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Abstra
t

In studying the impa
t of non-pra
tising-entities on investment and innovation mu
h of the re
ent

fo
us has been on the role of rent-seeking behavior through the 
ourt system � as su
h entities seek to

establish and enfor
e ownership rights on intelle
tual property. As a result, issues relating to behavior

within the 
ontext of the legal framework have re
eived signi�
ant attention. This paper 
onsiders the

impa
t of NPE's from a di�erent perspe
tive where the validity and assignment of intelle
tual property

rights is unequivo
al, and in this 
ontext examines the e
onomi
 
ontribution of an NPE to investment

in R&D.

1 Introdu
tion

The term `non-pra
tising-entity' (NPE) is used to denote an intelle
tual property holder that obtains revenue

from the li
ensing of its intelle
tual property, and not dire
tly from its use. This term 
overs a heterogeneous

group of patent holders in
luding universities, individual inventors, patent holding 
ompanies and so on �

in prin
iple, any entity holding a patent that is not pra
tising or produ
ing on the basis of the patent.

Be
ause an NPE does not produ
e, revenue must be obtained from li
ense fees. This in turn often requires

that the NPE assert patent infringement against an operating �rm as part of the pro
ess of a
hieving a

li
ensing agreement. As a result, the pra
ti
al and strategi
 issues involved tend to be examined from a

legal perspe
tive (see, for example [3, 4, 5, 10, 11, 13℄). Sin
e litigation is expensive and the out
ome

unpredi
table, the risks surrounding litigation are large and have signi�
ant in�uen
e on the behavior of all
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parties � in terms of in
entives to initiate a lawsuit, to defend, to settle, to appeal, and so on. These are

major institutional 
onsiderations in assessing the role of the NPE's in promoting innovation sin
e they raise

issues regarding rent-seeking, innovation holdup and so on.

Su
h issues arise be
ause the exa
t status of an infringement 
laim 
annot be immediately veri�ed. The

a
tual resear
h 
ontributions of an NPE are di�
ult to assess and the rewards obtained by the NPE re�e
t

not only the resear
h 
ontribution but also the vagaries of the litigation pro
ess. Thus, the merits or otherwise

of the NPE are 
on�ated with other issues. This paper puts these matters aside, 
onsidering an environment

where rights issues are fully resolved, and examines the advantages or disadvantages generated by NPE's in

terms of innovation when the innovation 
ontribution 
an be 
orre
tly measured.

The paper fo
uses on two 
ases in detail, where an NPE operates with either one or two �rms (with

most emphasis on the two �rm 
ase). Initially, the 
ase of monopoly is 
onsidered: this motivates the

general dis
ussion and provides some of the notation for the two-�rm 
ase. In ea
h 
ase, the paper examines

the impa
t of an NPE on the volume of investment and the quality of innovation. Even in the simplest


ir
umstan
es, it turns out to be surprisingly di�
ult to give unambiguous answers regarding the merits of

NPE's.

An outline of the paper is as follows. Se
tion (2) introdu
es the model, then se
tions (3) and (4)


onsiders the single and two �rm 
ases respe
tively. (Li
ensing plays a 
entral role and is dis
ussed in

detail in se
tion (4.1).) In both 
ases, equilibrium in a ben
hmark model without an NPE is 
ompared with

equilibrium in the presen
e of an NPE. This is 
onsidered in se
tion (4.4). Se
tion (5) 
onsiders the linear


ase. A full 
hara
terization of equilibrium behavior is given. While a prevalent view of the NPE is that of

a rent-seeker, the results in this paper suggest a far more ambiguous assessment. Spe
i�
ally, if the NPE

is a good-faith investor (investing in exa
tly the same manner as operating �rms), then for some regions

of 
ost the presen
e of an NPE may raise overall investment and potentially the overall level of innovation.

The exa
t 
ir
umstan
es under whi
h this may be true depend on a range of (endogenously determined)

threshold parameters in the model.

2 The Model.

There are n �rms (n ∈ {1, 2}) and a non-pra
tising entity (NPE). Thus, the NPE operates alongside a

monopoly or the NPE operates alongside two �rms operating in di�erentiated markets. Innovation 
enters

on 
ost redu
tion in produ
tion: a �rm or NPE investing in innovation develops a 
ost redu
ing innovation.

Initial 
ost is c = 1, and with investment of ρ in R&D, a �rm draws a new 
ost te
hnology x from [0, 1]
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a

ording a 
umulative distribution F while the NPE draws the innovation a

ording to the distribution G.

The patent winner is the party that a
hieves the best innovation (the smallest value of x), and the winner is

assigned a patent su
h that without ownership or li
ensing of the patent, a �rm would remain with the 
ost

stru
ture c = 1. Assuming the distributions F and G are 
ontinuous, there is 0 probability of a tie for lowest

value. For the 
ase of monopoly, the �rm's pro�t is assumed to be a fun
tion of the innovation quality, π(x),

in the two �rm 
ase, pro�t for ea
h �rm is a fun
tion of both �rms 
ost parameter. In both 
ases, pro�t is

derived from underlying demand so that royalty fees on quantity may be de�ned.

3 Monopoly

Let market demand be p(q) with 
orresponding pro�t π(x) = max{p(q)q−xq}, where x is 
onstant marginal


ost. With no NPE present, the expe
ted pro�t from R&D investment is π̄F = E{π(x)} =
∫

π(x)dF (x), so a

monopolist will invest if E{π(x)}−π(1) > ρ. If an NPE is present and both invest, there are two possibilities,

{x < z} and {z < x} where either the �rm or else the NPE su

eeds in a
quiring the patent. As a matter of

notation, x will denote the innovation level of a �rm, and z the innovation level of the NPE. In what follows,

the strategi
 behavior of both parties is examined � proposition (1) below des
ribes equilibrium investment

behavior in the presen
e of an NPE.

For li
ensing, there are essentially three options � a �xed fee, a royalty or unit fee, or some 
ombination

of �xed fee and royalty. Here, it is assumed that the fee s
heme used will be optimal for the rights holder (in

terms or overall revenue generation). Typi
ally, this 
onsists of both a �xed fee and unit fee (in the spirit of

a two part-tari�). While this seems natural, the determination of the optimal fee stru
ture 
an be subtle.

In any event, this two part stru
ture is used here � further 
lari�
ation is given in se
tion (4.1) and in the

appendix.

If z < x the NPE wins the property right and sets a unit fee of f and 
an 
harge a lump sum payment

(�xed fee) of L = π(z+f)−π(1), where π(x+f) = maxq{p(q)q−(x+f)q}, with solution q(f). This extra
ts

all the surplus, leaving the monopolist indi�erent between li
ensing and not li
ensing from the NPE. Total

li
ense revenue is the sum of lump sum payment and royalty fee, r(f) = π(z+ f)− π(1)+ fq(f). Therefore,

the li
ense fee f determines overall revenue. With f > 0,

r′(f) =
∂π

∂f
+ f

∂q

∂f
+ q = −q + f

∂q

∂f
+ q = f

∂q

∂f
≤ 0,

So that r is maximized at f = 0, assuming

∂q
∂f

≤ 0. Thus, for the NPE, the optimal (revenue maximizing)
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li
ensing s
heme is to 
harge a lump sum fee of π(z)− π(1).

In the 
ase where both �rm and NPE invest, innovation out
omes fall into two regions: {(z, x) | z < x}

where the NPE obtains the property right and {(z, x) | x ≤ z} where the �rm obtains the right. The

probability that the NPE is su

essful is

∫

G(z)dF (z) and the probability that the �rm is su

essful is

∫

F (x)dG(x). In the event that {x ≤ z} the �rm obtains π(x) and the NPE re
eives nothing whereas

if {z < x} then the NPE 
an extra
t the full rent from the �rm, obtaining π(z) − π(1) while the �rm

obtains π(1). Thus, the payo� to the �rm at (x, z) is VF (x, z) = π(x) · 1{x<z} + π(1) · 1{x>z} where

1{x<z} is the indi
ator fun
tion of the event x < z. Similarly, the payo� to the NPE at (x, z) is VN (x, z) =

[π(z)− π(1)] ·1{x>z} +0 ·1{x<z}. Let V̄F = E{VF (x, z)} and V̄N = E{VF (x, z)}. When both invest, the net

gain for the �rm over not investing (given the NPE does) for the �rm is EF
def
= V̄F − π(1) with analogous

value EN
def
= V̄N for the NPE. Therefore, both invest if ρ < min{EF , EN}. (Cal
ulations in the appendix

show that EF =
∫ 1

0 [π(x)− π(1)][1−G(x)]dF (x) and EN =
∫ 1

0 [π(z)− π(1)][1− F (z)]dG(z).) For ρ between

min{EF , EN} and max{EF , EN}, if EF < EN , the NPE alone invests, and if EN < EF , the �rm alone

invests.

1

If the NPE alone invests, expe
ted li
ensing revenue is SN
def
= E{π(z)} − π(1) = π̄G − π(1), whereas not

investing gives a payo� of 0. If the �rm alone invests, its expe
ted revenue is E{π(x)} = π̄F whereas not

investing gives a payo� of π(1), so the gain to investing is SN
def
= π̄F − π(1). Figure 1 depi
ts the strategi


situation.

(V̄F − ρ, V̄N − ρ)

(π(1), π̄G − π(1)− ρ )

(π̄F −ρ, 0)

(π(1), 0)

NPE

Firm

Firm

I

N

I

N

I

N

Figure 1: The monopoly 
ase, payo�s (Firm,NPE).

Let ρ = min{EF , EN} and ρ̄ = max{EF , EN}, ρ∗ = min{SF , SN} and ρ∗ = max{SF , SN}

Proposition 1: With an NPE, both �rm and NPE invest when ρ < ρ. On the region [ρ, ρ̄] only one

invests with the �rm investing if EF > EN and the NPE investing when EF < EN . On the region [ρ̄, ρ∗]

1

See appendix A for detailed 
al
ulations.
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only one invests. If ρ̄ < ρ∗, then on the region [ρ̄, ρ∗] only one invests and it may be either the �rm or

the NPE. On the region [ρ∗, ρ
∗] the entity with the larger value of {SF , SN} is the sole investor.

Figure (2) illustrates the regions and investment behavior. Equilibrium behavior on the 
ost region [0, ρ̄]

is straightforward: both invest. On the region [ρ, ρ̄] the entity with the larger �E� value invests. On the

region [ρ̄, ρ∗] there are two equilibria in whi
h one or other entity invests. Finally, on the region [ρ∗, ρ
∗] the

entity with the larger �S� value invests. In the 
ase, where the distributions G and F are equal, ρ = ρ̄ and

ρ∗ = ρ∗. If G � F (G �rst order sto
hasti
ally dominates F ), then EN ≤ EF and SN ≤ SF (and EN ≥ EF

• •
ρ ρ̄

Both invest

One invests:

NPE (EN > EF )

Firm (EN < EF )

Exa
tly one

invests

One invests:

NPE (SN > SF )

Firm (SN < SF )

ρ••
ρ∗ ρ∗

Figure 2: Investment regions.

and SN ≥ SF if F � G). In general, EN < EF and SN > SF (or EN > EF and SN < SF ) are possible

orderings (see example (A.1) in appendix A, illustrating this with distributions ordered by se
ond order

sto
hasti
 dominan
e). Note that F � G means that F is biased toward drawing a higher te
hnology value

and hen
e is worse distribution of innovation than G.

In general the gap between ρ̄ and ρ∗ may be large, and in parti
ular even in the 
ase where F � G or G �

F . For example, suppose that F � G with EN > EF and SF < SN , then ρ̄ =
∫

(π(z)−π(1))(1−F (z))dG(z)

whereas ρ∗ =
∫

(π(z) − π(1))dF (z)). On the region [ρ̄, ρ∗] just one invests, but it 
ould be either one sin
e

both are equilibrium out
omes. However, e�
ien
y requires that the more e�
ient entity would be the

investor.

3.1 E�
ien
y

For ρ < ρ, the presen
e of the NPE unambiguously raises investment and therefore improves the 
ost

distribution. If SN > SF , then on the region [ρ∗, ρ
∗] investment takes pla
e that otherwise would not. The

range of 
osts over whi
h investment takes pla
e is never redu
ed. However, ine�
ien
y 
an arise from

strategi
 
onsiderations. To see this, suppose that G � F so that F is the better distribution. On the region

[ρ̄, ρ∗] one invests, but it may be either: if it is the NPE, then for 
osts on this region the presen
e of the
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NPE produ
es an inferior distribution over the quality of innovation. Note that as presented, both parties

make the investment de
ision simultaneously. If the NPE investment de
ision is made �rst and observed by

the �rm, the unique equilibrium (subgame perfe
t) has the NPE invest on this region, preempting the �rm,

even though the �rm would draw from a better distribution were it to invest.

4 The Two Firm Case

Turning to the 
ase where there are two �rms with demands for �rm i and j given by pi(qi, qj) and p
i(qi, qj)

respe
tively, and where the demand fun
tions are symmetri
 in the sense that pi(a, b) = pj(b, a). Te
hnologies

for i and j are initially at a ben
hmark level of 1. In this environment �rms 
ondu
t resear
h resulting in

out
omes xi and xj , where the lower value, min{xi, xj} represents the better te
hnology. Ea
h investing

�rm draws an innovating te
hnology independently a

ording to a distribution F . Assume that the �rm

with the better te
hnology, patents the te
hnology so that the 
ompetitor must either use the pre-existing

te
hnology (at level 1), or li
ense the patented te
hnology. So, if xj > xi, then j either uses the te
hnology

1 or li
enses xi. Initially, the situation is symmetri
 with both having te
hnology 1; afterwards, on
e

investments are made and te
hnology drawn, the situation involves te
hnology li
ensing, where the li
ensor

is the party with the better te
hnology. To begin, se
tion (4.1) 
onsiders the optimal li
ensing de
ision from

the perspe
tive of a �rm and that of the NPE. In se
tion (4.2) strategi
 behavior in the absen
e of an NPE

is 
onsidered. This provides a ben
hmark for the subsequent dis
ussion of strategy behavior when an NPE

is a
tive (se
tion (4.3)).

4.1 Li
ensing

Models of li
ensing are dis
ussed in [7, 8, 9, 12℄, among others. These des
ribe a wide range of li
ensing

models, in
luding pro
edures based on Nash bargaining, alternating o�ers bargaining, patent valuation using

the Shapley value, au
tion methods, �xed fees, royalty fees and other pro
edures. Here, the li
ensing s
heme

adopted is essentially a two-part tari� 
onsisting of a royalty fee and a �xed fee. In what follows, the stru
ture

of this s
heme is examined in some detail to provide the framework for the study of strategi
 behavior of the

�rms and NPE. (Remark (4.1) summarizes the main observations. Lemmas (1), (2) and (3) in appendix B

provide additional details.)

Consider �rst the environment without the NPE and in parti
ular the 
ase where xi < xj so that �rm

i has the better te
hnology and j must li
ense or use the pre-existing te
hnology. Assume for the moment
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that there is no a
tive NPE so that li
ensing between �rms is the only issue. Let πj(ci, cj) be the pro�t

to �rm i and j at the equilibrium output 
hoi
es when 
osts are (ci, cj). Initially, let (ci, cj) = (1, 1) and

after innovation realization, with i the patent holder, (ci, cj) = (xi, xi+ f), assuming j li
enses from i, while

without li
ensing the 
ost stru
ture is (ci, cj) = (xi, 1).
2

With li
ensing fees, operating pro�ts are:

πi(xi, xi + f ; qi, qj) = pi(qi, qj)qi − xiqi, πj(xi, xi + f ; qi, qj) = pj(qi, qj)qj − (xi + f)qj

In addition, �rm i re
eives li
ensing revenue from �rm j. This 
onsists of fqj and possibly a �xed fee, F .

Let (q̂i(f, xi), q̂j(f, xi)) be the equilibrium outputs of i and j respe
tively when i sets the royalty fee at f

(so that i operates with 
ost xi and j operates with 
ost xi + f). Let πi(xi, xi + f) and πj(xi, xi + f) be

equilibrium pro�ts in this 
ase.

With xi given and royalty fee f , revenue to i from royalties from j is f q̂j(f, xi). The highest possible

royalty fee that i 
an 
harge is f = 1 − xi for the use of te
hnology xi (whi
h eliminates the bene�t to j

from li
ensing). Pro�t of j after payment of royalties is πj(xi, xi + f) = pj q̂j − (xi + f)q̂j ; in the absen
e of

li
ensing, �rm j obtains pro�t πj(xi, 1). Therefore the maximum �xed fee that j is willing to pay in addition

to the royalty (f q̂j) is F = πj(xi, xi + f)− πj(xi, 1). So, the maximum revenue i 
an obtain from li
ensing

to j is:

R(xi, f) = [πj(xi, xi + f)− πj(xi, 1)] + f q̂j(f, xi) (1)

Firm i earns pro�t in addition to the li
ensing revenue so that i's pro�t plus li
ensing revenue is:

π̂i(xi, f) = πi(xi, xi + f) + R(xi, f) (2)

Let ψ(xi) be the maximal revenue from pro�t plus li
ense fees obtained by i with li
ensing to �rm j:

ψ(xi) = max
f≤1−xi

π̂i(xi, f) = π̂i(xi, f̂(xi)) = max
f≤1−xi

{πi(xi, xi + f) + [πj(xi, xi + f)− πj(xi, 1)] + f q̂j(f, xi)}(3)

= max
f≤1−xi

{

[piq̂i − xiq̂i] + [pj q̂j − xiq̂j ]
}

− πj(xi, 1) (4)

= ψ∗(xi)− πj(xi, 1), where ψ∗(xi)
def
= max

f≤1−xi

{

[piq̂i − xiq̂i] + [pj q̂j − xiq̂j ]
}

(5)

2

Here, it is assumed that the best �rm gets the patent. There e are many aspe
ts to the strategi
 management of IP and

patent a
quisition (see [1, 2, 6℄ for some perspe
tives). For example, if te
hnology improvement pro
eeds in
rementally with

the �rm that draws the better te
hnology developing the te
hnology faster in
rementally and patenting as the �rm goes, the

winner is always ahead and owns all the improvement from 1 down to xi, if i is the winner. An alternative assumption here

would be that ea
h �rm retains the right to use what te
hnology it has developed, even if one �rm has a patent on superior

te
hnology.
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From this expression, the optimal li
ensing s
heme involves maximizing total pro�t in the two markets,

subje
t to 0 ≤ f ≤ 1− xi. Note that the maximization is of joint pro�t through the impa
t of f on (q̂i, q̂j).

Denote the optimal 
hoi
e of f , f̂ so that f̂ = f̂(xi)
def
= argmax{f≤1−xi} π̂

i(xi, f). The 
orresponding

li
ensing revenue is R̂ = R̂(xi)
def
= R(f̂(xi);xi) and ψ(xi) = π̂i(xi, f̂).

When an NPE is present and li
enses te
hnology z, the unit fee of f gives both �rms a unit 
ost of z+ f

and equilibrium output q̃i(f ; z) = q̃j(f ; z). The 
orresponding pro�t for i is

π̃i(z, f) = πi(z + f, z + f) = piq̃i − (z + f)q̃i

The total revenue for the NPE, using a royalty and (maximum) �xed fee is:

N(z, f) = [π̃i(z, f)− πi(1, 1)] + f q̃i + [π̃j(z, f)− πj(1, 1)] + f q̃j (6)

(Here, it is assumed that the NPE treat �rms symmetri
ally so that full rent extra
tion puts ea
h �rm at

the pre-innovation pro�t.) Maximizing this gives maximal total revenue:

ϕ(z) = max
0≤f≤1−z

N(z, f) = max
0≤f≤1−z

{

[π̃i(z, f)− πi(1, 1)] + f q̃i + [π̃j(z, f)− πj(1, 1)] + f q̃j
}

(7)

= max
0≤f≤1−z

{

[piq̃i − zq̃i] + [pj q̃i − zq̃j ]
}

− πi(1, 1)− πj(1, 1) (8)

= ϕ∗(z)− πi(1, 1)− πj(1, 1), where ϕ∗(z)
def
= max

0≤f≤1−z

{

[piq̃i − zq̃i] + [pj q̃i − zq̃j]
}

(9)

Let the solution value of f be f̃ = argmax{0≤f≤1−z}N(z, f). Note that f̃ is 
hosen to maximize total pro�t

through the impa
t of f on (q̃i, q̃j). Observe that ψ
∗(1) = ϕ∗(1) = πi(1, 1)+πj(1, 1), so that ψ(1) = πi(1, 1)

and ϕ(1) = 0. The properties of optimal li
enses are dis
ussed in appendix B.

Remark 4.1: Under general 
onditions, R(xi, f) is maximized at f = 0. However, while R(f ;xi) is generally

de
reasing in f , πi(xi, xi + f) is in
reasing in f and for �rm i the optimal f maximizes π̂i(xi, f) whi
h is

generally in
reasing in f at f = 0 (be
ause raising f 
ontra
ts j's output impli
itly raising i's dire
t pro�t).

Therefore, in general the optimal li
en
e fee is positive and the optimal li
ensing stru
ture is a two part tari�


onsisting of a �xed unit royalty fee, f > 0, and a lump sum fee. In the 
ase of the NPE, a positive li
ense

fee, f̃ raises pro�t by 
urtailing output and this pro�t 
an be a

essed by the NPE through the �xed fee.

3

Remark 4.2: An alternative li
ensing poli
y for the �rm is to establish a li
ensing unit � whi
h then

li
enses to both its own operating unit and to the other �rm. In this 
ase, the �rm's li
ensing unit a
ts

3

See appendix B, lemmas 1, 2 and 3.
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as an NPE extra
ting as mu
h li
ense revenue as possible both from the other �rm and from its own

produ
tion unit. Thus, if �rm i obtains the patent with te
hnology xi, revenue from the li
ensing unit is

ϕ(xi) and (residual) revenue to the �rm is πi(1, 1) for total revenue of ϕ(xi) + πi(1, 1). In the linear 
ase,

ψ∗(xi)− πj(xi, 1) ≥ ϕ(xi) + πi(1, 1) (see proposition 7), so that setting up an NPE is less pro�table in that


ase.

4.2 Equilibrium Investment and Li
ensing without an NPE.

In terms of investment de
isions, ea
h �rm may or may not invest, so there are three possibilities: both

�rms invest, one invests, or neither invest. If one or both invest, then subsequently one will be
ome the

patent holder and the other the potential li
ensee. If neither invests, then the status quo remains. These

possibilities are 
onsidered in turn. In what follows, the expe
ted bene�t to a �rm in ea
h possible s
enario

is determined (the values A, B, C and D below.) From these, strategi
 investment 
hoi
e is seen from

the matrix (13) and the equilibrium number of investors as a fun
tion of the investment 
ost is shown in

�gure (4).

If both �rms invest, depending on the realizations of (xi, xj) either xi < xj or xj < xi, ignoring ties. The

out
omes are symmetri
, so 
onsider the 
ase where xi < xj so that i be
omes the patent holder. In this


ase, with li
ensing, the payo� to i is ψ(xi) = π̂i(xi, f̂) and to j, πj(xi, 1). The payo� pairs are depi
ted in

�gure (3). Thus, the expe
ted payo� to either �rm is:

xi

xj

(ψ(xi), π
j(xi, 1))

(πi(1, xj), ψ(xj))

Figure 3: Total Revenue

A =

∫ 1

0

∫ 1

xi

ψ(xi)dF (xj)dF (xi) +

∫ 1

0

∫ xi

0

πi(1, xj)dF (xj)dF (xi) (10)
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If just one �rm invests, say i, i obtains the patent at any pro�le (xi, 1) so the payo� pair is (π̂
i(xi, f̂), π

j(xi, 1)).

The expe
ted payo� to the investing �rm, i, is:

B =

∫ 1

0

∫ 1

0

ψ(xi)dF (xj)dF (xi) (11)

and to the non-investing �rm:

C =

∫ 1

0

∫ 1

0

πi(1, xj)dF (xj)dF (xi) =

∫ 1

0

∫ 1

0

πj(xi, 1)dF (xi)dF (xj) (12)

Finally, when neither invest the payo� is D = πi(1, 1) = πj(1, 1). (Subsequently, for 
onvenien
e, the

notation dFj = dF (xj) and dFi = dF (xi) may sometimes be used.) This de�nes the matrix game where

ea
h �rm may invest (I) or not invest (N):







I N

I (A,A) (B,C)

N (C,B) (D,D)






(13)

(From the de�nitions, B > A > D > C and proposition (2) shows that A− C < B −D.) With investment


ost ρ, proposition (2) des
ribes the possible equilibria. Figure (4) depi
ts the investment pattern in terms of

ρ. From a strategi
 perspe
tive, A−C measures the in
entive to invest when the other �rm does, and B−C

measures that in
entive when the other �rm does not invest. Proposition 2 
hara
terizes the equilibria (See

appendix C for proofs).

Proposition 2: Payo�s satisfy 0 ≤ A − C ≤ B −D. With investment 
ost ρ, if ρ < A − C there is a

unique equilibrium where both �rms invest. If A− C < ρ < B −D, then there are two equilibria where

one or other �rm invests. And if B −D < ρ then the unique equilibrium has neither �rm invest.

For low investment 
ost, ρ < A − C, (I, I) is the unique equilibrium (investing stri
tly dominates not

investing.) As investment 
ost rises to intermediate levels, both (I,N) and (N, I) are equilibria. For

ρ > B − D, N is a dominant strategy. The number of investing �rms as a fun
tion of ρ is depi
ted in

Figure (4).

The next se
tion examines how this investment pattern is a�e
ted by the presen
e of an NPE.

10



0
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•
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•
B −D

# of Investors

ρ

Figure 4: Equilibrium Investment

4.3 Investment and Li
ensing with an NPE.

The presen
e of an NPE alters the strategi
 situation for the �rms in that both the expe
ted bene�ts to

investing may be less and the expe
ted 
ost to not investing greater. Just as the �rms must make a 
hoi
e

regarding investment, so must the NPE. Here, it is assumed that the �rms know whether the NPE is engaged

in R&D or not, so that if parties invest, they are 
ompeting with the NPE to win the patent: the �rms

are aware of the NPE's investment strategy, but not the out
ome of its R&D. The framework here is easily

adapted to allow for the 
ase where the �rms observe the su

ess of the NPE before investing, but in that


ase must de
ide whether or not to try and beat the NPE with a better dis
overy. As in se
tion (4.2)

it's ne
essary to determine the payo�s for ea
h investment 
hoi
e of the �rms and NPE (se
tions (4.3.1)

and (4.3.2)), and from there pro
eed to the 
hara
terization of equilibrium (se
tion 4.4).

4.3.1 The �rm's payo� in the presen
e of an NPE

When a NPE is present, 
onditional on a realization of z, payo� �ows to the two �rms are given in �gure (5).

When both �rms invest, the expe
ted payo� is (with notation dFj = dF (xj)):

A(z) =

∫ z

0

∫ 1

xi

ψ(xi)dFjdFi +

∫ z

0

∫ 1

xi

πj(xi, 1)dFjdFi +

∫ 1

z

∫ 1

z

πi(1, 1)dFjdFi (14)

When one invests, the investing �rm obtains:

B(z) =

∫ z

0

∫ 1

0

ψ(xi)dFjdFi +

∫ 1

z

∫ 1

0

πi(1, 1)dFjdFi (15)

11



Both Firms Invest

z

z

xi

xj

(ψ
(x

i
),
π
j
(x

i
,1
))

(πi(1, xj), ψ(xj))

(πi(1, 1), πj(1, 1))

One Firm (i) Invests

xi

xj

z

(ψ
(x

i
),
π
j
(x

i
,1
))

(πi(1, 1), πj(1, 1))

Figure 5: Total Revenue

And the non-investing �rm gets:

C(z) =

∫ z

0

∫ 1

0

πj(xi, 1)dFjdFi +

∫ 1

z

∫ 1

0

πi(1, 1)dFjdFi (16)

Finally, let D(z) = πi(1, 1). The 
orresponding game is:







I N

I (A(z), A(z)) (B(z), C(z))

N (C(z), B(z)) (D(z), D(z))







The matrix gives the �rms payo�s, given their 
hoi
es and given the realization of the NPE's innovation. The

dis
ussion will fo
us on the 
ase where the NPE's innovation is not observed prior to the �rm's investment

de
isions, so it is the averages of these fun
tions that are relevant for the �rms 
hoi
es. Subsequently,

averages su
h as that of A(z) will be given as: Ā =
∫

A(z)dG(z).

Proposition 3: The di�eren
es A(z)− C(z) and B(z)−D(z) satisfy the following properties:

1. A(0)− C(0) = B(0)−D(0) = 0, A− C = A(1)− C(1) ≤ B(1)−D(1) = B −D,

2. 0 ≤ A′(z)− C′(z) ≤ B′(z)−D′(z).

It follows from 1 and 2 that A(z)− C(z) ≤ B(z)−D(z) for all z.

12



From proposition (3), 0 ≤ Ā − C̄ ≤ B̄ − D̄, Ā − C̄ ≤ A − C, and B̄ − D̄ ≤ B −D. In parti
ular, these

inequalities yield proposition (2).

4.3.2 The NPE's payo�

Re
all that ϕ(z) (see equation (7)) gives the total revenue for the NPE when li
ensing to both �rms. The

probability of su

ess of the NPE, in terms of being able to li
ense depends on the number of �rms investing.

If both invest, given z, the return ϕ(z) is obtained in the region where z < min{xi, xj}, and so the expe
ted

payo�, given z is
∫ 1

z

∫ 1

z
ϕ(z)dFjdFi = ϕ(z)[1−F (z)]2. If just one �rm invests, say i, then the NPE li
enses on

the region {z < xi} so the expe
ted payo� to the NPE given z is N1(z) =
∫ 1

z

∫ 1

0 ϕ(z)dFjdFi = ϕ(z)[1−F (z)].

Finally, if neither �rm invests, the NPE li
enses for sure and the expe
ted payo� is N0(z) = ϕ(z). Let

Nk(z) = ϕ(z)[1− F (z)]k, k = 0, 1, 2

denote the expe
ted revenue of the NPE given innovation z, given k �rms invest. From the de�nitions,

N2(z) ≤ N1(z) ≤ N0(z). The expe
ted revenue of the NPE from investment when k �rms invest is:

N̄k =

∫ 1

0

ϕ(z)[1− F (z)]kdG(z), k = 0, 1, 2

Re
all that

ϕ(z) = ϕ∗(z)− πi(1, 1)− πj(1, 1), where ϕ∗(z)
def
= max

0≤f≤1−z

{

[piq̃i − zq̃i] + [pj q̃i − zq̃j ]
}

(17)

At z = 1, the only possible 
hoi
e of f is f = 0 and then pαq̃α − zq̃α = πα(1, 1), α = i, j. In this 
ase

ϕ(z) = 0. When z = 0, ϕ∗(0) ≥ πi(0, 0) + πj(0, 0), so ϕ(0) ≥ 2[πi(0, 0) − πi(1, 1)] (using symmetry). Note

also that ϕ∗(z) is de
reasing in z. It is useful to plot the fun
tions that determine the strategi
 
al
ulations

of both the �rms and the NPE.

4.4 Equilibrium with an NPE

Although the model is quite simple, the stru
ture of the equilibrium set is somewhat 
omplex be
ause there

are a large number of possible equilibrium out
omes, depending on the exa
t shape of the pro�t fun
tion and

innovation distributions. In terms of the bene�t from investment, there are two aspe
ts to bear in mind �

the volume of investment and the performan
e of the investment (be
ause the �rms and NPE have di�erent
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N0(z)N1(z)N2(z)

z

ϕ(0)

A(z)− C(z)

B(z)−D(z)

x

B−D

A−C

Figure 6: The fun
tions Nk(z), A(z)− C(z) and B(z)−D(z).

su

ess performan
e, as measured by F and G). So, for example, from a welfare perspe
tive, the 
ase where

the NPE alone invests may be di�erent from that where a single �rm invests, even thought the investment

expenditure is the same. These issues are 
onsidered �rst for the general 
ase and then for the linear model

(se
tion (5)) where the 
omparisons are simpler.

Proposition (4) des
ribes equilibrium behavior in the NPE environment. Although the exit thresholds

are determined by Ā− C̄ and B̄ − D̄ for the �rms and N̄2, N̄1, N̄0 for the NPE, the thresholds are not fully

determined by these: the 
hara
terization also requires parameters from the non-NPE environment (A− C

and B−D). The reason is simple. If, for example, the NPE 
hooses not to invest, regardless of the behavior

of the �rms, then the �rms are e�e
tively in a non-NPE environment with an analogous strategi
 situation.

Proposition 4: Equilibrium investment as ρ in
reases is as follows:

1. For ρ ∈ [0, Ā− C̄]:

(a) If ρ ≤ min{N̄2, Ā− C̄} the investment stru
ture is ffn.

(b) If min{N̄2, Ā− C̄} < ρ ≤ Ā− C̄ the investment stru
ture is ff .

2. For ρ ∈ (Ā− C̄, B̄ − D̄]:

(a) If Ā− C̄ < ρ ≤ min{N̄1, B̄ − D̄} the investment stru
ture is fn.

(b) If min{N̄1, B̄ − D̄} < ρ ≤ min{max{N̄1, A− C}, B̄ − D̄} the investment stru
ture is ff .

(
) If max{N̄1, A− C} < ρ ≤ B̄ − D̄, then investment stru
ture is f .

3. For ρ ∈ (B̄ − D̄, B −D]:

14



(a) If B̄ − D̄ < ρ ≤ max{B̄ − D̄, N̄0} the investment stru
ture is n.

(b) If max{B̄ − D̄, N̄0} < ρ ≤ max{max{B̄ − D̄, N̄0}, A− C} the investment stru
ture is ff .

(
) If max{max{B̄−D̄, N̄0}, A−C} < ρ ≤ max{max{B̄−D̄, N̄0}, B−D} the investment stru
ture

is f .

(d) If max{max{B̄ − D̄, N̄0}, B −D} < ρ there is no investment.

4. For ρ ∈ (B −D,∞):

• If ρ > max{N̄0, B −D}, or there is no investment.

• If N̄0 > B −D the NPE alone invests for ρ ∈ (B −D, N̄0).

To motivate the des
ription of equilibrium investment in proposition (4), 
onsider a few 
ases.

Remark 4.3: In all �gures throughout the paper, broad lines, , indi
ate investment levels in the non-

NPE environment with two �rms and dashed lines, , indi
ate investment in the NPE environment.

The notation fn in �gure (7) means that one �rm (f) and the NPE (n) invest; similarly, f means that just

one �rm alone invests, and so on. In the non-NPE environment, only �rms 
an invest so there is no room

for ambiguity.

Consider the 
ase where Ā− C̄ < N̄1 < A−C < B̄−D̄ or where Ā− C̄ < A−C < N̄1 < B̄−D̄. In the

non-NPE environment, the two �rms will invest for ρ up to A−C and one will invest for A−C < ρ ≤ B̄−D̄

(sin
e B̄−D̄ ≤ B−D). Next, 
onsider the NPE environment. For ρ > Ā−C̄, there is no equilibrium where

0

1

2

3
fn ff

f

•

Ā−C̄ N̄1 A−C B̄−D̄
· · · · ρ 0

1

2

3
fn fn

f

•

Ā−C̄ A−C N̄1 B̄−D̄
· · · · ρ

Figure 7: Investment on (Ā− C̄, B̄ − D̄].

both �rms invest if the NPE does also. If the NPE invests, the expe
ted gross return when one �rm invests

is N̄1 and investment 
ost is ρ � so provided Ā−C̄ < ρ ≤ N̄1 < B̄−D̄, the NPE will invest as will one �rm.

This is indi
ated in the �gure by fn. When N̄1 < ρ ≤ B̄−D̄ even if the NPE invests, at least one �rm will
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also, and in this 
ase the NPE will not invest sin
e ρ > N̄1. But, in this 
ase, on the interval ρ ∈ (N̄1, A−C]

both �rms will invest (indi
ated by ff). Finally, when ρ ∈ (A−C < B̄−D̄], again the NPE will no invest,

and be
ause ρ > A−C, just one �rm will invest. (This is indi
ated by f). Similarly, 
onsidering the 
ase

Ā−C̄ < A−C < N̄1 < B̄−D̄ suppose that ρ ∈ (A−C, N̄1]. In this 
ase, the NPE will invest as will one �rm

� sin
e the �rm will invest (given the presen
e of the NPE), for ρ up to B̄ − D̄, so that the NPE and one

�rm invest (nf). And so on.

Let IN (ρ) and I0(ρ) be total investment when the NPE is present (IN (ρ)), and when the NPE is not

present (I0(ρ)). The following proposition 
hara
terizes the levels of investment in the two regimes. From

proposition (4) the level of investment may be 
hara
terized as a fun
tion of investment 
ost ρ.

Proposition 5: The impa
t of the NPE on investment (relative to the environment with just two �rms)

is as follows:

1. For ρ ∈ [0, Ā− C̄], IN (ρ) ≥ I0(ρ), with stri
t inequality for ρ ≤ N̄2.

2. For ρ ∈ (Ā−C̄, B̄−D̄], IN (ρ) ≥ I0(ρ), with equality if A−C ≥ min{B̄−D̄, N̄1}. If A−C < min{B̄−

D̄, N̄1} then IN (ρ) > I0(ρ) for ρ ∈ (A−C,min{B̄ − D̄, N̄1}]. If A−C < min{B̄ − D̄, N̄1} < B̄ − D̄,

then IN (ρ) = I0(ρ) for (N̄1, B̄ − D̄].

3. For ρ ∈ (B̄ − D̄, B − D], IN (ρ) ≤ I0(ρ), with equality if min{A−C, N̄1} ≤ B̄ − D̄. If min{A−

C, N̄1} > B̄ − D̄ then IN (ρ) < I0(ρ) for ρ ∈ (B̄ − D̄,min{A−C, N̄1}] and IN (ρ) = I0(ρ) for

ρ ∈ (min{A−C, N̄1}, B−D].

4. For ρ ∈ (B −D,∞), if N̄0 ≤ B−D, then IN (ρ) = I0(ρ) = 0 and if N̄0 > B −D, IN (ρ) > I0(ρ) for

ρ ∈ (B−D, N̄0] and IN (ρ) = I0(ρ) = 0 for ρ ∈ (N̄0,∞).

Although this appears 
ompli
ated, the main insights 
an be read from �gure (7) (�gure (11) in ap-

pendix C) and �gure (11). For example, if Ā−C̄ < N̄1 < A−C < B̄−D̄, then on (Ā−C̄, N̄1] one �rm and the

NPE invest, whereas on (N̄1, A−C] both �rms invest and the NPE does not, while on (A− C, B̄ − D̄] just

one �rm invests. By 
ontrast, in the environment without the NPE, two �rms invest for all ρ in the region

(Ā−C̄, A−C] and one invests on (A−C, B̄−D̄]. In ea
h 
ase, there are two investors, but the distribution over

out
ome will be di�erent be
ause on (Ā−C̄, N̄1] in one 
ase a �rm and the NPE invest, while in the other

two �rms invest.

4

And, if A−C < B̄−D̄ (again 
onsidering the NPE 
ase), from �gure (11), if N̄0 < B̄ − D̄

4

Alternatively, if Ā− C̄ < A−C < N̄1 < B̄−D̄, in the non-NPE environment just one �rm invests for ρ in the interval
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one �rm invests on the entire interval (B̄−D̄, B−D], whereas if N̄0 ∈ (B̄−D̄, B−D] the NPE alone invests

for ρ ∈ (B̄−D̄, N̄0] and a single �rm invests for ρ ∈ (N̄0, B−D], 
ontrasting with the non-NPE 
ase where a

single �rm invests on the entire interval. Of 
ourse, in this model, the e�
a
y of investment, 
omparing the

NPE and the �rms, varies be
ause the out
ome distributions are di�erent (F and G).

5 The Linear Case

It turns out that in the linear model, the various thresholds are unambiguously ordered. This is dis
ussed

next. In the linear model, pri
e is P (Q) = a−bQ, the 
ost fun
tion ci(qi) = ciqi for �rm i and the te
hnology

distribution is uniform, F (y) = G(y) = y.

Proposition 6: In the linear 
ase:

ψ∗(xi) =
1

9b
[2(a− xi)

2 + (a− 1)(1− xi)] and ϕ∗(z) =











1
4b (a− z)2, z ≤ 4−a

3

2
9b [a− 3z + 2][a− 1], z > 4−a

3

From these expressions:

ϕ∗(y)− ψ∗(y) =
1

36b (a+ y − 2)2, y ≤ 4−a
3

1
9b (1− y)(2y + a− 3), y ≥ 4−a

3

so that ϕ∗(y)− ψ∗(y) ≥ 0 for all y.5

It may be worth noting that for a �rm. li
ensing dire
tly (rather than establishing an NPE to administer

the IP and 
olle
t fees) is preferable. To see this, re
all that ψ(x) = ψ∗(x) − πj(x, 1) and ϕ(x) = ϕ∗(x) −

πi(1, 1) − πj(1, 1). If the �rm establishes a NPE for li
ensing, the li
ense revenue is ϕ(x) and in addition

the �rm operation yields πi(1, 1) after payment of all li
ense fees. Therefore the two alternative revenues

are: ψ(x) = ψ∗(x) − πj(x, 1) and ϕ(x) + πi(1, 1) = ϕ∗(x) − πj(1, 1). For the �rm, establishing an NPE

to manage intelle
tual property is preferable if and only if ψ(x) ≥ ϕ(x) + πi(1, 1). Or equivalently, if

ϕ∗(x) − ψ∗(x) ≥ πj(1, 1)− πj(x, 1). Proposition (7) 
on�rms that this 
ondition is satis�ed.

(A−C, N̄1] whereas one �rm and the NPE invest in the environment with the NPE. In this 
ase, the presen
e of the NPE

unequivo
ally improves the distribution over out
omes.

5

Cal
ulations are in appendix D.
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Proposition 7: For all x,

ϕ∗(x) − ψ∗(x) ≤ πj(1, 1)− πj(x, 1)

Consequently, dire
t li
ensing by the �rm is preferable.

5.1 Payo� parameters.

For a �rm, the key parameters a�e
ting behavior are:

A− C B −D Ā− C̄ B̄ − D̄

1
9b [− 5

2 + 8
3a]

1
9b [− 19

6 + 7
2a]

1
9b [− 53

30 + 23
12a]

1
9b [− 25

12 + 7
3a]

For the NPE, depending on the number of �rms investing, the expe
ted payo� is:

N̄0 =











1
9b [− 11

9 + 5
3a+

1
3a

2 − 1
36a

3], a < 4

1
9b [3a− 3], a ≥ 4

N̄1 =











1
9b [− 22

27 + 34
27a+

1
9a

2 + 1
108a

3 − 1
432a

4], a < 4

1
9b [2a− 2], a ≥ 4

N̄2 =











1
9b [− 479

810 + 155
162a+

7
81a

2 − 1
324a

3 + 1
648a

4 − 1
3240a

5], a < 4

1
9b [

3
2a− 3

2 ], a ≥ 4

Comparison of these gives, for all a ≥ 2 (take a ≥ 2 so that pro�t is always non-negative):

N̄2 < Ā− C̄ < N̄1 < B̄ − D̄ < A− C < N̄0 < B −D

Figure (13) in the appendix provides a plot as a varies. Given these parameter relations, one may graph the

investment pattern as 
ost varies. In �gure (8) the investment patterns with the NPE and in its absen
e are

shown. (The notation ff indi
ates that (only) the two �rms invest; whereas fn indi
ates that one �rm and

the NPE invest.) As the �gure illustrates, the level of investment is higher with the NPE for low levels of


ost (ρ < N̄2). Above N̄2, investment is always as high in the absen
e of the NPE, and sometimes higher
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(on the region [B̄ − D̄, A− C]).

0

1

2

3
ffn

ff fn ff

n n f

•

• • • •

• • • •

N̄2 N̄1 N̄0Ā−C̄ B̄−D̄ A−C B−D
ρ

Figure 8: Investment.

Remark 5.1: Be
ause the thresholds vary 
ontinuously with the parameters, if the distribution of the NPE

were poorer than that of a �rm, then on the interval [Ā − C̄, N̄1] the impa
t of the NPE is to lower the

overall quality of the te
hnology draw relative to the 
ase where there is no NPE.

5.2 The 
ase with three �rms

The previous dis
ussion in se
tions (4.2), (4.3) and (4.4) 
onsiders the impa
t of the presen
e on an NPE

in a two �rm two market environment. How would investment be impa
ted by the addition of third �rm

(vis-a-vis the addition of the NPE)? The impa
t on overall investment resulting from the addition of a third

�rm and a third market 
ontrasts with the addition of an NPE to an environment with two di�erentiated

markets, where the presen
e of the NPE leaves the market stru
ture un
hanged. One simple 
ase to 
onsider

is where the two �rms supply the same market, so that a third �rm is just an additional supplier to this

market. Of 
ourse, adding third �rm 
hanges the degree of 
ompetition (unlike the addition of an NPE),

so that 
omparing the overall level of investment in these two 
ases may be questionable sin
e the market

stru
ture is altered. This 
on
ern aside, one may 
ompare the impa
t on investment of the presen
e of the

NPE vis-a-vis the presen
e of a third �rm.

With three �rms and no NPE, li
ensing pro
eeds as in se
tion (4.1), modi�ed to take a

ount of the

additional �rm. Denoting the �rms i, j, k, let the (redu
ed form) pro�t for i, as a fun
tion of 
ost be

π1(xi, xj , xk). In this 
ase, the maximal revenue from pro�t plus li
ense fees to i when i be
omes the patent
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holder be
omes :

ψ3(xi) = max
f≤1−xi

{πi(xi, xi + f, xi + f) + [πj(xi, xi + f, xi + f)− πj(xi, 1, 1)] + f q̂j(f, xi)} (18)

+ [πk(xi, xi + f, xi + f)− πk(xi, 1, 1)] + f q̂k(f, xi)}

= max
f≤1−xi

{

[piq̂i − xiq̂i] + [pj q̂j − xiq̂j ] + [pkq̂k − xiq̂k]
}

− πj(xi, 1, 1)− πk(xi, 1, 1)

= ψ∗
3(xi)− πj(xi, 1, 1)− πk(xi, 1, 1), ψ

∗
3(xi)

def
= max

f≤1−xi

{

[piq̂i − xiq̂i] + [pj q̂j − xiq̂j ] + [pk q̂k − xiq̂k]
}

Here, q̂r is the equilibrium output level of �rm r when the 
ost stru
ture is (ci, cj , ck) = (xi, xi + f, xi + f).

As in se
tion (4.3), when both j and k invest, let A3(xk) be the expe
ted value to �rm i from investing

and C3(xk) be the payo� if i does not invest.

A3(xk) =

∫ xk

0

∫ 1

xi

ψ3(xi)dFjdFi +

∫ xk

0

∫ 1

xj

πi(1, xj , 1)dFidFj +

∫ 1

xk

∫ 1

xk

πi(1, 1, xk)dFjdFi (19)

C3(xk) =

∫ xk

0

∫ 1

0

πi(1, xj , 1)dFidFj +

∫ 1

xk

∫ 1

0

πi(1, 1, xk)dFjdFi (20)

Let A3 =
∫ 1

0
A3(xk)dFk and C3 =

∫ 1

0
C3(xk)dFk.

Next, suppose that k does not invest (but j does). Then the payo�s to i from investing (B3) and not

investing (D3) respe
tively are:

B3 =

∫ 1

0

∫ 1

xi

ψ3(xi)dFjdFi +

∫ 1

0

∫ xi

0

πi(1, xj , 1)dFjdFi

D3 =

∫ 1

0

πi(1, xj , 1)dFj

Finally, if neither j or k invest, then the payo�s to i from investing (E) and not investing (F ) respe
tively

are:

E3 =

∫ 1

0

ψi
3(xi, 1, 1)dFi, F3 = πi(1, 1, 1)

In this environment, all three �rms will in equilibrium invest in R&D if ρ < A3 − C3; two �rms will

invest if A3 − C3 < ρ < B3 − D3, one �rm will invest if B3 − D3 < ρ < E3 − F3, and no �rm will invest

of E3 − F3 < ρ. This is the 
ase, regardless of whether the �rms supply di�erentiated markets or not.

However, as mentioned, with di�erentiated 
ommodities an additional market (with demand pk) is added

in this model making interpretation di�
ult. A spe
ial 
ase o

urs when all �rms share a market, so that
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pi = pj = pk = P . In what follows, take the linear demand model as dis
ussed in se
tion (5).

Proposition 8: Suppose that three �rms supply the market with demand P = a− bQ. Then

A3 − C3 B3 −D3 F3 − E3

1
480b (−112 + 115a) 1

96b (−29 + 30a) 1
48b (−20 + 21a)

Proposition 9: Let I3(ρ) be the number of �rms investing in equilibrium at 
ost ρ. Then, for all ρ,

I3(ρ) ≥ I0(ρ) ≥ IN (ρ) (where I0(ρ) is investment in the two �rm 
ase and IN (ρ) is investment with the

two �rms and NPE).

Proof: The proof follows dire
tly from 
omparison of the various thresholds, depi
ted in �gure (9). Here,

the dotted line, , represents the number of investing �rms when there are three �rms operating in

the market.

0

1

2

3
ffn

ff fn ff

n n f

•

• • • •

• • • •

N̄2 N̄1 N̄0Ā−C̄ B̄−D̄ A−C B−D
A3−C3

|

B3−D3

|

E3−F3

| ρ

Figure 9: Investment, in
luding 3 �rm 
ase.

The impa
t of an NPE on the overall level of investment and innovation depends on parameter values

(pro�t fun
tions and te
hnology distributions.) The presen
e of an NPE always raises investment when

investment 
ost is low. Also, the maximum 
ost at whi
h investment would take pla
e is never lower with

an NPE present.
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6 Con
lusion

The impa
t of an NPE on the overall level of investment and innovation depends on parameter values (pro�t

fun
tions and te
hnology distributions.) The presen
e of an NPE always raises investment when investment


ost is low. Also, the maximum 
ost at whi
h investment would take pla
e is never lower with an NPE

present. This is be
ause the NPE either invests at 
ost levels that �rms would not invest at if the NPE were

absent; or at high 
ost levels the NPE simply drops out and the �rms behave as they would if there where

no NPE. At intermediate 
osts, the impa
t on investment and innovation is ambiguous and requires a 
ase

by 
ase evaluation 
hara
terized by threshold levels of entry and exit from investment.
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Appendi
es

A Monopoly: Appendix for se
tion 3

Proposition 1: With an NPE, both �rm and NPE invest when ρ < ρ. On the region [ρ, ρ̄] only one invests

with the �rm investing if EF > EN and the NPE investing when EF < EN . On the region [ρ̄, ρ∗] only one

invests. If ρ̄ < ρ∗, then on the region [ρ̄, ρ∗] only one invests and it may be either the �rm or the NPE. On

the region [ρ∗, ρ
∗] the entity with the larger value of {SF , SN} is the sole investor.

Proof: Consider �rst the 
ase where both invest. Conditional on z, the expe
ted payo�s to the �rm and

NPE are:

VF (z) =

∫ 1

0

VF (x, z)dF (x) =

∫ z

0

π(x)dF (x) +

∫ 1

z

π(1)dF (x)

VN (z) =

∫ 1

0

VN (x, z)dF (x) =

∫ 1

z

[π(z)− π(1)]dF (x) = [π(z)− π(1)][1 − F (z)]

Given z, if x < z then the �rm gets pro�t π(x) while the NPE gets nothing: 
onversely, when x > z,

the NPE extra
ts the full surplus π(x) − π(1) and the �rm gets π(1). Thus, the un
onditional expe
ted

payo�s are V̄F = E{VF (z)} and V̄N = E{VN (z)}. So,

V̄F =

∫ 1

0

∫ z

0

π(x)dF (x)dG(z) +

∫ 1

0

∫ 1

z

π(1)dF (x)dG(z) (21)

and

V̄N =

∫ 1

0

∫ 1

z

π(z)dF (x)dG(z) −
∫ 1

0

∫ 1

z

π(1)dF (x)dG(z) (22)

=

∫ 1

0

[π(z)− π(1)][1 − F (z)]dG(z) (23)

The net gain to the �rm from investing (given the NPE also invests) is V̄F − π(1):

V̄F − π(1) =

∫ 1

0

∫ z

0

[π(x) − π(1)]dF (x)dG(z) (24)

From remark (A.2) below, for any fun
tion h(x),
∫ 1

0

∫ z

0
h(x)dF (x)dG(z) =

∫ 1

0
h(x)[1 − G(x)]dF (x). Ap-
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plying this to equation (24),

V̄F − π(1) =

∫ 1

0

[π(x) − π(1)][1 −G(x)]dF (x) (25)

These 
al
ulations give two exit thresholds. Given the �rm 
hooses to invest, the NPE would exit when ρ

is larger than EN
def
= V̄N , and given that the NPE 
hooses to invest, the �rm would exit at whenever ρ is

larger than EF
def
= V̄F − π(1). Exit thresholds are given by

ρ = min{EF , EG} and ρ̄ = max{EF , EG}

For ρ < ρ, both �rm and NPE invest; between ρ and ρ̄ the entity with the larger exit threshold invests

alone.

These exit thresholds may be ordered, if F and G are ordered (in sto
hasti
 dominan
e terms). Letting

ψ(z) = π(z) − π(1), ψ(z) is de
reasing in z, as are [π(z) − π(1)][1 − F (z)] and [π(z) − π(1)][1 − G(z)].

Suppose that F � G so that F (z) ≤ G(z) and [1− F (z)] ≥ [1−G(z)]. Then

EN =

∫ 1

0

ψ(z)[1− F (z)]dG(z) ≥
∫ 1

0

ψ(z)[1−G(z)]dG(z) ≥
∫ 1

0

ψ(z)[1−G(z)]dF (z) = EF

where the last inequality follows be
ause ψ(z)[1 − G(z)] is de
reasing and F � G. Therefore, if F � G,

then EN ≥ EF . Conversely, if G � F , then EF ≥ EN .

If the �rm alone invests, it obtains expe
ted pro�t of π̄F =
∫ 1

0
π(x)dF (x) for a pro�t net of investment


ost of π̄F − ρ, whereas not investing yields π(1). The gain from investing, when investing alone is

SF = π̄F − π(1). If the NPE alone invests, the NPE extra
ts the full surplus, π(z)− π(1), at te
hnology

z and the expe
ted bene�t to the NPE is SN =
∫ 1

0
π(z)dG − π(1) = π̄G − π(1). If F � G, SN ≥ SF and

if G � F , SF ≥ SN .

Comparing VF and π̄F :

V̄F =

∫ 1

0

∫ z

0

π(x)dF (x)dG(z) +

∫ 1

0

∫ 1

z

π(1)dF (x)dG(z)

π̄F =

∫ 1

0

∫ z

0

π(x)dF (x)dG(z) +

∫ 1

0

∫ 1

z

π(x)dF (x)dG(z)
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so

π̄F − V̄F =

∫ 1

0

∫ 1

z

[π(x) − π(1)]dF (x)dG(z)

=

∫ 1

0

[π(x) − π(1)]G(x)dF (x)

=

∫ 1

0

ψ(x)G(x)dF (x)

The gap between the �rms' exit thresholds SF and EF is:

SF − EF = [π̄F − π(1)]− [V̄F − π(1)] = π̄F − V̄F =

∫ 1

0

[π(x)− π(1)]G(x)dF (x) =

∫ 1

0

ψ(x)G(x)dF (x)

Similarly, with

V̄N =

∫ 1

0

∫ x

0

[π(z)− π(1)]dG(z)dF (x) +

∫ 1

0

∫ 1

x

0 · dG(z)dF (x)

π̄G − π(1) =

∫ 1

0

∫ x

0

[π(z)− π(1)]dG(z)dF (x) +

∫ 1

0

∫ 1

x

[π(z)− π(1)]dG(z)dF (x)

so that [π̄G − π(1)] − V̄N =
∫ 1

0

∫ 1

x
[π(z) − π(1)]dG(z)dF (x) =

∫ 1

0 [π(z) − π(1)]F (z)dG(z). Therefore, the

gap between the NPE's exit thresholds SN and EN is

SN − EN =

∫ 1

0

[π(z)− π(1)]F (z)dG(z) =

∫ 1

0

ψ(z)F (z)dG(z)

In general, there is no 
onne
tion between the ordering of the pairs (EN , EF ) and (SN , SF ), as the following

example illustrates.

Example A.1: Let π(x) − π(1) = 1− x, F (x) = x and

G(x) =











2x(1− x), x ≤ 1
2

1− 2x(1− x), x > 1
2

F se
ond order sto
hasti
ally dominates G. The following 
al
ulations show that SF = SN and EF < EN .

To see that SK = SN :

SF =

∫ 1

0

ψ(x)dF (x) =

∫ 1

0

(1− x)dx =
1

2
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SN =

∫ 1

0

ψ(x)dG(x) =

∫ 1

2

0

(1− x)(2 − 4x)dx +

∫ 1

1

2

(1− x)(−2 + 4x)dx

=

∫ 1

2

0

(1− x)(2 − 4x)dx −
∫ 1

1

2

(1− x)(2 − 4x)dx

=
5

12
− (− 1

12
) =

1

2

Using the fa
t that EN = SN −
∫ 1

0 ψ(z)F (z)dG(z),

EN = SN −
(

∫ 1

2

0

(1− x)x[2 − 4x]dx+

∫ 1

1

2

(1 − x)x[−2 + 4x]dx
)

= SN −
(

∫ 1

2

0

(1− x)x[2 − 4x]dx−
∫ 1

1

2

(1 − x)x[2 − 4x]dx
)

= SN −
( 1

16
− [− 1

16
]
)

= SN − 1

8
=

3

8

Similarly, EF = SF −
∫ 1

0 ψ(x)G(x)dF (x),

EF = SF −
(

∫ 1

2

0

(1− x)2x(1 − x)dx +

∫ 1

1

2

(1 − x)[1− 2x(1 − x)]dx
)

= SF −
(11

96
+

7

96

)

= SF − 18

96
=

1

2
− 3

16
=

5

16

So, EN = 6
16 and EF = 5

16 . For the net pro�t fun
tion ψ, EF < EN and SF = SN .

If instead, pro�t were given by π̂(x) − π̂(1) = ψ̂(x) = 1− x2, then

ŜF =

∫ 1

0

(1− x2)dx =
2

3
=

32

48

ŜE =

∫ 1

2

0

(1 − x2)(2 − 4x)dx+

∫ 0

1

2

(1 − x2)[−2 + 4x]dx

=

∫ 1

2

0

(1 − x2)(2 − 4x)dx−
∫ 0

1

2

(1 − x2)[2 − 4x]dx

=
23

48
− (− 7

48
) =

30

48
✸

Therefore, for the net pro�t fun
tion ψα = ψ+αψ̂, with α small, the 
orresponding exit thresholds (with

α supers
ripts) satisfy: Eα
F < Eα

N and Sα
F > Sα

N .

In 
ontrast, if pro�t is given by π̃(x)− π̃(1) = ψ̃(x) = 1−√
x, then S̃F = 1

3 while S̃N = 11
15 − 4

15

√
2 ≈

0.356.
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Remark A.1: Note

∫ z

0
[1 − F (x)]dF (x) =

∫ z

0
dF (x) −

∫ z

0
F (x)dF (x) = F (z) − 1

2F (z)
2
, so that

∫ 1

0
[1 −

F (x)]dF (x) = 1
2 . Also, letting G = F + (G− F ),

γ =

∫ 1

0

[1− F (z)]dG(z) =

∫ 1

0

[1− F (z)]dF (z) +

∫ 1

0

[1− F (z)](dG− dF ) =
1

2
−
∫ 1

0

[F (z)− 1](dG− dF )

So, if G �rst order sto
hasti
ally dominates F , then γ < 1
2 and if F �rst order sto
hasti
ally dominates G,

then γ > 1
2 . Note that when G sto
hasti
ally dominates F , draws from G tend to be higher � meaning

lower quality te
hnology. When F = G, γ = 1
2 .

Remark A.2: Let h(x) be a fun
tion on [0, 1] and F , G 
ontinuous distributions on [0, 1]. Then

∫ 1

0

∫ z

0

h(x)dF (x)dG(z) =

∫ 1

0

h(x)[1 −G(x)]dF (x)

To see this, 
onsider dis
rete approximations to the integral on a grid {0, 1
n
, 2
n
, . . . , n

n
} = {δ0, δ1, . . . , δn}.

De�ne fk = F ( k
n
)− F (k−1

n
) with F (0) = 0, k = 1, . . . , n. Similarly, gk = G( k

n
)−G(k−1

n
). Then

∫ 1

0

∫ z

0

h(x)dF (x)dG(z) ≈
δn
∑

z=δ1

z
∑

x=δ1

h(x)fxgz ≈
∫ 1

0

h(x)[1 −G(x)]dF (x)

To see this, 
onsider:

δn
∑

z=δ1

z
∑

x=δ1

h(x)fxgz = h(δ1)fδ1gδ1

+h(δ1)fδ1gδ2 + h(δ2)fδ2gδ2

+h(δ1)fδ1gδ3 + h(δ2)fδ2gδ3 + h(δ3)fδ3gδ3

+h(δ1)fδ1gδ4 + h(δ2)fδ2gδ4 + h(δ3)fδ3gδ4 + h(δ4)gδ4fδ4

+ · · ·

= h(δ1)fδ1 + h(δ2)fδ2 [G(δn)−G(δ1)] + h(δ3)fδ3 [G(δn)−G(δ2)] + · · ·

= h(δ1)fδ1 + h(δ2)fδ2 [1−G(δ1)] + h(δ3)fδ3 [1 −G(δ2)] + · · ·

so,

∫ 1

0

∫ z

0

h(x)dF (x)dG(z) =

∫ 1

0

h(z)[1−G(z)]dF (z)
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Similarly,

∫ 1

0

∫ 1

z
h(x)dF (x)dG(z) =

∫ 1

0
h(x)G(x)dF (x). To see this, 
onsider:

δn
∑

z=δ1

δn
∑

x=z

h(x)fxgz = h(δ1)fδ1gδ1 + h(δ2)fδ2gδ1 + h(δ3)fδ3gδ1 + · · ·+ h(δn)fδngδ1

+ h(δ2)fδ2gδ2 + h(δ3)fδ3gδ2 + · · ·+ h(δn)fδngδ2

+ h(δ3)fδ3gδ3 + · · ·+ h(δn)fδngδ3

.

.

.

.

.

.

h(δn)fδngδn

= h(δ1)fδ1G(δ1) + h(δ2)fδ2G(δ2) + h(δ3)fδ3G(δ3) + · · ·

Whi
h is approximately

∫ 1

0
h(x)G(x)dF (x).

B Li
ensing: Appendix for se
tion 4.1.

The following dis
ussion 
on�rms the 
ontents of remark (4.1). Lemma (1) show that R(f, xi) is de
reasing

in f under general 
onditions. Lemma (2) shows that the optimal li
ense fee (royalty) set by a �rm is stri
tly

positive, and lemma (3) shows this is also true when the NPE is li
ensor.

Lemma 1: Suppose that the goods are substitutes meaning that p
j
i < 0. If in
reasing the royalty fee redu
es

the equilibrium output of j,
∂q̂j
∂f

< 0, and if the goods are strategi
 substitutes, so that the best response of

i is de
reasing in j's output, then a li
en
e fee of 0 is a global maximum for R, with li
ense revenue R(0).

R(0;xi) ≥ max
f≤1−xi

R(f ;xi)

✸

Proof: Let (q̂i, q̂j) be the equilibrium quantities (whi
h depend on (f, xi), q̂i(f, xi), and q̂i(f, xi)). The


orresponding equilibrium pro�ts are: πi(xi, xi + f) = πi(xi, xi + f ; q̂i, q̂j), π
j(xi, xi + f) = πj(xi, xi +

f ; q̂i, q̂j).

Given li
ensing by i at fee f , the 
hoi
es q̂i and q̂j satisfy the �rst order 
onditions:

q̂ip
i
i + pi − xi = 0, q̂jp

j
j + pj − (xi + f) = 0. (26)
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(With notation pkr = pkr (qi, qj) =
∂pk(qi,qj)

dqr
, k, r = i, j).

The dire
t impa
t of an in
rease in f is to alter the marginal 
ost of the li
ensee. This a�e
ts the pro�t

of both li
ensor and li
ensee:

πi
f =

∂πi(xi, xi + f)

∂f
= q̂ip

i
i

∂q̂i

∂f
+ pi

∂q̂i

∂f
+ q̂ip

i
j

∂q̂j

∂f
− xi

∂q̂i

∂f

= [q̂ip
i
i + pi − xi]

∂q̂i

∂f
+ q̂ip

i
j

∂q̂j

∂f

= q̂ip
i
j

∂q̂j

∂f
(27)

π
j
f =

∂πj(xi, xi + f)

∂f
= q̂ip

j
j

∂q̂j

∂f
+ pj

∂q̂j

∂f
+ q̂jp

j
i

∂q̂i

∂f
− (xi + f)

∂q̂j

∂f
− q̂j

= [q̂ip
j
j + pj − (xi + f)]

∂q̂j

∂f
+ q̂jp

j
i

∂q̂i

∂f
− q̂j

= q̂jp
j
i

∂q̂i

∂f
− q̂j (28)

The impa
t of varying the royalty fee is (using equation (28)):

Rf (f ;xi) = π
j
f (xi, xi + f) + q̂j(f, xi) + f

∂q̂j

∂f

= q̂j(f, xi)p
j
i

∂q̂i

∂f
− q̂j(f, xi) + q̂j(f, xi) + f

∂q̂j

∂f

= q̂j(f, xi)p
j
i

∂q̂i

∂f
+ f

∂q̂j

∂f
(29)

Sin
e the goods are strategi
 substitutes (best response fun
tion de
reasing), an in
rease in f lowers

q̂j(f ;xi) and hen
e raises q̂i:
∂q̂i
∂f

> 0. Sin
e
∂q̂j
∂f

< 0 and pij < 0, Rf (f ;xi) < 0. For f > 0,

R(f ;xi)−R(0 : xi) =

∫ f

0

Rf (f̃ ;xi)df̃ < 0

These 
al
ulations determine the optimal li
ense fee to maximize dire
t revenue. Considering the overall

impa
t of a li
ensing fee on the �rms operating pro�t plus li
ensing revenue, the optimal 
hoi
e of f is gener-

ally positive: π̂(xi, f) is maximized at some f > 0be
ause the positive li
ense fee 
ontra
ts the 
ompetitors

output. This is the 
ontent of lemma (2).

Lemma 2: The optimal li
ense fee to maximize the sum of pro�t and li
ensing revenue is stri
tly positive

provided the impa
t on aggregate output of a fee in
rease at 0 is negative. ✸
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Proof: Di�erentiating π̂i
with respe
t to f (using equations (27) and (29)),

π̂i
f =

∂π̂i

∂f
= πi

f +Rf

= pij q̂i
∂q̂j

∂f
+ p

j
i q̂j

∂q̂i

∂f
+ f

∂q̂j

∂f

Symmetry, pi(a, b) = pj(b, a), implies that pij(a, b) = p
j
i (b, a). At f = 0, with li
ensing both �rms have

marginal 
ost xi, and 
hoose the same output, so let q̂ = q̂i = q̂j . With δ
def
= pij(q̂, q̂) = p

j
i (q̂, q̂) < 0,

π̂i
f f=0

= q̂ · δ(∂q̂j
∂f

+
∂q̂i

∂f
)

Provided aggregate output is de
reasing in f , (
∂q̂j
∂f

+ ∂q̂i
∂f

< 0), π̂i
f > 0 at f = 0.

Finally, the optimal li
ensing behavior for the NPE requires a positive royalty fee (be
ause it 
urtails output

and raises pro�t whi
h 
an be transferred to the NPE).

Lemma 3: For the Non-pra
tising entity, the optimal royalty fee is positive. ✸

Proof: The impa
t of an in
rease in f on i's pro�t is:

∂πi(f)

∂f
= pii

∂q̃i

∂f
+ q̃ip

i
i

∂q̃i

∂f
+ q̃ip

i
j

∂q̃j

∂f
− (z + f)

∂q̃i

∂f
− q̃i

= [pii + q̃ip
i
i − (z + f)]

∂q̃i

∂f
+ q̃ip

i
j

∂q̃j

∂f
− q̃i

= q̃ip
i
j

∂q̃j

∂f
− q̃i (30)

Maximizing N(z; f) (using equation 30):

Nf (z; f) = q̃ip
i
j

∂q̃j

∂f
− q̃i + q̃i + f

∂q̃i

∂f
+ q̃jp

j
i

∂q̃i

∂f
− q̃j + q̃j + f

∂q̃j

∂f

= q̃ip
i
j

∂q̃j

∂f
+ f

∂q̃i

∂f
+ q̃jp

j
i

∂q̃i

∂f
+ f

∂q̃j

∂f

Thus,

Nf (z; 0) = q̃ip
i
j

∂q̃j

∂f
+ q̃jp

j
i

∂q̃i

∂f
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Sin
e p
j
i < 0, pij < 0 and

∂q̃i
∂f
,
∂q̃j
∂f

< 0, Nf(0, z) > 0.

C Equilibrium: Appendix for se
tions 4.2�4.4.

Proposition 2: Payo�s satisfy: 0 ≤ A−C ≤ B−D. Let the investment 
ost be ρ. If ρ < A−C there is a

unique equilibrium where both �rms invest. If A−C < ρ < B −D, then there are two equilibria where one

or other �rm invests. And if B −D < ρ then the unique equilibria has neither �rm invest.

Proof: This follows from proposition 3 (where the inequalities 0 ≤ A− C ≤ B −D are established).

Proposition 3: The di�eren
es A(z)− C(z) and B(z)−D(z) satisfy the following properties:

1. A(0)− C(0) = B(0)−D(0) = 0, A− C = A(1)− C(1) ≤ B(1)−D(1) = B −D,

2. 0 ≤ A′(z)− C′(z) ≤ B′(z)−D′(z).

It follows from 1 and 2 that A(z)− C(z) ≤ B(z)−D(z) for all z.

Proof: Consider A(z)− C(z). From equations (14) and (16):

A(z)− C(z) =

∫ z

0

∫ 1

xi

ψ(xi)dFjdFi +

∫ z

0

∫ 1

xi

πj(xi, 1)dFjdFi +

∫ 1

z

∫ 1

z

πi(1, 1)dFjdFi

−
∫ z

0

∫ 1

0

πj(xi, 1)dFjdFi −
∫ 1

z

∫ 1

0

πi(1, 1)dFjdFi

=

∫ z

0

∫ 1

xi

ψ(xi)dFjdFi −
∫ z

0

∫ xi

0

πj(xi, 1)dFjdFi −
∫ 1

z

∫ z

0

πi(1, 1)dFjdFi (31)

And, from equation (15), B(z)−D(z):

B(z)−D(z) =

∫ z

0

∫ 1

0

ψ(xi)dFjdFi +

∫ 1

z

∫ 1

0

πi(1, 1)dFjdFi −
∫ 1

0

∫ 1

0

πi(1, 1)dFjdFi

=

∫ z

0

∫ 1

0

ψ(xi)dFjdFi −
∫ z

0

∫ 1

0

πi(1, 1)dFjdFi (32)

Setting z = 0, A(0)− C(0) = B(0)−D(0) = 0. Setting z = 1,

A(1)− C(1) =

∫ 1

0

∫ 1

xi

ψ(xi)dFjdFi −
∫ 1

0

∫ xi

0

πj(xi, 1)dFjdFi (33)

=

∫ 1

0

∫ 1

xi

ψ(xi)dFjdFi −
∫ 1

0

∫ 1

xi

πi(1, xj)dFjdFi (34)

= A− C (35)
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B(1)−D(1) =

∫ 1

0

∫ 1

0

ψ(xi)dFjdFi −
∫ 1

0

∫ 1

0

πi(1, 1)dFjdFi (36)

= B −D (37)

(where (34) follows from

∫ 1

0

∫ xi

0
πj(xi, 1)dFjdFi =

∫ 1

0

∫ 1

xi
πi(1, xj)dFjdFi.)

Di�erentiating with respe
t to z,

A′(z)− C′(z) = ψ(z)[1− F (z)]f(z)− πj(z, 1)F (z)f(z)− πi(1, 1){[1− F (z)]f(z)− F (z)f(z)}

= [ψ(z)− πi(1, 1)][1− F (z)]f(z) + [πi(1, 1)− πj(z, 1)]F (z)f(z)

= [ψ(z)− πi(1, 1)][1− F (z)]f(z) + [πj(1, 1)− πj(z, 1)]F (z)f(z)

≥ 0

using the fa
t that [ψ(z)− πi(1, 1)] ≥ 0 and [πj(1, 1)− πj(z, 1)] ≥ 0. Next,

B(z)−D(z) =

∫ z

0

ψ(xi)dFjdFi −
∫ z

0

∫ 1

0

πi(1, 1)dFjdFi

=

∫ z

0

ψ(xi)dF (xi)− πi(1, 1)F (xi)

Thus,

B′(z)−D′(z) = ψ(z)f(z)− πi(1, 1)f(z) = [ψ(z)− πi(1, 1)]f(z) ≥ 0

Finally, 
omparing A′(z)− C′(z) with B′(z)−D′(z),

A′(z)− C′(z) = [ψ(z)− πi(1, 1)][1− F (z)]f(z) + [πj(1, 1)− πj(z, 1)]F (z)f(z)

= [ψ(z)− πi(1, 1)]f(z)− [ψ(z)− πi(1, 1)]F (z)f(z) + [πj(1, 1)− πj(z, 1)]F (z)f(z)

= B′(z)−D′(z)− [ψ∗(z)− πj(z, 1)− πi(1, 1)]F (z)f(z) + [πj(1, 1)− πj(z, 1)]F (z)f(z)

= B′(z)−D′(z)− [ψ∗(z)− πi(1, 1)]F (z)f(z) + πj(1, 1)F (z)f(z)

= B′(z)−D′(z) + [2πi(1, 1)− ψ∗(z)]F (z)f(z)

≤ B′(z)−D′(z)

Proposition 4: Equilibrium investment as ρ in
reases is as follows:
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1. For ρ ∈ [0, Ā− C̄]:

(a) If ρ ≤ min{N̄2, Ā− C̄} the investment stru
ture is ffn.

(b) If min{N̄2, Ā− C̄} < ρ ≤ Ā− C̄ the investment stru
ture is ff .

2. For ρ ∈ (Ā− C̄, B̄ − D̄]:

(a) If Ā− C̄ < ρ ≤ min{N̄1, B̄ − D̄} the investment stru
ture is fn.

(b) If min{N̄1, B̄ − D̄} < ρ ≤ min{max{N̄1, A− C}, B̄ − D̄} the investment stru
ture is ff .

(
) If max{N̄1, A− C} < ρ ≤ B̄ − D̄, then investment stru
ture is f .

3. For ρ ∈ (B̄ − D̄, B −D]:

(a) If B̄ − D̄ < ρ ≤ max{B̄ − D̄, N̄0} the investment stru
ture is n.

(b) If max{B̄ − D̄, N̄0} < ρ ≤ max{max{B̄ − D̄, N̄0}, A− C} the investment stru
ture is ff .

(
) If max{max{B̄ − D̄, N̄0}, A−C} < ρ ≤ max{max{B̄ − D̄, N̄0}, B −D} the investment stru
ture

is f .

(d) If max{max{B̄ − D̄, N̄0}, B −D} < ρ there is no investment.

4. For ρ ∈ (B −D,∞):

• If ρ > max{N̄0, B −D}, or there is no investment.

• If N̄0 > B −D the NPE alone invests for ρ ∈ (B −D, N̄0).

Proof: Consider these 
ases in turn, beginning with ρ ∈ [0, Ā− C̄]. If ρ ≤ min{N̄2, Ā− C̄} then neither

�rm or the NPE will exit. For ρ < Ā − C̄ neither �rm will exit, and the NPE will exit if and only if

ρ > N̄2. If N̄2 < Ā− C̄, then for ρ ∈ [0, N̄2) both �rms and the NPE invest, while for ρ ∈ [N̄2, Ā− C̄) the

two �rms alone invest.

Next, 
onsider the 
ase where ρ ∈ (Ā − C̄, B̄ − D̄]. If N̄1 ≤ Ā − C̄ the 
ondition Ā − C̄ < ρ ≤

min{N̄1, B̄− D̄} is va
uous. If Ā− C̄ < N̄1 ≤ B̄− D̄, then for ρ ∈ (Ā− C̄, N̄1] the NPE invests, along with

one �rm. If N̄1 ≥ B̄−D̄, then for ρ ∈ (Ā−C̄, B̄−D̄] the NPE and one �rm invests. If instead, N̄1 < B̄−D̄,

the NPE will not invest if a least one �rm 
hooses to invest and be
ause ρ ≤ B̄ − C̄, at least one �rm will

invest. So, with N̄1 < ρ ≤ B̄ − C̄, the NPE will not invest and at least one �rm will invest. Whether a

se
ond �rm invests or not (in equilibrium) depends on the lo
ation of A−C. If A−C ≤ N̄1, then just one

�rm invests for ρ ∈ (N̄1, B̄ − C̄] (and the NPE does not invest.) If N̄1 < A−C ≤ B̄ − D̄, then both �rms
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will invest on (N̄1, A − C] and just one �rm will invest on (A − C, B̄ − D̄], provided A − C < B̄ − D̄; if

A−C ≥ B̄ − D̄ both �rms invest on (N̄1, B̄ − D̄]. (To 
larify, when N̄1 < ρ < A−C ≤ B̄ − D̄, a de
ision

to invest by the NPE will, on that subgame, lead to investment by a single �rm and a negative payo� to

the NPE, sin
e ρ > N̄1. Hen
e, for su
h values of ρ, the NPE will no invest. However, sin
e ρ < A− C,

equilibrium of the subgame has both �rms invest.) Figure (10) depi
ts the 
ases where both N̄1 and A−C

0

1

2

3
fn ff

f

•

Ā−C̄ N̄1 A−C B̄−D̄
· · · · ρ 0

1

2

3
fn fn

f

•

Ā−C̄ A−C N̄1 B̄−D̄
· · · · ρ

Figure 10: Investment on (Ā− C̄, B̄ − D̄].

lie in the interval (Ā − C̄, B̄ − D̄]. In the �gure, the dashed line indi
ates the number of investors and

labels su
h as fn indi
ate that one �rm (f) and the NPE (n) invest.

Considering the interval (B̄ − D̄, B −D], 
onsider the two 
ases A−C < B̄ − D̄ and B̄ − D̄ < A−C.

For the �rst of these there are three possibilities for N̄0: N̄0 < B̄ − D̄, B̄ − D̄ < N̄0 < B − D and

N̄0 ≥ B −D. In the �rst 
ase (where A − C < B̄ − D̄), (i) if N0 ≤ B̄ − D̄, then one �rm alone invests

for ρ ∈ (B̄ − D̄, B −D], (ii) if B̄ − D̄ < N̄0 < B −D, the NPE alone invests for ρ ∈ (B̄ − D̄, N̄0] and for

ρ ∈ (N̄0, B−D] one �rm alone invests, (iii) if N̄0 ≥ B −D the NPE alone invests for ρ ∈ (B̄− D̄, B−D].

Thus, in this 
ase, A− C < B̄ − D̄, exa
tly one party invests for any ρ ∈ (B̄ − D̄, B −D].

In the se
ond 
ase, B̄ − D̄ < A − C there are three possibilities, depending on the lo
ation of N̄0.

(i) If N̄0 < B̄ − D̄, then for ρ ∈ (B̄ − D̄, A − C], the two �rms invest, the NPE does not, and for

ρ ∈ (A−C,B −D] a single �rm invests. (ii) If B̄− D̄ < N̄0 < A−C then for ρ ∈ (B̄ − D̄ < N̄0] the NPE

alone invests; for ρ ∈ (N̄0, A−C], both �rms invest; and for ρ ∈ (A−C,B−D] one �rm alone invests. (iii)

If B̄ − D̄ < A−C < N̄0 ≤ B−D, the NPE alone invests when ρ ∈ (B̄ − D̄, N̄0] and with ρ ∈ (N̄0, B−D]

a single �rm invests. (If N̄0 > B−D, the NPE alone invests for ρ ∈ (B̄− D̄, N̄0].) Figure (11) depi
ts the


ases where both N̄0 and A−C lie in the interval (B̄ − D̄, B −D].

Finally, 
onsider the interval (B −D,∞). If N̄0 ≤ B −D, there is no investment. If N̄0 > B −D the

NPE alone invests for ρ ∈ (B −D, N̄0] and there is no investment for ρ ∈ (N̄0,∞).

Let IN (ρ) and I0(ρ) be total investment when the NPE is present (IN (ρ)), and when the npe is not

34



0

1

2

3

n

ff

f

•

B̄−D̄ N̄0 A−C B−D
· · · · ρ 0

1

2

3

n n f•

B̄−D̄ A−C N̄0 B−D
· · · · ρ

Figure 11: Investment on (B̄ − D̄, B −D].

present (I0(ρ)). The following proposition 
hara
terizes the levels of investment in the two regimes.

Proposition 5: The impa
t of the NPE on investment (relative to the environment with just two �rms) is

as follows:

1. For ρ ∈ [0, Ā− C̄], IN (ρ) ≥ I0(ρ), with stri
t inequality for ρ ≤ N̄2.

2. For ρ ∈ (Ā − C̄, B̄ − D̄], IN (ρ) ≥ I0(ρ), with equality if A−C ≥ min{B̄ − D̄, N̄1}. If A−C <

min{B̄−D̄, N̄1} then IN (ρ) > I0(ρ) for ρ ∈ (A−C,min{B̄−D̄, N̄1}]. If A−C < min{B̄−D̄, N̄1} < B̄−D̄,

then IN (ρ) = I0(ρ) for (N̄1, B̄ − D̄].

3. For ρ ∈ (B̄−D̄, B−D], IN (ρ) ≤ I0(ρ), with equality if min{A−C, N̄1} ≤ B̄−D̄. Ifmin{A−C, N̄1} > B̄−

D̄ then IN (ρ) < I0(ρ) for ρ ∈ (B̄−D̄,min{A−C, N̄1}] and IN (ρ) = I0(ρ) for ρ ∈ (min{A−C, N̄1}, B−D].

4. For ρ ∈ (B − D,∞), if N̄0 ≤ B−D, then IN (ρ) = I0(ρ) = 0 and if N̄0 > B − D, IN (ρ) > I0(ρ) for

ρ ∈ (B−D, N̄0] and IN (ρ) = I0(ρ) = 0 for ρ ∈ (N̄0,∞).

Proof: Consider the 
ases in turn:

1. For ρ ∈ [0, Ā − C̄] if ρ < N̄2, then the NPE will invest, as do both �rms. If N̄2 < Ā − C̄ the NPE

will not invest and both �rms will invest.

2. When ρ ∈ (Ā− C̄, B̄ − D̄] just one �rm will invest if the NPE invests. Whether the NPE invests or

not depends on the lo
ation of N̄1.

• If N̄1 > B̄−D̄, then the NPE and exa
tly one �rm will invest for ρ in the interval (Ā−C̄, B̄−D̄].

In 
ontrast, in the environment with no NPE, as long as A−C ≥ B̄−D̄, two �rms will invest for

all ρ ∈ (Ā− C̄, B̄− D̄]. So, in this 
ase, the level of investment is the same with or without the

presen
e of the NPE. If, however, A−C < B̄ − D̄, then for ρ with A−C < ρ < B̄ − D̄, exa
tly
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one �rm will invest in the non NPE environment, a lower level of investment than o

urs when

the NPE is present.

• If Ā − C̄ < N̄1 ≤ B̄ − D̄, then the NPE will invest for ρ ∈ (Ā − C̄, N̄1] and one �rm will also

invest for ρ in this region. If A−C < N̄1, and ρ ∈ (A−C, N̄1] then in the non-NPE environment

just one �rm invests, whereas in the NPE environment the NPE and a �rm invest. And for

ρ ∈ (N̄1, B̄ − D̄] one �rm invests in either the NPE or non-NPE environment. If A−C > N̄1,

then for N̄1 < ρ ≤ min{A−C, B̄ − D̄}, sin
e the NPE would 
hoose not to invest, in the

NPE environment both �rms will invest, as they would in the non-NPE environment. And, if

A−C < B̄ − D̄, then for ρ ∈ (A−C, B̄ − D̄], in either environment just one �rm invests.

• If N̄1 ≤ Ā − C̄, investment is the same in both environments (two �rms invest for ρ ≤ A−C

and one for A−C ≤ ρ ≤ B̄−D̄), the investment is the same (one �rm invests.)

3. Next, suppose that ρ ∈ (B̄− D̄, B−D]. Consider the two 
entral 
ases where both A−C and N̄0 lie

between B̄ − D̄ and B −D. If A−C < N̄0, then between B̄ − D̄ and A−C two �rms invest in the

non-NPE environment whereas in the NPE environment, the NPE alone invests. Between A−C and

N̄0, in the NPE environment the NPE alone invests, whereas in the non-NPE environment one �rm

alone invests. Finally, for ρ between N̄0 and B −D, one �rm invests in either 
ase as the NPE will

never invest. Next, if A−C > N̄0 then on the region (B̄− D̄, N̄0] in the NPE environment, the NPE

alone invests whereas in the non-NPE environment both �rms invest. On the region (N̄0, A−C], both

�rms invest in either environment and on (A−C,B−D] just one �rm invests, in either environment.

4. Finally, for ρ > B−D, there is no investment in the non-NPE environment and in the NPE environ-

ment, the NPE invests only if N̄0 > B−D and ρ ≤ N̄0.

D The Linear Case: Appendix for se
tion 5.

Equilibrium output and pri
e with Cournot 
ompetition:

qi =
a− nci +

∑

j 6=i cj

(n+ 1)b
, Q =

∑

qi =
na−∑

ci

(n+ 1)b
, P (Q) =

a+
∑

ci

(n+ 1)
, πi =

1

(n+ 1)2b
(a− nci +

∑

j 6=i

cj)
2
(38)

Proposition 6: In the linear 
ase:

ψ∗(xi) =
1

9b
[2(a− xi)

2 + (a− 1)(1− xi)]
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and

ϕ∗(z) =











1
4b (a− z)2, z ≤ 4−a

3

2
9b [a− 3z + 2][a− 1], z > 4−a

3

Proof: Re
all

ψ∗(xi) = max
0≤f≤1−f

{P (Q)q̂i + P (Q)q̂j − xi(q̂i + q̂j)} = max
0≤f≤1−f

{[P (Q)− xi][q̂i + q̂j ]}

Noting that quantities are determined by the 
ost pro�le (ci, cj) = (xi, xi + f),

q̂i =
1

3b
[a− 2xi + (xi + f)] =

1

3b
(a− xi + f)

q̂j =
1

3b
[a− 2(xi + f) + xi] =

1

3b
(a− xi − 2f)

Q = q̂i + q̂j =
1

3b
[(a− xi + f) + (a− xi − 2f)] =

1

3b
[2(a− xi)− f ]

And

P (Q) =
1

3
[a+ xi + (xi + f)] =

1

3
(a+ 2xi + f)

P (Q)− xi =
1

3
(a+ 2xi + f)− xi =

1

3
(a− xi + f)

So,

[P (Q)− xi][q̂i + q̂j ] =
1

3
(a− xi + f)

1

3b
[2(a− xi)− f ] =

1

9b
(a− xi + f)[2(a− xi)− f ]

Maximizing by 
hoi
e of 0 ≤ f ≤ 1− xi,

[2(a− xi)− f ]− (a− xi + f) = 0 ⇐⇒ 2a− 2xi − f − a+ xi − f = 0 ⇐⇒ a− xi − 2f = 0

So, f̂ = min{a−xi

2 , 1− xi} = 1− xi, sin
e for a ≥ 2, a−xi

2 ≥ 1− 1
2xi ≥ 1− xi. Therefore,

ψ∗(xi) =
1

9b
(a− xi + f̂)[2(a− xi)− f̂ ] =

1

9b
[2(a− xi)

2 + (a− 1)(1− xi)]

Next 
onsider ϕ(z). With q̃i = q̃j =
1
3b (a−2(z+f)+(z+f)) = 1

3b (a−z−f). Q̃ = 2
3b (a−z−f). Also,
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P (Q̃)−z = a−z− bQ̃ = a−z− b 2
3b (a−z−f) = (a−z)− 2

3 (a−z)+ 2
3f = 1

3 (a−z)+ 2
3f = 1

3 [(a−z)+2f ].

Therefore

ϕ∗(z) = max
0≤f≤1−xi

{P (Q)q̃i + P (Q)q̃j − xi(q̃i + q̃j)} = max
0≤f≤1−xi

{[P (Q)− xi](q̃i + q̃j)}

= max
0≤f≤1−xi

1

3
[(a− z) + 2f ]

2

3b
(a− z − f) = max

0≤f≤1−xi

2

9b
[(a− z) + 2f ](a− z − f)

=
2

9b
[(a− z) + 2f̃ ](a− z − f̃)

The maximizing 
hoi
e for f , f̃ is a boundary solution, depending on parameter values. Di�erentiating

[(a− z) + 2f ](a− z − f),

2(a− z − f)− [(a− z) + 2f ] = 0 or (a− z)− 4f = 0

So, f̃ = min{a−z
4 , 1− z}. Note a−z

4 ≤ 1− z ⇔ a− z ≤ 4− 4z ⇔ 3z ≤ 4− a⇔ z ≤ 4−a
3 .

f̃ =











a−z
4 , z ≤ 4−a

3

1− z, z > 4−a
3

ϕ∗(z) =
2

9b
[(a− z) + 2f̃ ](a− z − f̃)

For z < 4−a
3 ,

ϕ∗(z) =
2

9b
[(a− z) + 2

a− z

4
][a− z − (

a− z

4
)] =

1

4b
(a− z)2 =

1

9b
[
9

4
(a− z)2]

For z > 4−a
3 ,

ϕ∗(z) =
2

9b
[(a− z) + 2(1− z)][a− z − (1− z)] =

2

9b
[a− 3z + 2][a− 1]

ϕ∗(z) =











1
9b

9
4 (a− z)2, z ≤ 4−a

3

1
9b2[a− 3z + 2][a− 1], z > 4−a

3

Corollary 1: For all y, ψ∗(y)− ϕ∗(y) ≤ 0

38



Proof: Comparing ψ∗(y) and ϕ∗(y), for z ≤ 4−a
3 :

ψ∗(y)− ϕ∗(y) =
1

9b
[2(a− y)2 + (a− 1)(1− y)]− 1

4b
(a− y)2 = − 1

36b
(a+ y − 2)2

And for z ≥ 4−a
3 :

ψ∗(y)− ϕ∗(y) =
1

9b
{[2(a− y)2 + (a− 1)(1− y)]− 2[a− 3y + 2][a− 1]} =

1

9b
(y − 1)(2y + a− 3)

Thus, for all y, ψ∗(y)− ϕ∗(y) ≤ 0.

ϕ∗(y)− ψ∗(y) =











1
36b (a+ y − 2)2, y ≤ 4−a

3

1
9b (1 − y)(2y + a− 3), y ≥ 4−a

3

0

0.1

0.2

0.3

0 0.25 0.50 0.75 1.00

Figure 12: The fun
tion ϕ∗ − ψ∗
, b = 1

9 , a = 2.

Re
all that ψ(x) = ψ∗(x) − πj(x, 1) and ϕ(x) = ϕ∗(x) − πi(1, 1) − πj(1, 1). If the �rm establishes a NPE

for li
ensing, the li
ense revenue is ϕ(x) and in addition the �rm operation yields πi(1, 1) after payment of

all li
ense fees. Therefore the two alternative revenues are: ψ(x) = ψ∗(x) − πj(x, 1) and ϕ(x) + πi(1, 1) =

ϕ∗(x)− πj(1, 1). Establishing an NPE is preferable if and only if ψ(x) ≥ ϕ(x) + πi(1, 1). Or equivalently, if

ϕ∗(x) − ψ∗(x) ≥ πj(1, 1)− πj(x, 1).

Proposition 7: For all x,

ϕ∗(x)− ψ∗(x) ≤ πj(1, 1)− πj(x, 1)

Consequently, dire
t li
ensing by the �rm is preferable.
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Proof: Considering the term

πj(1, 1)− πj(x, 1) =
1

9b
(a− 1)2 − 1

9b
(a− 2 + x)2 =

1

9b
[2a− 3 + x](1 − x)

Re
all,

ϕ∗(y)− ψ∗(y) =











1
36b (a+ y − 2)2, y ≤ 4−a

3

1
9b (1 − y)(2y + a− 3), y ≥ 4−a

3

There are two 
ases to 
onsider: x ≤ 4−a
3 and x ≥ 4−a

3 .

First 
onsider the 
ase where x ≥ 4−a
3 . Then it's ne
essary to show that

1

9b
(1 − x)(2x+ a− 3) ≤ 1

9b
(2a− 3 + x)(1 − x) or x < a

Next, 
onsider the 
ase where x ≤ 4−a
3 . This gives,

1

36b
(a+ x− 2)2 ≤ 1

9b
(2a− 3 + x)(1 − x)

(a− 1)2 ≤ 10(a− 1)(1− x)− 5(1− x)2

The RHS is de
reasing in x (derivative is −10(a − 1) + 10(1 − x) = 10(−(a − 1) + (1 − x)) ≤ 0), so its

smallest values o

urs at x = 4−a
3 whi
h gives 1− x = 1− 4−a

3 = 1
3 [3− (4− a)] = 1

3 (a− 1). So,

10(a− 1)(1 − x)− 5(1− x)2 = [10(a− 1)− 5(1− x)](1 − x) = [10(a− 1)− 5

3
(a− 1)]

1

3
(a− 1)

=
1

9
25(a− 1)2

Sin
e (a− 1)2 ≤ 25
9 (a− 1)2, this 
ompletes the proof.

D.1 Comparisons of the various fun
tions

Ā− C̄:

From equation (31)

A(z)− C(z) =

∫ z

0

∫ 1

xi

ψ(xi)dFjdFi −
∫ z

0

∫ xi

0

πj(xi, 1)dFjdFi −
∫ 1

z

∫ z

0

πi(1, 1)dFjdFi (39)
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=

∫ z

0

∫ 1

xi

ψ∗(xi)dFjdFi −
∫ z

0

∫ 1

0

πj(xi, 1)dFjdFi −
∫ 1

z

∫ z

0

πi(1, 1)dFjdFi (40)

Colle
ting terms:

ψ∗(xi) =
1

9b
[2(a− xi)

2 + (a− 1)(1− xi)]; πj(xi, 1) =
1

9b
(a− 2 + xi)

2; πi(1, 1) =
1

9b
(a− 1)2

Integrating:

∫ z

0

∫ 1

xi

ψ∗(xi)dF (xj)dF (xi) = (
1

9b
)
[

− 1

2
z4 +

1

3
(5a+ 1)z3 +

1

2
(−2a2 − 6a+ 2)z2 + 2a2z + az − z)

]

∫ z

0

∫ 1

0

πj(xi, 1)dF (xj)dF (xi) = (
1

9b
)
[1

3
(a− 2 + z)3 − 1

3
(a− 2)3

]

∫ 1

z

∫ z

0

πi(1, 1)dF (xj)dF (xi) =
1

9b
(a− 1)2z(1− z)

Then,

A(z)− C(z) =
1

9b

[5

3
z3a− 6z2a− 1

2
z4 + 7az + 4z2 − 6z

]

and so,

Ā− C̄ =
1

9b

[

− 53

30
+

23

12
a
]

B̄ − D̄:

From equation (32)

B(z)−D(z) =

∫ z

0

∫ 1

0

ψ(xi)dF (xj)dF (xi)−
∫ z

0

∫ 1

0

πi(1, 1)dFjdFi (41)

=

∫ z

0

∫ 1

0

ψ∗(xi)dFjdFi −
∫ z

0

∫ 1

0

πj(xi, 1)dFjdFi −
∫ z

0

∫ 1

0

πi(1, 1)dFjdFi (42)

∫ z

0

∫ 1

0

ψ∗(xi)dFjdFi =
1

9b

[2

3
z3 +

1

2
(−5a+ 1))z2 + 2a2z + az − z

]

∫ z

0

∫ 1

0

πj(xi, 1)dFjdFi = (
1

9b
)
[1

3
(a− 2 + z)3 − 1

3
(a− 2)3

]

∫ z

0

∫ 1

0

πi(1, 1)dFjdFi = (
1

9b
)
[

(a− 1)2z
]
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B(z)−D(z) =
1

9b

[1

3
z3 − 7

2
z2a+

5

2
z2 + 7az − 6z

]

(43)

and therefore,

B̄ − D̄ =
1

9b
[−25

12
+

7

3
a] (44)

Turning to the NPE, ϕ(z) = ϕ∗(z)− πi(1, 1)− πj(1, 1) = ϕ∗(z)− 2πi(1, 1).

ϕ∗(z) =











1
9b

9
4 (a− z)2, z ≤ 4−a

3

1
9b2[a− 3z + 2][a− 1], z > 4−a

3

N̄2:

N2(z) = ϕ(z)[1− F (z)]2 = ϕ∗(z)[1− F (z)]2 − πi(1, 1)[1− F (z)]2

= ϕ∗(z)[1− z]2 − 2πi(1, 1)[1− z]2

N̄2 =

∫ 1

0

ϕ∗(z)[1− z]2dz − 2
1

9b
(a− 1)2

∫ 1

0

[1− z]2dz

(9b) ·
∫ 1

0

ϕ∗(z)[1− z]2dz =











9
4

∫
4−a
3

0
(a− z)2[1− z]2dz + 2

∫ 1
4−a
3

[a− 3z + 2][a− 1][1− z]2dz, a ≤ 4

2
∫ 1

0
[a− 3z + 2][a− 1][1− z]2dz, a > 4

(9b) ·
∫ 1

0

ϕ∗(z)[1− z]2dz =











61
810 − 61

162a+
61
81a

2 − 1
324a

3 + 1
648a

4 − 1
3240a

5, a ≤ 4

− 5
6 + 1

6a+
2
3a

2, a > 4

(9b) ·
∫ 1

0

2πi(1, 1)[1− z]2dz =

∫ 1

0

2(a− 1)2[1− z]2dz =
2

3
(a− 1)2
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(9b) · {
∫ 1

0

ϕ∗(z)[1− z]2dz −
∫ 1

0

2πi(1, 1)[1− z]2dz} =











− 479
810 + 155

162a+
7
81a

2 − 1
324a

3 + 1
648a

4 − 1
3240a

5, a ≤ 4

3
2a− 3

2 , a > 4

N̄2 =











1
9b [− 479

810 + 155
162a+

7
81a

2 − 1
324a

3 + 1
648a

4 − 1
3240a

5], a ≤ 4

1
9b [

3
2a− 3

2 ], a > 4

N̄1:

N2(z) = ϕ(z)[1− F (z)]2 = ϕ∗(z)[1− F (z)]2 − πi(1, 1)[1− F (z)]2

= ϕ∗(z)[1− z]2 − 2πi(1, 1)[1− z]2

N̄1 =

∫ 1

0

ϕ∗(z)[1− z]dz − 2πi(1, 1)

∫ 1

0

[1− z]dz

=

∫ 1

0

ϕ∗(z)[1− z]dz − 2
1

9b
(a− 1)2

∫ 1

0

[1− z]dz

(9b) ·
∫ 1

0

ϕ∗(z)[1− z]dz =











5
27 + 1

108a
3 − 1

432a
4 − 20

27a+
10
9 a

2, a ≤ 4

a2 − 1, a > 4

(9b) · {
∫ 1

0

ϕ∗(z)[1− z]dz −
∫ 1

0

2πi(1, 1)[1− z]dz} =











− 22
27 + 1

108a
3 − 1

432a
4 + 34

27a+
1
9a

2, a ≤ 4

2a− 2, a > 4

N̄1 =











1
9b [− 22

27 + 34
27a+

1
9a

2 + 1
108a

3 − 1
432a

4], a ≤ 4

1
9b [2a− 2], a > 4

N0(z) = ϕ(z) = ϕ∗(z)− πi(1, 1)− πj(1, 1) = ϕ∗(z)− 2πi(1, 1)
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N̄0 =

∫ 1

0

ϕ∗(z)dz − 2
1

9b
(a− 1)2

∫ 1

0

dz

(9b) ·
∫ 1

0

ϕ∗(z)dz =











7
9 − 7

3a+
7
3a

2 − 1
36a

3, a ≤ 4

2a2 − a− 1, a > 4

(9b) ·
∫ 1

0

2πi(1, 1)dz = 2

∫ 1

0

(a− 1)2dz = 2(a− 1)2

(9b) · {
∫ 1

0

ϕ∗(z)dz −
∫ 1

0

2πi(1, 1)dz} =











− 11
9 + 5

3a+
1
3a

2 − 1
36a

3, a ≤ 4

3a− 3, a ≥ 4

N̄0 =











1
9b [− 11

9 + 5
3a+

1
3a

2 − 1
36a

3], a ≤ 4

1
9b [3a− 3], a > 4

A− C:

From equation (34)

A− C =

∫ 1

0

∫ 1

xi

ψ∗(xi)dF (xj)dF (xi)−
∫ 1

0

πi(1, xj)dF (xj)

=

∫ 1

0

∫ 1

xi

1

9b
[2(a− xi)

2 + (a− 1)(1− xi)]dxjdxi −
1

9b
(a− 2 + xj)dxj

=
1

9b
[−1

6
− 1

3
a+ a2]− 1

9b
[a2 − 3a+

7

3
]

=
1

9b
[−5

2
+

8

3
a]

B −D:

From equation (36)

B −D =

∫ 1

0

∫ 1

0

ψ∗(xi)dFjdFi −
∫ 1

0

∫ 1

0

πi(1, 1)dFjdFi

=

∫ 1

0

∫ 1

0

ψ∗(xi)dFjdFi −
∫ 1

0

∫ 1

0

πj(xi, 1)dFjdFi − πi(1, 1)
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=

∫ 1

0

∫ 1

0

1

9b
[2(a− xi)

2 + (a− 1)(1− xi)]dxjdxi −
∫ 1

0

∫ 1

0

1

9b
(a− 2 + xi)

2dxjdxi −
1

9b
(a− 1)2

=

∫ 1

0

∫ 1

0

1

9b
[2(a− xi)

2 + (a− 1)(1− xi)]dxjdxi −
∫ 1

0

∫ 1

0

1

9b
(a− 2 + xi)

2dxjdxi −
1

9b
(a− 1)2

=
1

9b
[
1

6
− 3

2
a+ 2a2]− 1

9b
[a2 − 3a+

7

3
]− 1

9b
(a− 1)2

=
1

9b
[−19

6
+

7

2
a]

Figure (13) graphs the various fun
tions as a 
hanges (the parameter b is in all 
ases a s
aling fa
tor and is

set to

1
9 ).

0

2

4

6

8
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0 1 2 3 4

i

B −D

A− C

B̄ − D̄

Ā− C̄

N̄0

N̄1

N̄2

a

Figure 13: Payo�s (b = 1
9 )

The 
ase with three �rms.

Proposition 8: Suppose that three �rms supply the market with demand P = a− bQ. Then

A3 − C3 B3 −D3 F3 − E3

1
480b (−112 + 115a) 1

96b (−29 + 30a) 1
48b (−20 + 21a)

Proof: In the linear 
ase, with 
ost stru
ture (xi, xi + f, xi + f), qi =
1
4b (a − xi + 2f) and qj = qk =

1
4b (a − xi − 2f) so that total output at this 
ost stru
ture is Q = qi + 2qj = 1

4b (3a − 3xi − 2f) and

pri
e P (Q) = a − bQ = 1
4 (a + 3xi + 2f). In this 
ase, ψ∗

3(xi) = (P (Q) − xi)Q. With P (Q) − xi =

1
4 (a−xi+2f), ψ∗

3(xi) = maxf≤1−xi

1
4 (a−xi+2f) 1

4b (3a−3xi−2f). Di�erentiating with respe
t to f gives
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1
16b (2a− 2xi − 4f), whi
h has solution f = a−xi

2 ≥ 2−2xi

2 = 1− xi so the optimal value of f is 
onstrained

by f ≤ 1 − xi and so f = 1 − xi. At this value of f , qi = 1
4b (a − 3xi + 2), qj = qk = 1

4b (a + xi − 2),

Q = qi+2qj =
1
4b (3a−xi−2), P (Q) = 1

4 (a+xi+2), P (Q)−xi = 1
4 (a−3xi+2), so that ψ∗

3(xi) =
1

16b (a−

3xi +2)(3a− xi − 2). Also, πi(xi, 1, 1) =
1

16b (a− 3xi +2) and πj(xi, 1, 1) = πk(xi, 1, 1) =
1

16b (a− 2+xi)
2
.

From ψ3(xi) = ψ∗
3(xi)− πj(xi, 1, 1)− πk(xi, 1, 1),

ψ3(xi) =
1

16b
(a− 3xi + 2)(3a− xi − 2)− 2

1

16b
(a− 2 + xi)

2 =
1

16b
{(a− 3xi + 2)(3a− xi − 2)− 2(a− 2 + xi)

2}

Note from equation (18), with f̂ = 1− xi, ψ3(xi) = πi(xi, 1, 1)+ f̂ q̂j + f̂ q̂j , so that ψ3(xi) =
1

16b (a− 3xi+

2)2 + 1
4b (a + xi − 2)(1 − xi) +

1
4b (a + xi − 2)(1 − xi) =

1
16b (a − 3xi + 2)2 + 2 · 1

4b (a + xi − 2)(1 − xi) =

1
16b{(a− 3xi + 2)2 + 8(a+ xi − 2)(1− xi)}.

From these terms, A3 = 1
160b (−9+5a+10a2), C3 = 1

96b (17−20a+6a2) and A3−C3 = 1
480b (−112+115a).

Similarly, B3 = 1
32b (−5+4a+6a2) and D3 = 1

48 (7−9a+3a2) so that B3−D3 = 1
96b (−29+30a). Finally, if

i is the only �rm investing, the payo� is E3 = 1
48b (−17+15a+3a2) and if not investing, F3 = 1

16b (a− 1)2,

so that E3 − F3 = 1
48b (−20 + 21a).

A3 − C3 B3 −D3 F3 − E3

1
480b (−112 + 115a) 1

96b (−29 + 30a) 1
48b (−20 + 21a)

Comparison of these with earlier fun
tions gives N1(A) < A3(a) − C3(a) < B̄(a) − D̄(a), A(a) − C(a) <

B3(a)−D3(a) < N0(a), and B(a)−D(a) < E3(a)− F3(a).
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