
at most once and hence dyp > —1, then taking [Aj, Az] = [—1, 3.5] makes
d consistent for any do € [A1, A2]. When one wants to allow the interval
of permissible values to be wider than %, the tapered estimators with sufficiently
high order of tapering provide useful alternatives.

Under these conditions we may now establish the consistency of d.

THEOREM 2.1. Suppose X; is generated by (1) with dy € [A1, Az] and
Assumptions 1-5 hold. Then a5 do as n — oo.

Assumption 5 is necessary for the following reason. Loosely speaking, we prove
consistency by showing that (i) when |d — dp| is small, R(d) — R(dp) converges
uniformly to a nonrandom function that achieves its minimum at dg, and (ii) when
|d — do| is large, R(d) — R(dp) is uniformly bounded away from 0. When |d — dy|
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is larger than % the periodogram I,a4,(;) in the objective function does not

behave like ki(d_d")lu (). Consequently, R(d) — R(dp) does not converge to a
nonrandom function, and we need an alternative way to bound it away from zero.
For instance, when % <d-—dy< % the normalized d.f.t. is expressed as [cf. (30)
in the proof of consistency]

A;(d—do)wAdx(kj) ~ e—(n/Z)(d—do)iwu()\j) + )L;(d—do)(znn)—l/zeix,— Z,

where

n
Zy =Y (1-L)X,.
=1
The leakage from the last term prevents the uniform convergence of R(d) — R(dp)
and complicates the proof. When |d — dp| is larger, A;(d_d()) Wpd,y (A ;) has further
additional terms [e.g., the equation below (51)], and we were able to show the
necessary results only for |d — dp| < 2, which is why we need Assumption 5.
Lemma 5.10 in Section 5 is the main tool in handling the effects of such additional
terms. We could relax Assumption 5 if we could extend Lemma 5.10 to hold with
more general summands (1 — el*iyk Ok + - -+ Qop, but we were not able to do so.

REMARK 1. An alternative way of accommodating a wider range of d without
sacrificing efficiency is to use a two-step procedure. A two-step estimator based
on the objective function R(d) that uses a (higher-order) tapered estimator in the
first step would have the same asymptotic variance as the exact LW estimator.
(Strictly speaking, the asymptotic properties of tapered estimators have been
established only under the alternative type of fractionally integrated process
generated as in (8), although some results on the difference between their d.f.t.’s
are available [12].)

REMARK 2. The model (1) assumes, in effect, that the initial value of X; is
known. In practice, it is more natural to allow for an unknown initial value, wo,
and model X; as

X, =po+ (1 — L)y u,1{r>1)
(7)

t—1
(do)k
= uo + Ur—-
k!
k=0

Estimation of pg affects the limiting behavior of the estimator. According to
Shimotsu [14], (1) if o is replaced with the sample average X=n"! Yoo X,
then the estimator is consistent for dy € (—%, 1) and asymptotically normal for
do € (—%, %), but simulations suggest that the estimator is inconsistent for dp > 1;
and (ii) if wo is replaced by X, then the estimator is consistent for dy > % and
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asymptotically normal for dy € [%, 2), but simulations suggest that the estimator
is inconsistent for dgp < 0. To accommodate unknown g, it is possible to extend
Theorem 2.1 for X; generated by (7) by estimating 1o along with dy. For instance,
Shimotsu [14] proposes estimating (g by

ad) =w@d)X + (1 —w(@d)Xi,

where w(d) is a smooth (twice continuously differentiable) weight function such
that w(d) = 1 for d < 1, w(d) €[0,1] for } <d < 3 and w(d) =0 ford > 3,
and replacing X; with X; — fi(d) in the periodograms in the objective function.
Shimotsu [14] shows the resulting estimator of d is consistent and asymptotically
normal for dy € (—%, 2), excluding arbitrary small intervals around O and 1.
Another possibility would be to replace X; with X; — u in the periodogram

ordinates and minimize the objective function with respect to (d, G, ).

REMARK 3. Fractionally integrated processes as defined in (1) are more
restrictive in some ways than the stationary frequency domain characterization
used in [11] and elsewhere. It might be possible to extend the results in this paper
to the class of nonstationary processes analyzed by [13] and seek to achieve a
similar degree of generality to Robinson [11], but we do not attempt to do so here.

REMARK 4. Another popular definition of a fractionally integrated process
provides for different generating mechanisms according to the specific range of
values taken by dp, as in

(1 - L)id()ul’ dO € (—OO, %)’
) %)’

with corresponding extensions for larger values of dp, so that X, or its (higher-
order) difference is stationary. While we do not explore the effects of these
alternative generating mechanisms here, simulation results suggest that the version
of the exact LW estimator in [14] is consistent for this type of fractionally
integrated process.

®) X =

DN —

t
o+ Zie,  Zi=(1-L)"%u,  dye]
k=1

2.3. Asymptotic normality. We introduce some further assumptions that are
used to derive the limit distribution theory.

ASSUMPTION 1. Assumption 1 holds, and also for some 8 € (0, 2]
fu) =Go(14+00P))  asr— 0+.

ASSUMPTION 2’. In a neighborhood (0, 8) of the origin, C(e'*) is differen-
tiable and

d .
JC(e”\):0()f1) as A — 0+.
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ASSUMPTION 3’.  Assumption 3 holds and also
EE}F-1) = ps, EEHF_1) =4 as.,t=0,=+1,...,

for finite constants ©3 and (4.

ASSUMPTION 4’. Asn — 00,

1 m'*?Blogm)> logn
—_

m n2b mY

0 for any y > 0.

ASSUMPTION 5. Assumption 5 holds.

Assumptions 1’3" are analogous to Assumptions A1’-A3’ of [11], except that
our assumptions are in terms of u, rather than X,. Assumption 4’ is slightly
stronger than Assumption 4’ of [11].

The following theorem establishes the asymptotic normality of the exact local
Whittle estimator for dp € (A1, Az). (The approximate mean squared error and
the corresponding optimal bandwidth can be obtained heuristically in the same
manner as in [2].)

THEOREM 2.2. Suppose X; is generated by (1) with dy € (A1, Ay) and
Assumptions 1'-5" hold. Then

ml/z(g—do)—d>N(0, }1) asn — oo.

3. Simulations. This section reports some simulations that were conducted to
examine the finite sample performance of the exact LW estimator (hereafter, exact
estimator), the LW estimator (hereafter, untapered estimator) and the LW estimator
with two types of tapering studied by Hurvich and Chen [3] and Velasco [15] with
Bartlett’s window [hereafter, tapered (HC) and tapered (V) estimator, resp.]. The
tapered (HC) estimator and tapered (V) estimator are consistent and asymptotically
normal for d € (—0.5,1.5) with limiting variances 1.5/(4m) and 2.1/(4m),
respectively (see Remark 1). We generate I (d) processes according to (3) with
uy ~1i.d.N(0,1). A1 and A; are set to —6 and 6. Although this setting violates
Assumption 5, it does not appear to adversely affect the performance of the
exact estimator. The bias, standard deviation and mean squared error (MSE) were
computed using 10,000 replications. The sample size and band parameter m were
chosen to be n = 500 and m = n®% = 56. Values of d were selected in the interval
[—3.5,3.5].

Tables 1 and 2 show the simulation results. The exact estimator has little
bias for all values of d. The untapered estimator has a large bias for d > 1,
corroborating the theoretical result that it converges to unity in probability [8].
When —0.5 < d < 1, the exact and untapered estimators have similar variance
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TABLE 1
Simulation results: n = 500, m = n0-65 — 56

Exact estimator Untapered estimator

d bias s.d. MSE bias s.d. MSE

-3.5 —0.0024 0.0787  0.0062 3.1617  0.2831  10.076
-23 —0.0020 0.0774  0.0060 1.6345  0.3041 2.7640
—-1.7 —0.0020 0.0776  0.0060 0.8709  0.2788 0.8363
-13 —-0.0014  0.0770  0.0059 0.4109  0.2170 0.2160
—-0.7 —0.0024 0.0787  0.0062 0.0353  0.0885 0.0091
—-03 —0.0033 0.0777 0.0060 —0.0027 0.0781 0.0061
0.0 -0.0029 0.0784 0.0061 —0.0075 0.0781 0.0062
0.3 —0.0020 0.0782 0.0061 —0.0066  0.0785 0.0062
0.7 —-0.0017 0.0777  0.0060 0.0099  0.0812 0.0067
1.3 —-0.0014 0.0781 0.0061 —0.2108  0.0982 0.0541
1.7 —0.0025 0.0780 0.0061 —0.6288  0.1331 0.4130
23 —0.0026 0.0772 0.0060 —1.2647 0.1046 1.6104
35 —=0.0016 0.0770 0.0059 —2.4919 0.0724 6.2150

and MSE. The variances of the tapered estimators are always larger than those
of the exact estimator. Again, this outcome corroborates the theoretical result that
the tapered estimators have larger asymptotic variance. The tapered (HC) estimator
has small bias and performs better than the tapered (V) estimator for —0.5 < d < 2.
However, the tapered (HC) estimator has around 50% larger MSE than the exact
estimator even for those values of d due to its large variance.

TABLE 2
Simulation results: n = 500, m = n%-6 = 56

Tapered (HC) estimator Tapered (V) estimator

d bias s.d. MSE bias s.d. MSE

=35 2.5889  0.3037  6.7946 1.6126  0.3380 2.7148
-23 1.1100  0.2893  1.3157 0.2155 0.1726  0.0762
—-1.7 0.4474  0.2154  0.2466 0.0259  0.1235  0.0159
-13 0.1551  0.1231  0.0392 0.0081  0.1211  0.0147
-0.7 0.0278  0.0957 0.0099 —0.0068 0.1219  0.0149
—0.3 0.0100  0.0971  0.0095 —0.0133 0.1224  0.0151
0.0 0.0034  0.0985 0.0097 —0.0138 0.1224  0.0152
03 —0.0033 0.1004 0.0101 -0.0132 0.1235 0.0154
0.7 —0.0066 0.0994 0.0099 —-0.0068 0.1227 0.0151
1.3 —0.0079  0.0987  0.0098 0.0140  0.1232  0.0154
1.7 0.0008  0.0972  0.0095 0.0456  0.1288  0.0187
23 0.0528  0.0981 0.0124 —0.1781  0.1419  0.0519
35 —0.4079 0.1142 0.1795 —1.4541 0.1338  2.1322
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Figures 1 and 2 plot kernel estimates of the densities of the four estimators
for the values d = —0.7, 0.3, 1.3 and 2.3. The sample size and m were chosen as
n =500 and m = n%%_ and 10,000 replications were used. When d = —0.7, the
exact and tapered (V) estimators have symmetric distributions centered on —0.7,
with the tapered estimator having a flatter distribution. The untapered and tapered
(HC) estimators appear to be biased. When d = 0.3, the untapered and exact
estimators have almost identical distributions, whereas the two tapered estimators
have more dispersed distributions. When d = 1.3, the untapered estimator is
centered on unity. In this case, the exact estimator seems to work well, having
a symmetric distribution centered on 1.3. The tapered estimators have flatter
distributions than the exact estimator but otherwise appear reasonable and they
are certainly better than the inconsistent untapered estimator. When d = 2.3, the
untapered and tapered (V) estimators appear centered on 1.0 and 2.0, respectively.
In this case, the tapered (HC) estimator is upward biased. Again, the exact
estimator has a symmetric distribution centered on the true value 2.3.

In summary, there seems to be little doubt from these results that the exact LW
estimator is the best general-purpose estimator over a wide range of d values.

5 T T T T T
4+ -—+  Untapered -
—  Exact d=-0.7
>3 A Tapered (HC) )
g) Tapered (V)
()
gel

6 T T T T
5F -—-  Untapered 7
—  Exact / ’ d=0.3
>4 A Tapered (HC) T
@ 5| o) Tapered (V) i
()
T, )
1k i
0 2 vy
-0.2 0 0.2 0.4 0.6 0.8

FIG. 1. Densities of the four estimators: n = 500, m = n0-65,
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7 T T T T

6 ,/‘\-\ -~ Untapered 7

sk d=1.3 Lo —  Exact i
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O 3
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2

1

ol

0.

10 T T T T T T T T T T T

9r /. m

o

8r - ‘= Untapered 1

Uy - —  Exact d=2.3 .
= 6 [ -\ A Tapered (HC) .
2 s5fF I O  Tapered (V) 4
[O) P
° 4 '

3

2

1

088

0.8

FIG. 2. Densities of the four estimators: n = 500, m = n9-65,

4. Proofs. In this and the following section, |x|4 denotes max{x, 1} and x*
denotes the complex conjugate of x. C, ¢ and ¢ denote generic constants such
that C, c € (1,00) and ¢ € (0, 1) unless specified otherwise, and they may take
different values in different places.

4.1. Proof of consistency. Define G(d) = GO%Z&" Ai(d_d(’) and S(d) =
R(d) — R(dp). Rewrite S(d) as

S(d) = R(d) — R(do)

. G@ . Gdo) rdndy | mPT)
=2 G ¢ G, +1g( ZJ O/Z(d do) + 1

—2(d — do)[ Zlogj — (logm — 1)]

j=1

+2(d — dp) —log(2(d — do) + 1).
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Define U (d) = 2(d — dp) — log(2(d — dp) + 1) and

G (do) G(d) L& gngy ) om0
T(d) =1 —1 —log[ — o/ =
(@ =log =5 = ~le ) Og(m ;J /5a—ap+i

1 m

+2(d — do)[Z > log j — (logm — 1)},
j=1

so that S(d) = U(d) — T (d). For arbitrarily small A > 0, define ® = {dy — % +

A<d<dy+ 3} and © = {d € [A1,do — 5 + Al U [do + 3, Azl}, O being

possibly empty. Without loss of generality we assume A < % hereafter. For

% > p >0, define N, ={d:|d — do| < p}. Then it follows (cf. [11], page 1634)
that

9) Pr(|d — do| > p) < Pr( inf  S(d) < o) + Pr(ing(d) < o).

de®|\N,
Robinson ([11], (3.4), page 1635) shows

1 inf d) > p?/2.
(10) degll\NpU( )=p7/

Therefore, Pr(|d — do| > p) — O if
sup|T(d)| 2 0, Pr(infS(d) < o) -0
[Ch %)
as n — oo. From [11], the fourth term of T (d) is O (logm/m) uniformly ind € ©

and
1
an =0(35):

sup 7( o) + Z(i) -1

0, m m

j=1
Note that
G(d) — G(d)
G(d)
m1 Zlil’l A?(d—d())ki(do—d) Ipna,(Aj) — G()m_l Zz]n A?(d—do)

Gom_l ZT A?(d—do)

m=E () 2= 20D ) = Gom ™ (i m)d=d)
Gom=L L} (j/m)2d=d)

L 20d = do) + N~ G/ m) 2RI O™ 1y () - Gol

B [2(d — do) + 1Gom ™" 31 (ji/m)*d=do)

(12) =

_A@)
"~ B(d)’
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Therefore, by the fact that Pr(|]logY| > ¢) < 2Pr(]Y — 1| > ¢/2) for any
nonnegative random variable ¥ and & < 1, supg |7 (d)| L oif

(13) sup|A(d)/B(d)] 5 0.
0O

Define 6 = d — dy, and define

Y,0)=(1—-L)YX,=(1-L)y%Q-L)Xx, =1 - L)uI{r >1}.
Hereafter, we use the notation a; ~ I(«) when a; is generated by (1) with
parameter «. So Y; ~ I (—6). Note that

de®) < —3+A<0=<j.

Applying Lemma 5.1(a) to (Y;(8), u;) and reversing the role of X; and u;, we
obtain
(14) wy(A;) = wy (A;) Du(e™i;0) — 2rn) 12U, 4 (0),
and A(d) can be written as, with g =2(d — dp) + 1,

g x~(J Y, 20
(15) A(d):—Z(-) A, 1y () — Gol.
m i=1 m :
Hereafter in this section let /,; denote Iy (A;), let w,; denote wy (A ), and employ

the same notation for the other d.f.t.’s and periodograms. From an argument similar
to that of [11], page 1636, supg, |A(d)| is bounded by

m—1 r 2A1 r ) m
(16) 22(;71) 13 SUP Z[k;zglyj—c;o] +n—1sgp Z[A;zelyj—co].
r=1 Ll j=1 Llj=1
Now
2771y — Gy
) =370y = 277 Dy (™5 0) 1

+ 125271 D@7 0)? = Go/ fu(h s

+ L = IC ™) P 111G/ fu () + GoQRr Ij — 1).
For any n > 0, Lemma 5.2 and Assumption 1 imply that n can be chosen so that

72 1Da(e™:0)1* = Go/fu )| <0+ 005) + 0™/,
(1% j=1,...,m.
The results in [11], page 1637, imply that, uniformly in j =1, ...,m,
19) Elwyj — C(e™)wej* = 0(j ' log(j + 1)),
E|Lj — |C(e™) 151 = 0(j~*(log(j + 1))'/?).
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It follows from (18) and (19) that

m 2A r

r 1 - ir
Z(—) —zsupZ|[Aj29|Dn(e M O)P — Go/fuh )1y
}":] m r ®1 ./:1

+[Luj = |C @D 11Go/ fu ()]
=0p(n+ m*n=? +m—*4 logm).

Robinson ([11], pages 1637-1638) shows Y7 (r/m)*2r 2| Y 2nIej — 1)| 5 0

and m=' Y2 I.j — 1) 5 0. From (14), the fact that ||A|> — | B|?| < |A+ B||A —
B| and the Cauchy—Schwarz inequality we have

_ — i 2
Esup|a;2Iy; — 277 [Dy(e™: 0)[" 1
0

. Us (8)12\ 1/2
(20) < (E sup (2277 Dy (e 0)w,j — A;QM >
(Ch | 2nn
U, . (0)12\1/2
X <E sup )LJTQL() ) .
(Ch v 2n
From (19) and Lemmas 5.2 and 5.3, it follows that, uniformly in j =1, ..., m,

E sup |x;90n(e'*f; O)w,i1* = 0(1),
C]}

E s(l)lp ])\;‘9(27111)_1/2(7;\].”(9”2 = 0(j'(logn)?).
1

Therefore, we obtain
1) 20)= O(1 + j~21ogn)0(j=*1ogn) = 0 (j~"/*(logn)?).

It follows that

,
D1 Ly =257 | Da (e 0) L]
j=1

(m~%(logn)?),

and hence the first term in (16) is 0, (1). Using the same technique, we can show

that the second term in (16) is 0,,(1), and supg, |A(d)] 2 0 follows. Equation (11)
gives supg, |B(d) — Go| = O(m™2%), and (13) follows.
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Now we take care of ® = {d € [A1,dy — 5 + AlU[do + 3, Aol} = {0 €
[A1 —do, —3 + A]U [, Az — do]} to show Pr(infe, S(d) < 0) — 0. Note that

~ ~ 1 &
S(d) =log G(d) —log G(dp) — 2(d — dp)— Zlogkj
m “
Jj=l

m

1 & 1
=log — Z Ipayj —log— Z N
mi mi3

2 L
—2(d — do)log == —2(d — dp)— " log j
n mjzl

m

1 N 2d—dy) , 2(dp—d 1
=log— Y a2 D —log =Y Tnay,
m j:l m j:]

2
—2(d—do)log7n—2(d—d0)logp
1 m ] 26 2 1 m
zlog_z<;) A; zAdxj_logazledej
Jj=

m =

= log D(d) — log D(dp),

where p = exp(m ™! > 1'logj) ~m/e as m — oo. Applying (17) with 6 =0 and
proceeding similarly to the argument below (17), we obtain
~ 1z
log D(dg) —log Go = log<1 +Gy! (- > L - G0>) =o0,(1).
m
j=1
Therefore, Pr(infe, S(d) < 0) tends to 0 if there exists § > 0 such that
Pr(i(gflog D(d) —log Go < log(1 + 3)) = Pr(iélfﬁ(d) —Go < 8G0> — 0
2 2

as n — 0. Now, for any fixed « € (0, 1) we have

D(d) = — (—) AT > — (—) A0,
m; p) mj%m] p)

Let 3"’ denote the sum over j = [km], ..., m. It follows that, for d € ®;,
D(d) — Go

(22) / /
=m™' Y (j/p)¥ (47 1y — Go) + Go <m-1 > G/p* = 1).
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From Lemma 5.5, by choosing § first and then « sufficiently small, for large m we
have

s
infGo(m™' Y (j/p)¥ — 1] > 48Go.
int 0<m > G/p) > 438Gy
Therefore, Pr(infe, S(d) < 0) — 0 if there exists § > 0 such that

(23) Pr(i(f)lzf(ml Z(j/p)w(xjfzelyj - Go)) < —38G0> -0

as n — 00. We proceed to show (23) for subsets of ©5.
First we consider @5 ={0 e [—%, —% + A]}. Rewrite

m 'Y (/) 0771 — Go) = A1n(0) + A2 (0),

where
/
@4 A@®) =m="Y (/P Ly =277 D5 0) P L),

/
25 MA@ =m""Y (/)11 Dy (e )P 1, — Gol.
For A1, (0), since (20) and (21) are still valid for 6 € @%, we have
Esup|2;2°Iy; — 277 |Dy(e™; )P 1| = O (' (logn)?),
1
2

and it follows from Lemma 5.4 that £ SUpg! |[A1, ()] = o(1). For Ay,(0), rewrite
A, (0) as

(26) m= Y G/ )P (e 0)F — Go/ fu ()
7) +m G/ ) Uy — 1C )P Ij1Go/ fu ()
(28) +m™' Y (/) Go@r Ly — 1),

SUPg) [(26)], SUPg) [(27)| = 0, (1) follows from (19) and Lemmas 5.2(b) and 5.4.
For (28), summation by parts gives

o)L (2 (2 5 e

r=[xm] Jj=lkm]

m

m\% 1
+Go(;> — 2. Cal;—1

Jj=lkm]

=1(0) +11(0).
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Asin [11], page 1637, write

2nlj—1= Z(s, —D+- ZZcos{(s —D)Ajleser,
t 1 s#t
from which it follows that

C m
sup[1(0)| <= > sup< ) Z(et—l)‘
®£ mr:[KmJ ®1 m
C m
+= > sup( ) ZZ Z cos{(s — )hj}es&s|.
mr:[/cm] Ol s#t j=[km]

From [11], (3.19) and (3.20), we have n~! Z’f(@; —1) £ 0and

- 2
E(ZZssst Z cos{(s—t))»j}> =0(rn2).

s#t Jj=lkm]
In conjunction with maxpemj<r<m SUpe,(r/ m)?? = O(1), we obtain SUpe) 11(0)| =
op(D). SUpe) [I(0)] = op,(1) follows from a similar argument. Hence
SUpPg! [(28)] = 0, (1) and SUpPg) |A2,(0)| = 0p(1) follow, and we have estab-
lished (23) for 6 € ©).
For ®% ={0 :% <0< %} define Z,(6) =}, Y;(0) ~I(1 —0) with 1 — 0 €

[—%, %]. From Lemma 5.1(b) we have
(29) wy; = (1 —e™Nw,; + 2rn)~ 2% Z,(9).
Define ' ‘

D,j(0) =277(1 — M) Dy(e™i; 6 — 1),

Unj(0) =277 (1 = ™) Q@rn) 12U, 06 — 1),
and then applying (14) to (Z;(0), u;) gives
(30) 2570wy = Dyj@)wj — Upj(0) + 157 Qrn) =261 Z,,(6).
Since 6§ — 1 > —%, from Lemma 5.2 we have, for 0 € @%,
(31) Dy (@) =e % 100+ 0G7Y%  uniformly in 6.
With a slight abuse of notation, rewrite

m=' Y (/P 77 1y = Go)

(2) =m= 3G/ P = 1Dy O L)
+m 1Y/ p) 11D (0)* 1 — Gol

= A1n(0) + A2,(0).
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Therefore, (23) follows if, for 6 € 02,
33) Pr(ir@lfAln(Q) < —28G0) — 0, sup [A2,(0)] =0, (1) as n — oQ.
6

supg [A2,(0)] = op(1) follows straightforwardly from (31) and by the same
argument as the one for 6 € ®é. For A1,(60), substituting (30) to the definition
of A1,(0) gives

(B4 MA@ =m~Y i/ U, O

(35) +m= Y G/ p) P Qan) ' 22

(36) —2Re m—lZ(j/p)ngn,-(9)*w:,~l7n,-(9>}

(37) —2Re|m™! Z(j/p)zeﬁnj(Q)A;e(Znn)_l/ze“‘fZn(Q)]

(38) +2Re|m™! Z(j/p)29Dnj(9)*w;jk;9(2nn)_l/2ei)‘fZ,,(Q):|.

Equation (34) is almost surely nonnegative. Lemma 5.3 gives
(39) Esup|Uyj @) = O(j™" (logn)®).

and hence supy [(36)| = 0, (1) follows from (39) and Lemma 5.4. Therefore,
(33) and hence (23) follow if, for any ¢ > 0,

(40) Pr<ir91f[(35) +(37) + (38)] < —;> —~0  asn— oo.

We proceed to show (40). First, there exists n > 0 such that, uniformly in 6,

/
(35) = p—ze (2n)‘29—1n29_1Zn(9)2m_1 Zl > n(m—ene—uzzn(@))g
From (39) and Lemma 5.4, we have, uniformly in 6,
B =m 'n’1272,6) - 0,(m™"?logn).
For (38), it follows from (31), ¢'*/ = 1 4+ O () and Lemmas 5.4 and 5.6 that

s
m="Y (/) D0 w270 2rn) e 2,(6)

/
) = Q2n) "2 Z,0)e" P m Y (i p) P wias?

+ @)~ 2Zy@m ™ Y/ wih IO G ) + 0T

=m~ " 1272,0)[0,m~*logm) + 0, (mn~1)].
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Therefore, we can write
(42) BN +G8)=m""n""122,(0) - Ru(60, ),
where w denotes an element of the sample space €2, and

(43) sup [R, (60, w)| = 0 (ky), kn =m~?logn +mn~' - 0.
6

Before showing (40), define
Q1 ={(,0)e2x0:m n"127,0)| < k,logm},
Q= {(w,0) e 2xO:m n122,(0)| = ky,logm},
where © is the domain of 6 (@; in this case), so that Q2; U 2, = Q x &. Then
{(@.0):9(m~"n""12Z,©)) = Im™n’ =12 2,(0) - Ry (0. )| < —¢)
={(.0): (n(m™n" "1 Z,(9))
—m~n? 7122, 0) - Ra(0. 0)| < =) N}
U{(@,0): (n(m0n®=122,(0))*
—m™n® 712 Z2,0) - Ru(0, )| < —¢) N Qa}
S {(@.0):n(m™n" "2 Z2,(0))* — knlogm|Ry (0, w)| < £}
U{(@,0):m~"n’~12|Z,0)|[nky Jogm — |R, (6, )] < 1}
C{(w,0):knlogm|R, (0, w)| = {} U {(w, 0) :nk, logm — [R, (0, w)| < 0}.

Therefore,

{a):irglf[n(m_gng_l/zZn(Q))z —1m™nY272,0) - R, (0, w)]] < —;}
- {a):supkn logm|R, (6, w)| > SGO}
0

U {a):nknlogm —sup|R, (0, w)| < O},
0

and it follows that
Pr(irglf[n(m_ene_l/zzn(9))2 —m =127, . R, (0, w)|] < —§>

< Pr(kn logmsup |R, (6, )| > 5)
0

+Pr(nkn logm — sup | Ru(8, )| < 0)
0

— 0,
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because supy [R, (0, w)| = Op(k,), and k,% logm — 0 from Assumption 4. There-
fore (40) follows, and hence (23) holds for 6 € @%.
For ®% =1{6: —% <f < —%}, from Lemma 5.1 we have

(44) wyj = (1 —e*N)Tlwpy; — (1 —e*) 71 2rn) =12y, (),
where AY;(0) ~ I (—6 — 1). With a slight abuse of notation, define
D,j(0) = 1771 — )" Dy (i 0+ 1),
Unj(0) =277 (1 = ™)' Qun) ™ 205 0 (0 + 1).
Then, applying (14) to (AY;(0), u;) gives
45) 27wy = DyjO@)wyj — Upj(0) + 17 @n) =2 (1 — )71, ().

D,,j(6) and U,;(0) satisfy (31) and (39) for 6 € ©3, because —6 — 1 € [—1, 11.
Using the decomposition (32) and the same argument as the one for # € ©3, we
obtain

m='Y i/ p)* 0771y — Go)

=m~" Y G/ Ly — D @) L]+ 0, (1),

where 0,(1) is uniform in 6 € G)%. Using (45), rewrite the first term on the right-
hand side as

@6) m='>"(j/p)* U, @)

47) +m~! i(j/p)wx;%’ Qrn) |1 — | 72Y,(0)°

(48) ~2Re|m! i(j/p)z" Dy (0)*w};; Unj <9)]

(49) ~2Re|m"! i(j/p)” Unj(0)17° @rn) =26 (1 — )7, (9)]
+2Re| ! i(j/p)” D,;(0)*

(50) )
w;jxjfe(znn)—l/ze’*f(l — er)_lYn(G):|.

Equation (46) is almost surely nonnegative. Because D;(6) and U, ;(0) satisty
(31) and (39), it follows from a decomposition similar to (41) and Lemmas
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5.4 and 5.6 that sup, [(48)] = 0,(1) and (49) + (50) = m~~1n?*1/2y,(6) x
0,,(141_1/2 logn + mn~h). Finally, (47) is equal to

/
p_29n29_1(27r)_29_1m_1 Z = eiAj |_2Yn(9)2

/
(51) =p 2?1 2n)" 21y, 0)>m™! ZA;Z(I +o(1))
= nm72972n20+1Yn(9)2

for some n > 0. Therefore we can apply the argument following (42) with slight
changes to show (23) for 6 @3.
For @3 ={0:3 <0< %}, by applying (29) twice and (14), we obtain

2
27wy = Dyj@)wuj — Uy (0)
+ )»;9(27m)_1/2e”‘f [(1 — M) Z Z:(0) + Zn(e)},
=1

where

Dyj(0) = 27" (1 = €™)2Dy(e1:6 —2),

Unj(©) =277 (1 = ™) @)~ 20 0 (6 - 2),
and D,;(0) and U, ;j(0) satisfy (31) and (39). We proceed to evaluate the terms in
m~! Z/(j/p)ze)njfze I,;. First, observe that

n 2
(1—e*)>"Z:(0) + Z,(0)

t=1

m=t Y G/ Py A @mny !

(52) 5

(1—e™)>"Z,0) + Z,(6)

t=1

/
— p—29n29—1(2ﬂ)—29—1m—1 Z

By applying Lemma 5.10(a) with 03 = Q> =0, Q1 =] Z;(0) and Qo = Z,,(9),
there exists n > 0 such that, for sufficiently large n,

n 2
(52) > nm29+2n293(2 ztw)) + gm0 71 7,0)* = A3, ()
=1

uniformly in 6. Of the othei terms in m ™! Z./ (j/ p)ze)ujfze Iy, the terms involving
the cross products of wy;, U,;(0) and (1 — ethi) Y1 Z:(0) + Z,(0) are dominated
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by A3, (0). For instance, proceeding as in (41) gives

m ™"y (/) Dyj@)wijr;’ Qun) T e [(1 — e Z0) + Zy (@}

t=1

n
m_9+1n9_3/222,(9) ] O,,(m_]/z logn +nlm)
t=1
+m ™ 127,6) - 0,(m~*logn +n"'m),
where the O, (-) terms are uniform in 6. Therefore, the terms in m~! S/ p)29 X
[A;zg Iyj —|Dyj(0) |2Iuj] are either o, (1) or nonnegative or dominated by A3, (6).
We obtain supy [m ' ' (j/p)* [|Dn;j(©)|*1,j — Goll = 0,(1) by using (31) and
proceeding as in (26)—(28) and the following argument, and thus (23) follows for
0 € ©3.
Since 0] < Ay — A1 < %, the proof is completed by showing (23) for the
remaining subsets of @, :

@5—{9 —3=0=-3}
={0:7<0 <3}
@7_{9 ~I<0<-3},
O ={0:3<6<7}.
Oy ={0:-3=0=-3}.

Applying (29) or (44) repeatedly and (14) gives the required result for ®5. For
ihnstance, for @g =1{6: —% <0< —%}, applying (44) four times and then (14), we
ave

270wy = Dnj @) wj — Upj(0) — 277 Q@rrn) ™' 2e™ Wy,
where
D,j(0) =21 — &™) Dy(e;6 + 4),
Unj(0) =277 (1 — ™)~ @n) 2T, 0 (0 + 4,
Wyj = (1 — ™) A, (0) — (1 — ™) A%Y, (0)
— (1= ™) 2AY, () — (1 — )71, (0),
and D,;(0) and U, j(0) satisty (31) and (39). We can easily obtain

m=" Y /) 0571y — Go)

=m~" Y (/P17 Iy = |DajO0) Ll + 0, (1),
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where 0,(1) is uniform in 6 € ®g. For the first term on the right-hand side, from
Lemma 5.10(b) we have, for large n and n > 0,

/
m=1 Y G/ )T @) T Wil
/
(53) — (271,)72071”297119720”171 Z |an|2

zZnn

_ 2 _ 2
20—1m—29[’“ $28(A3Y,(0))° + m~on®(A2Y, () ]
+m 4t (AY,(0)) + m2n2Y, (6)>
uniformly in 6. The terms involving the cross products between wy;, l_]nj 0)

and W,; are dominated by (53). The other terms in m= 3G/ p)¥ [k;ze ly; —

|Dnj(9)|21uj] are either 0,(1) or almost surely nonnegative, and hence (23)
follows.

4.2. Proof of asymptotic normality. Theorem 2.1 holds under the current
conditions and implies that with probability approaching 1, as n — oo d satisfies
(54) 0=R'(d) = R'(do) + R"(d)(d — do),
where |d — do| < |c7 — dp|. From the fact that

ad
Z l)njl(l L)dXt

9d AN T g ./—

\/_Zelkf log(1 — L)(1 — L)*X,,

32
g7 WAt = \/_Zemf (log(1 — L))*(1 - L)X,

we obtain
R = QDG ~Gid) _ Ga)Gold) — Gi(d)
G2(d) G3(d)
where
139 1 &
Gl(d):E;Q[U)Adxijdx]] Z;ZRe[wlog(l L)AdXJ AdXJ]’
1 & 92 . 1 &
Ga(d) = — > g[wawa] —~ > Wi(L.d, j)
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Wi(L.d, j) = 2Re[w(og(11))2adxjWady;] + 2Niog(1-1) adxj

~ 13
God)=— 3" /31,
j=1

~ |
Gi(d) = Z Z Jzekj 292Re[w10g(1_L)ij>y"j],
=1

~ RN .
Gad)=— 3 j*a; Wy (L, 0, ),
j=1

and ® =d — dy and Y, (8) = (1 — L)X, = (1 — L)?u,;I{t > 1}, as defined in the
proof of Theorem 2.1. Fix ¢ > 0 and let M = {d : (log n)*|d — do| < €}. From (9)
in the proof of Theorem 2.1 we have

Pr(d ¢ M) < <®ilr{€v[ S(d) < o) +o(1).

Hence, in view of (10), Pr(d ¢ M) tends to zero if

(35) Sup |A(d)/B(d)| = 0,((logn)~®),
21

where A(d) and B(d) are defined in (12) in the proof of Theorem 2.1. From
Assumption 1/, (18) is strengthened to

56 W72 D5 )F — Go/fu(hp)| = 0GS) + 07172,
j=1,...,m.

Therefore, proceeding as in the proof of Theorem 2.1, we obtain

m r 2A1
>(n) re

=1\

r

(1% 1 — 21 Golejl| = 0p(mPr=F + m= (logn)?).
=1

Robinson ([11], (4.9), page 1643) shows

-
57 Z(27T15j—1)=0p(r1/2) asn—>ooforl <r <m,
j=1

and it follows that >_7' (r/m)**r=2| Y@l — 1= O (m~2"1logm). Applying
the same argument to the second term of (16), we obtain supg |A(d)| =
op((logn)_g), and (55) follows in view of (11). Thus we assume d € M in the
following discussion of Gk(d).
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Now we derive the approximation of ék (d) for k =0, 1, 2. For (~}o(d) observe
that

E sup |)L_2 Iy; — 1|
0eM

<Esup i 2, —; 2Dy 0) |
0eM
(58) 20 i\
+ E sup |)\_ |Dy(ei; 0))> — 1|1,
0eM

=0(j Pogn)* + j*n7?),  j=1,....m,
where the third line follows from (21) and Lemma 5.2. Since |j29 — 11/120] <
(log j)n??l < (log j)n'/1°8" = ¢log j on M, we have
sup % =11 = O((logn) ™).
(59 20
S}‘llplj l=0(), j=1,....,m.

Therefore, in view of (58) and EI,; = O(1) [following from (19)], we obtain

1
GO(d) - Z Iu]
m
j=l1
1 m
_Z )‘ 291}’] ”J]

j:

sup

Z(ﬁe — D1y

j 1

< sup + SUP

S

=0, ((logn)™?).
For C~}1 (d), from (14) and Lemma 5.9 we have
)»;29 Wiog(1—L)yjWy; + Jn ()1
= Ju (™)1 =277 1Dy (™5 0)1* 1Ly
— Ja(e*)2.77 D™ O)wyj - 15 @)~V 0 0 (6)*
— 277 D3 0wy - 150 rn) T2V, (0)
=352 Q)T U n (0) Vi ).

Then, since J, (¢/*/) = O (logn), it follows from (59) and Lemmas 5.2, 5.3 and 5.9
that

1 . _
m Z sup]29|Re wlog(l—L)ij;j + Jn(el)hj)luj” = Op((logn) l)-
]:1
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In conjunction with (59), J, (e*i) = O(logn) and E1,; = O(1), it follows that

Gi(d) +— 2 2Re[Jy (e
] 1

sup

_sup +0,((logn)™")

Z(l J*)2Re[Jy ()11,

= op((logn)* ).

For 52((1), the same line of argument as above with Lemma 5.9(c) gives

Ga(d) — — Z{zRe[J (€) ]+ 25 () Ty (€9)*} 1
] 1

sup

1
Gald) - — 2 4{Re[Jy (€))7 1,
j=1

= sup

=0,(1).
From (19) and Assumption 1/, we obtain
E|lj — Golsj| < E|Lj — |C(e™)PIj| + E27| fu (1) — fu(O)|L;
=0 " *(log(j+ D)+ jn7P), j=1,....m
Therefore, in view of J,(e'*/) = O(logn), El;; = 1, and Cov(lj, I) = O(1) if
j=kand O(n~")if j #k, we have

God)=m™! Z Lj + 0p,((logn)™?)
=1

m
=Gom™! Z Ij + op((logn)_z)
j=1
=Go+ op((logn)_z),

Gi(d)=—-2m"" Y Re[J,(e*)]1,; +0p((logn) ™)
j=1

=—Gom™' Y 2Re[J,(e")]1s; + 0p((logn) ™)
j=1

=—Gom™ 'Y 2Re[J,(e'")] + 0, ((logn)~")
j=1
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and

Ga(d) =m™" Y A{Re[Jy (€M)} 1j + 0p(1)
j=1

=Gom ™' Y 4{Re[Jy ()]} Isj + 0p(1)
j=1

=Gom™' )" 4Re[Jy ()]} +0,(1).
j=1
It follows that
R"(d) =[G2(d)Go(d) — GT(@)[Go@d)] >
60) = Gym ™' Y 4{Re[J, ()]} — {Gom ™ Y1 2Rel Ju ()]} 4 0,(1)
B {Go+ 0p((logn)=2)}?

m m 2
=4m~" Y {Re[J, ()]} — 4{m1 > Re[Jn(e’*.f)]} +0,(1).

j=1 j=1

From Lemma 5.8(a) and a routine calculation, we obtain

m~' Y {Re[Jy (™) =m™" Y (loghj)* + o(1),

j=1 j=1
!m_IZRe[Jn(e”‘f)]} :<m—121og,\j> +o(1).
j=1 j=1

Therefore, }‘ times (60) is, apart from o, (1) terms,

m m 2
m~! Xj(logkj)2 - (m_1 Zlogkj)
j=1 j=1

m m 2
=m™! X:(logj)2 — (m_l Zlogj) -1,
j=1

j=1

and R"(d) =4+ op(1) follows.

Now we find the limit distribution of m/2R’(dy). In view Qf Lemma 5.9(b),
Elwy; — C(@)we; > = 0 log(j + 1)) [see (19)] and E|Jyz, (¢ L)en|* =
O(nj_l) [see (77)], we obtain

%
—Wlog(1—Lyuj Wy

= [ () wyj + rajlwy;
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— C(1)(2nn)—1/2fm.(e—“fL)an(e’*f)*w*.
— C()@rn) 2T, (e Lyga[wy; — C (™) w})]
= Ju(e*)1,; — C()Qrn) ™2 T, (e‘“/L)e C(e™) wk; + Raj,
where r,,; is defined in Lemma 5.9(b), and E|]1/2R,U| =o(l)+ 0O~ 172 logm)
as n — oo. It follows that m!/ 2G1 (dp) is equal to
m .

61) —m~'/2Y " 2Re[Ju ()],

j=1

(62) +C(m™ 2y 2Re[(2mn) "2 Ts (7 LYy C(e) w]
j=1
+0,(1) + 0, (m~"*(logm)?).

From Lemma 5.8(a) we have

61)=2m~2> (ogh;)I,j + 0p(m**n™%) + 0, (m~*logm).
j=l

For (62), in view of the fact that

n—1
= Q2nn)~ I/ZZe—’P% = Q2mn) VY Mg,y
p=1 q=0

we obtain the decomposition

m
m~'2Y " rn) T2 T (e Lyen C ()
j=1

m n—1 n—1
m~1/? Z C*i)y*rn)~! ( Z f)\jpe_ip)‘fsn_p) ( Z eiq)‘/sn_q).
q=0

Jj=1 p=0

(63)

Because the &; are martingale differences, the second moment of (63) is bounded
by

—

m m n—l1

1 m m n— 2 - n—1 N
(64) mzz |JAJP||JM<17|+ ZZZ|jAjP|Z|j—Akr|
j=1k=1p=0 j=1k=1p=0 r=0
1 m m - ~ - n—1 O
(65) m ZZ Z |j?»jl7Hj—?~kP| Zelq( T :
J=1k=1p=0,p#q q=0
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Since ]N'A].p = 0(max{|p|;lnj_1, logn}) from Lemma 5.8, (64) is bounded by
1 m m — n—1 n n—1 n
Ly z[zaogmz B S SRS ]
mn j=1k=1Lp=0 0]|p|+ F=0 |V|+
= O (mn~'(logn)* + m*1 (logn)?),

and, in view of the fact that ZZ;(I) 13— = pI{j =k}, (65) is bounded by

m n—1 m n—1
—ZZUA,M —0< > ely nlogn) O(m~!(logn)?),

le0 J1P0

giving (62) = 0, (1). Therefore, we obtain

m
m'?G(do) =2m"* Y " (log A j) Lj + 0p(1).
j=1
Letv; =logk; — m=Lym logh; =logj — m~1 3" log j with 37" vj = 0. Then
it follows that

G1(dp) 1 &
1/2 o/ _ 12| U1lao
m/'“R'(dy) =m [G(d) 2m E log A i|

_2m”'2 Z’f’(logkj)luj +0p(1) — (m~' Y logrj)2m=V2 ¥y 1,
m_l Zrln Iuj
_2m™ 2y il +o0p(1)
Go+op(1)
_ 2m=V2 Y v (I — Go) + 0,(1)
Go+op(1)
2m—1/22m v lej — 1) +0,(1) a
1+o0,(1)

— N(0,4),

where the fifth line follows from [11], page 1644, completing the proof.

5. Technical lemmas. Lemma 5.2 extends Lemma A.3 of Phillips and
Shimotsu [8] to hold uniformly in 6. Its proof follows easily from the proof of
Lemmas A.2 and A.3 of [8] and is therefore omitted.

LEMMA 5.1 ([7], Theorem 2.2). (a) If X; follows (1), then
wy () = Dy (e™; dyw, (V) — Qn) 2™ X, (d),
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where D, (e"*; d) =>7 0( d)" ek and

G‘d)keMA'

n—1 n
Xin(d) = Dyl " Lid) Xy = 3 dope P X, dip= 3

p=0 k=p+1
(b) If X; follows (1) with d =1, then
we (W) (1 — ) =w, (W) — Qan) V2D x|
LEMMA 5.2 (cf. [8], Lemmas A.2 and A.3). (a) Uniformly in 6 € [—-C, C]
andin j=1,2,...,m withm =o(n), as n - o0,
)\“/—9(1 _ ei)»j)g — e—(ﬂ/Z)Oi + 0()\‘])’ )\‘1—29|1 _ eiAj|20 — 1 + 0()\3)

(b) Uniformly in 0 € [—1 +¢,Cl and in j =1,2,...,m with m = o(n), as
n— 00,

35 Du(e?150) = e P 1 06y + 0770,

22D 0P =14 005+ 077,

LEMMA 5.3. Let Us,(0) = Dyy(e " L; 0)u, = ZZ;E) QNApe_ipAun_p. Under
the assumptions of Theorem 2.1, we have, uniformlyin j =1,...,m,asn — oo,

E sup [n97V212700, 0)]F = O((logn)?).
fe[—1/2,1/2]

PROOF. When 6 = 0, the result follows immediately because ﬁk .n(O) =0

When 6 # 0, define a, = GA ip€ ~iPAj g0 that UA 2(0) = Zp Oapu,, p- We
suppress the dependence of a, on 6 and A ;. Summatlon by parts gives

n—2 p n—1
Unjn©) = (ap—apt1) ) ttn—q+an1 ) tng.

p=0 q=0 q=0

Phillips and Shimotsu ([8], page 670) show that (note that Phillips and Shimotsu
use A instead of A; to denote Fourier frequencies)

0
ap — aps1 = bup(0) + e,
where
n—1
1+60)I'k—-06) .
(66) bﬂp(@): Z (I+06)I'( )et(k—p))nj

o Tk +2)
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Then, since a,,_| = (—Q)ne*"(”*l))‘f/n!, we have

n—2
Un(0) = anp«nZun q
p=0 =0
(=000 '3 _ipa, On —itn—1y2,
+ n! Z X_:Mn T n! Zu
p=0 =0 q=0
(67) |
n=2 ( G)I’ln —lp)L
= anp(e)zun gt Z Zun —q
p=0 q=0 ! p=0 q=0

= Uin(0) + U2n (0).

We proceed to show that the elements of nf—1/2 j 1/2-91,,(0) are of the stated
order. First, for Uj,,, we have

sup|n9 1/2 1/2— QU (9)|<Zsup|n9 1/2 1/2— 9b (9)|
p=0

Z”n q|

q=0

Because Z Euusy g =2m fu 0) =27Gg < o0, it follows from Kronecker’s
lemma that, umformly inp=0,...,n—1,

p 2 p
(68) E(Zun_q) =(p+1) Y (1—1Igql/(p+ D)Eusus1g=O(lply).

q=0 q==p
Therefore, if we have, uniformly in p=0,...,n—1land j=1,...,m,
(69) sup  |n?712 120, 0)) = 0(1pI T,
0e[—1/2,1/2]

it follows from Minkowski’s inequality that

n—2 2
(70)  Esup|n®~ 121200, 0)) = 0(( > |p|;l> ) = O((logn)?).
0 =0

To show (69), Phillips and Shimotsu ([8], page 670, equation (21)) show that
(71) by ()] = O (min{|p|Z? 1, |pl3f i~ "))

uniformly in 6 € [-4,31, p=0,....,n —1,and j = 1,...,m. Although Phillips
and Shimotsu do not state explicitly that the bound (71) holds uniformly in
0 e [—%, %], it is clear from its proof that (71) holds uniformly in 6 € [—%, %].
Then (69) follows from (71) because

6-1/2 j1/2-0 1/2—6

—3/2 —3/2
IpI>" < 1plY
-3/2

0O<p<n/j:n |p|;9—1=(j|p|+/n>

nfj<p<nin® V2120 =02, =1 _ (i py=0-1/2)=3/2 )
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For Uy, = ((—0),/n!) Z"_l e it Zg Up—g, first we rewrite the sum as

n

Ze—lpk Zun g = Z et(n DPIAj Z Un—g

n—p=1 n—q=n—p
n .
SN NE
k=1 g=1
(72)
n l)‘l(l lkAJ)

—Zuk

1 — ei?

e'i 1/2
Y Qan) “wy(Aj).

Since (—0),/n! = O(n~?~') uniformly in 0 € [-3, 1] and (1 — ™)~ =

O(nj=h), E supy [n?~1/2 j1/2=01,, 2= O(1) follows from (68) and E |w, (A ;)|* =
O(1) ([11], page 1637). D

LEMMA 5.4. Forx €(0,1) and C € (1,00), as m — o0,

1 & (1Y ! 1
@ sup [— > (—) —/ xVdx|=0@m™",
~C=y=CIM jpiom) N “
m
(b) sup |m™h Y (j/m)Y|=0(),
—C=r=C Jj=lkm]

m
liminf inf <m_1 > (j/m)V>>s>o.

m—00 —C<y<C ;
=r= J=lxm]

PROOF. Note that [km] > 3 for large m. For part (a), since

w2 ) = 2 L)

Jj=lkm] Jj=lkm]

K

/ xVdx = Z / x”dx—/ xVdx,

K =[km] —1)/m ([km]—=1)/m

their difference is bounded umformly in y by, for sufficiently large m:
m j/m ] 14 K
Z / {(—) —x”}dx +/ xVdx
j:[KmJ (]_1)/m m K_(Z/m)

¢ m -\ —C—1 c 3
=3 Z(é) +—=0(m™",

j=lm] n
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by the mean value theorem. Part (b) follows immediately from part (a). [

LEMMA 5.5. Forp~m/easm — ocoand A € (0, 5.), there exist e € (0,0.1)
and k € (0, z]_t) such that, for all fixed « € (0, k] and sufficiently large m:

. 1 & (7Y
(a) inf — Z (—) > 1+ 2e,

7C5y571+2Amj:[Km] p
1 &Y
(b) inf — )" (-) > 1+ 2e.
I<y<Cm .
J=liem]

PROOF. From Lemma 5.4 we obtain, for large m,
1 m N 1 P A4
inf ) (i> > inf — ) (i)
—C<y<— 1+2am p —C<y=<-14+2Am p

J=lxm] Jj=lkm]
>
=[x

V

1

m

Ol

1! 1— (ke)*®
—f 22 dx = —(/ce) ,
€ Jke 2Ae

m]

~

1 r i\Y Y
inf — 3 <i> ~ inf (1= = S0 — kP,
lsy=Cm L= AP l<y<Cy +1 2

where the last inequality holds because e¢¥ /(y + 1) is monotone increasing for
y > 1. Since 2Ae < 1, choosing « sufficiently small gives the stated results. [J

LEMMA 5.6. Fork €(0,1),C € (1,00) and m = o(n), as n — o0,

E sup ! i (%)awu()\j)

C{G[*C,C] m ]:[Km]

= 0(m~?logm).

PROOF. Summation by parts gives

LS (1)

n Jj=lkm]
[ A e o e 1 &
L R[] et 5w
m r=[km] m m Jj=lxm] m j=lxm]
Note that, uniformlyinr =1,...,m — 1 and «,

o G-
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because sup,, [(1+x)* —1] =< C2Cx for0 < x < 1. Theresults in ([11], page 1637)
imply that E|w, (1;) — C(e*/)ws(1;)]*> = O(j~'log(j + 1)) uniformly in j =
1,...,m, giving

, 2

> wu(r))

Jj=lxkm]

From (73), (74) and Lemma 5.4, Esup,ci_c.c) |m_12’[’7(m](j/m)“wu(k_/)| is
bounded by

(74) E = O(rlog(r + 1)), r=\[kml, ..., m.

m—1
m=' 3" r/m)y"Cr~ 2 logr +m~*logm = O (m~"*logm),

r=[km]

giving the required result. [

LEMMA 5.7. Define J,(L) = Yi_ L¥/k and Dy(L;d) = Y0_ G2k L,
Then:
(a) Ju(L) = Jy(e™) + Tuale LY (e L — 1),
(b) Ju(L)Dy(L; d) = Ju (") Dy(e™; d) + Dy(e™; d) Jys (e * LY (e L — 1)
+Ju(L) Dy (e Ly d) (e L — 1),

where
- . n=l - "ol
Tiale ™ Ly =" Jpe PPLY, fp=) %el“,
p=0 p+1

-1
N iy, _HZN —iphy p d, — En CED i
an(e L, d) = d,\pe L , d)»p = e .
p=0 p+1

PROOF.  For part (a) see [9], formula (32). For part (b), from Lemma 2.1 of [7]
we have D, (L; d) = D, (¢'*; d)+ D, (e *L; d)(e*L — 1), and the stated result
follows immediately. [J

LEMMA 5.8. Let J,(¢'*) = Zzzle’“/k and ]N';Lp = ZZ:erleik)‘/k, as
defined in Lemma 5.7. Then uniformly in p =0,...,n—1land j=1,...,m with
m=o(n),as n — oo:

(@) Ju(e™i)=—logh; + §<n —A)+00H+03G™,
)  Jo;p=Omin{|pl;'nj~" logn}).

PROOF. For (a), first we have

2 Zn L i o 1 i — |

Ay 1 P i . i .

(75) Jn(e J)—k 1%6’ J—kgl%e /—kg %e J.
= = =n+1
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The first term on the right-hand side of (75) is equal to ([16], page 5)

>\ COSkA >\ sinkA A 1
] = —log |2 sin =2 [ —(T — Aj).
,; k —I-l]; k g |2 si > +12(n i)

Since 2sin(A;/2) =1 + 0()3) =A;(1+ 0()%)), the right-hand side is equal to
2 N
—logh; —log(1+ O(4))) +l§(7T —Aj)

i
=—loghj+ O} + 5T =25).

For the second term on the right-hand side of (75), summation by parts gives

© g
Z %etkkj
k=n+1
N—ool Zo \r r+1/, 27, +Nk ——
o
56<nj—12r—2+j—‘)=0<j—‘>,
k=n

giving (a). Part (b) follows from the fact that

Z elkkj

k=p+1

n
and  j,,p= 0(2 |k|;1>.

k=0

1Japl <(p+ D7 max

+1<N=<n

LEMMA 5.9. Suppose Y; = (1 — L)eu,I{t > 1} . Under the assumptions of
Theorem 2.2 we have:

() —Wiog(1-L)y(Aj) = Ju(€) Dy (eI O)wy () + 1712V, (6),

() —Wiog(1-Lyu(A)) = Ju(e ) wi ()
— C()Q@rn)™ 2y, (™™ Lygn + ruj,

(©) Wog(1—1y2y () = Jn(€™)> D€ 0)wy (Aj) +n~ 2 W,;(6),
where, uniformlyin j =1,...,m, as n — 00,

E sup In?=1/2j12=0y,.6)]* = 0((logn)*),

E|j'Y P =0+ 0™,
Esgp In?=1/2 1270w, .0)> = 0((logn)®).
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PROOF. Define u; = u,;I{t > 1}, so that Y; = D,_{(L; 6)u; = D,(L; 6)u; for
t <n. Since Y; =0 for t <0, we have

log(1 = L)Y, =(—L —L?/2—L3/3— .Y, = —J,(L)Y,.
For parts (a) and (b), from Lemma 5.7(b) we have
—log(l — L)Y;
= Ju(L)Dp(L; 0)u;
= Ju (™) Dy (e 0)ity + Dy (e 0) Jup; (e M L) (e™™ L — i
+ Ju(L) Dy (e 7 Ly 0)(e™ ™M L — )ty

Since Y )_; (e ML — Duy = —uy, taking the d.f.t. of the right-hand side
gives

Ta(€9) Dy (™ 0)w, (0j) — 2rn) 2Dy (e 0) Jua; (e LYy
7o — @an)~ Y21y (L) Dy (eI L; 01ty
Note that Lemma 5.2(b) gives |D,, (e*i;0)| < ck?. Therefore part (a) follows if
(77) E|Ju., (e Lyiy | = 0(nj ™),
(78) E P |00~ Y2 j1/279 1, (L) Dya, (€71 L 0)it, | = O((logn)*).

First we show (77). Define a;, = ]N'Ajpe_ipkf = 22=p+1 k~le!k=P)%j 5o that

T —idi T\ n—1 _r— n—1 :
J{uj(e “ilYu, = szoa;,un_p = szoa;,un_p. Then summation by parts
gives

n—2 p n—1
Ty (™ LYty = D@y =y ) D un—g +a_y Y tn—yg.
Observe that
! - i (k—p)Aj i(k—p—1)A;
p —dp41 = %el P%i — Z Ee’ P=A]
k=p+1 k=p+2
n—1
el Z |:l i L]ei(k_p))\j + le—l'p)»j
kel kK k+1 n

n—1 1 1
_ Z — ik=p)j  Z miph
ke D n
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—i(n—1)A,

Define ¢, = Zk bl k( G e!k=P)%j  Then since a, | = n~le we

obtain

Tur; (€™ Ly,

n—2 p 1 n—2 . p 1 . n—1
= E Cnp E Up—gq + — E e~iPh E un_q—i-—e_l("_l))‘f E Un—g
n n
p=0 ¢=0 p=0 q=0 q=0

n—2 p 1 n—1 . p
(79 =D cap ) tn—q+— D e PN uny
=0 q=0 2o q=0

it
- Z Cnp Z Un—q + |: M Z Uk — etri (27‘[71)1/211)” ()LJ):|

p=0 q=0
:J1n+-]2na

where the fourth line follows from (72). E |12n I>=0(nj j ~2) in view of the order
of magnitude of E| )] ur|? and E|w, (Aj )|2. For Jl,,, since

[enp| = Z k(k+l) e
2 AN ik 2 1
< Iply” max I;Ie I <Clplitnj—",
lenpl < | Y ﬁ‘fﬂplf,
k=p+1
we have
(80) lenpl < Cmin{|pl 7', |pl 20 ')

Therefore, it follows from (68) and Minkowski’s inequality that

N n/j 2
(81) E|J1n|2=0(<2|p|+ Z |p|+ )>=0(nj—1>,
p=0

p= n/J

and hence (77) follows. N _

Now we move to the proof of (78). When 6 = 0, then Dy, (e7iL;0)=0,
and (78) follows immediately. Assume 6 # 0. If we have, uniformly in r =
0,1,...,

(82) Esup|n®~12j1270 L7 Dy (67 L; 0)un|* = O((logn)?),
6
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then (78) follows because Minkowski’s inequality gives

Esup [n® =12 j1/270 1. (L) Dy, (e L; )i, |
u |

n—1 2
< E<Z p~sup |’ 2L D (e L em})

n—1 N A 1/2\ 2
< (Z p‘l(E sup|n®~ 121270 LP Dy, (e M L emlz) )
p=1 0

= 0((logn)*).
We proceed to show (82). For r > n, (82) follows immediately because
L" Dy, (7™ L;0)u, =0.Forr =0,...,n — 1, using a decomposition similar

to (67) gives
L™ Dy, (e7M L; 0Yuy,

(= (- 9) i o
= bupO)L" Zun g+ "L’ Z PN Ty
p=0 g=0 p=0 g=0

= U}, 0) + U3,0).

where b, (0) is defined in (66). For U7, (6), since E(L" ¥.0_Tu—q)*= O(Ipl %),

the arguments in the proof of Lemma 5.3 go through and E sup, [nf—1/2j1/2=6

Q {n 0))? = O ((log n)?) holds. For Uﬁn (6), using a decomposition similar to (72)
gives

(—=0) et L (=0), e i —
U}, (0) = I — " TR
2(6) n! 1—e¢t ];uk n! 1—e¢t kX::le “

I = (e)n el

Z Up — 1 . lrkaelqkju

Since E (Y} urx)? = O(n'/?) for any r, E supy [n?~1/2j1/2= 9U’ @)= 0(Q)
and (82) follow if, for m = o(n),

n! 1 —e*

2

(83) max max FE
I<r<nl<j<m

Qnr)” 1/2226’“114;c
k=1

=0(1).

We establish (83) to complete the proof of part (a). An elementary calculation
gives

2
,
E (2nr)_l/ZZeikauk =
k=1

[ sk 0= 2pan.
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where K, (1) = 27r)~! D DAY ¢! =9* s Fejér’s kernel. From Zygmund [16],
pages 88-90, /™ |K, (k)|dA < A and |K,(1)| < Ar~'A=2 for a finite con-
stant A. Furthermore, from Assumption 1 there exists n € (0,7) such that
SUP; e(—y. 1 [ Su(R)] < C, and infj5 >y |2 — A = n/2 if A; < /2. It follows that
for sufficiently large n

[* fu0oKeG.= 2

= Ju) Ky (A —Aj)dr + Ju) Ky (A — Aj)dxr
[Al<n n<|al<m
§AC—|—Ar_l(n/2)_2/ Fu() dr < oo,
n=<|Al=<w
uniformly in j =1,...,m, and (83) follows. _ '
For part (b), in view of (76), Dy, (¢'*/;0) =1 and Dy, ;(e~"*/ L; 0) =0, part (b)
follows if, as n — oo, uniformly in j =1, ..., m,

84)  E|jV2nV2], (e ML) (i — C(Dea) [P = o) + 0.

Using the same decomposition as (79), write jl/zn_l/zj;mj(e_MJL)(ﬁn —
C(l)gy,) as

12
(85) Z cnpz Un—g —C(Nen—y)
j1/2 oiti
T Z -t = C(Den—t)
(86) 12 o o
_Tﬁ[wu(,\j)—ca)ws(kj)].
If we have
p 2
E|: Z(un—q - C(l)gn—q)j|
q=0
(87)

_Jodply), uniformly in p =0,...,n — 1,
o(p), as p — o0,

then it follows from Minkowski’s inequality and the order of ¢, given by (80) that

Jnfj
(EI85)P)'? = 0((1‘/n>1/2 3 |p|;”2)

p=0

n/j n
. _ . n _
+o((1/n>1/2 Yoo p G2 3 —p 3/2)
p=vnTj p=n/j
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= 0((j/m"*) +o(1)
=o(1),

because /n/j > i/n/m — oo from Assumption 4’. To prove (87), note that when
p =0, (87) follows immediately. When p > 1, observe that

p 2
E[ > (un—g — C(l)sn_q)]
q=0

14 2 p 2
< 2E|: > u,,q:| +2E |:C(1) > enq} :
q=0

q=0

Since the first term on the right-hand side is uniformly O(p) from (68) and the
second term on the right-hand side is equal to 2C (1)?(p + 1), the first part of (87)
holds. For the second part of (87), note that the left-hand side of (87) is equal to

(Vg = Eusttsyg)

p P 4
Y pH1—1rDy —2C(M) D> cgr + (p+ DC(1)?

r=—p qg=0r=0
P P
=—(p+D Y vm=2) 420+ Y =20 re.
Irl=p+1 r=1 rzp+l r=1

If > a, converges, then erlz pt10r tends to 0 as p — oo; thus the first and
third terms are o(p) because both Y"°_y, and }° ¢, converge. The second
and fourth terms are o(p) from Kronecker’s lemma, and the second part of (87)
follows. Obviously E[(86)|*> = O(j~"), and (84) follows.

For part (c), first from Lemma 2.1 of [7] and Lemma 5.7 we have

Jn(L)? = Jy(L)[Jn (™) + Jua(e L) (e "L — 1)]
= Jn(L)Ju(™) + Jy (L) Tps(e " LY(e L — 1)
= Ju(€™)? + Ty (e Jprle L) (e L — 1)

+ Jn (L) Jup. (e LY (e L — 1),
Dy(L; 6) = Dy(e';0) + Dys (e *L; ) (e L — 1),
It follows that
(log(1 — L))*Y; = Ju(L)* Dy (L; 6)7;
= Ju(e™)2 D (e™; )y

+ Dy (e 0)[Ju(e™) + Ty (D)1 Jprle LY (e "L — Dy
+ Jy (L) Dy (e L: 0) (e L — i,
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Taking its d.f.t. gives
Ju(€9)? Dy (™15 0)wy ()

— Q2rn) 2Dy (e 0) [ (€M) + Jn (L)1, (e Lty

— @rn) "2 1, (L) Dys (e L; 0)iy.
By the same argument as the ones used in showing (77) and (82), we obtain

E|L1 Ty, (e Ly |* = 0mj™"),  ¢=0,1,....
In conjunction with J, (et = O (logn), Minkowski’s inequality and (82), it
follows that

E sup |n?=12 1270 D, (e 0) [ (™) + Ju (L)) T, (€% Lity |

= O((logn)?),
Esup [n®~V2 1270 1, (L)2 Dy, (€7 L; 0)it, |
0

= O((logn)®)

for j =1, ..., m, giving the stated result. [

LEMMA 5.10. Let Qx, k =0,...,3, be any real numbers, k € (0, é), and
1/m+m/n— 0 as n— oo. Then there exists n > 0 not depending on Qy such
that, for sufficiently large n:

m
@ m™" 3 (1 =€) Q3+ (1 =) Q2+ (1 — ) Q1 + Qo
Jj=lkm]
> nm®n Q3+ m*n™* Q3 + m*n 7203} + 03),
m
b m™' Y 1 —e*)TTQs+ (11— )20

Jj=lkm]
+ (1 =)0+ (1 =) Q)
> n(m_zang + m_4n4Q% + m_6n6Q% +m8nd Q(z)).
PROOF. Define
AQ) =1 -’03+ (1 -0+ (1 —eM)01 + Qo.
Since 1 — ¢'* = —ix + O(A?) as A — 0, we have
A =i3Q3— 2202 —ir01+ Qo

(88)
+00H03+ 00302+ 00 Q.
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Applying 2|a||b| < |a |2+ |b|? to the product terms involving the remainder terms,
we obtain

(89) IAM? = (202 — 00)* + (X303 — 201)* + R(A),
where R(\) = 0(M) Q3+ 0(A5) Q3 + 0 () Q% + O (1) Q3. First we show that

(90) m™' " (30— Q0)* = nm*'nT*03 + Q).

Jj=lkm]

When sgn(Q2) # sgn(Qop), then (90) holds from Lemma 5.4. When sgn(Q;) =
sgn(Qp), without loss of generality assume (>, Q¢ > 0. Note that )»? 0 is

an increasing function of j. Now suppose (A, /2)2Q2 — Qo > 0. Then, since
()»3,,1/4)2 = %(Am/z)z, we have, for j =3m/4,...,m,
2302 — Q0= F(hm2)* Q2 — Qo
= 30um/2)> Q2 +20n/2)* 02 — Qo
> 20un2)* 02 + Qo.

Now suppose ()\.m/z)zQQ — Qo < 0. Then, since ()Lm/4)2 = %()»m/z)z, we have, for
j=1,...,m/4,

K? 02— 00 =< i()»m/z)zQz — Qo
= —2un2)? 02 + [3(my2)* Q2 — Q0]
< —3Cm2)* Q2 = 3 Q0.
Therefore, either for j =1,...,m/4 or for j =3m/4, ..., m, we have
1) 14302 — Qol = 1 (Am/2)* Q2+ 5 Q0
and (90) follows immediately. The same argument gives, if sgn(Q3) = sgn(Q1),
(92) 11303 = 4,01 = Aj{§(m/2)?1 Q3] + 31011},

either for j =1,...,m/4 or for j =3m/4,...,m, and it follows from (91) and
(92) that

m
m Y (03032007 = nm®n 005+ m?n 2 0D).
J=lxm]
For R()) in (89), it follows from Lemma 5.4 that

m

m™' Y R(M)

J=lkm]

=0(m'n") Q3+ 0(m’n )03 + 0(m’n ) 07 + O(mn™") Qg
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and part (a) follows. For part (b), rewrite the term inside the summation as

(1= e*)THAGHP =174 (1 + 00 )AGH.

Applying (88) and the following argument with (91) and (92) gives part (b). [
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