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Lecture V

Balanced Growth Path

Definiton: An economy is on a balanced growth path if all variables
grow at the same rate.

We have some well established facts that we would like to capture.

I Y/L and K/L grow over time.

I K/Y is constant.

I Wages increase over time

I Interest rates remain constant.

I Income shares remain constant over time.
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Some Accounting

Dynamic evolution given by feasibility:

Y = C +X = C +K ′ + (1− δ)K

Hence: gY = gC = gK .

Output given by some production function

Y = F (K,L)

We have

gY =
K

Y

∂F

∂K
gK +

L

Y

∂F

∂L
gL
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Hence:
(1− ηK)g = ηLgL

With constant-return-to-scale, we obtain that ηK + ηL = 1 and, thus,
g = gL.

There must be some source of exogenous growth for the economy to
evolve along a BGP with positive growth.

This source affects effective labor – or equivalently – labour
productivity (labor-augmenting technological progress).

One can easily verify that the neoclassical production function is
consistent with the stylized growth facts.
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BGP and Detrending

Suppose Yt, Ct and Kt all grow at the same rate γ.

Detrending, we obtain

yt =
Yt

(1 + γ)t

ct =
Ct

(1 + γ)t

kt =
Kt

(1 + γ)t

Then, we are dealing with a stationary economy that is described by

yt = kαt

yt = ct + (1 + γ)kt+1 − (1− δ)kt

u(ct) =
c1−σt

1− σ
(1 + γ)t(1−σ)

where the population size has been normalized.
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Social planning problem

max
ct,kt

∞∑
t=0

βt
c1−σt

1− σ
(1 + γ)t(1−σ)

subject to

kαt = ct + (1 + γ)kt+1 − (1− δ)kt

Solution:
1

β

(
ct
ct+1

)−σ
(1 + γ)σ = (1− δ) + αkα−1t+1

This Euler equation governs the transition to a BGP that is given by

αk̄α−1 =
1

β
(1 + γ)σ − (1− δ)
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What governs long-run interest rates?

Suppose we have

Yt = AtK
α
t N

1−α
t

= A0K
α
t

[
(1 + µ)

t
1−α (1 + n)tN0

]1−α
where A0 = N0 = 1.

The (exogenous) growth rate is approximately given by

γ ' µ

1− α
+ n

In the BGP, interest rates must be constant and are given by

r = αk̄α−1
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r =
(1 + γ)σ

β
− (1− δ)

' log β + σγ + δ

' θ + δ + σ

(
µ

1− α
+ n

)

For nominal interest rates that we mostly observe, we can use the
Fisher equation which is given by

1 + r =
1 + i

1 + πe

or
i ' r + πe

where πe is expected inflation.
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