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that this determinant is a polynomial in A, of degree n if A is n x n. The
fundamental theorem of algebra tells us that such a polynomial has n complex
roots, say A1,...,A,. To each A; there must correspond an eigenvector x;.
This eigenvector is determined only up to a scale factor, because if x; is an
eigenvector corresponding to A;, then so is ax; for any nonzero scalar a. The
eigenvector x; does not necessarily have real elements if \; itself is not real.

If A is a real symmetric matrix, it can be shown that the eigenvalues \;
are in fact all real and that the eigenvectors can be chosen to be real as well.
If A is a positive definite matrix, then all its eigenvalues are positive. This
follows from the facts that

Az = \z'z

and that both 'z and x'Ax are positive. The eigenvectors of a real sym-
metric matrix can be chosen to be mutually orthogonal. If one looks at two
eigenvectors x; and x;, corresponding to two distinct eigenvalues A; and A,
then x; and x; are necessarily orthogonal:

Nxjx; = Az, = (Ax;) 'z, = Nz =z,

which is impossible unless :cj—rwi = 0. If not all the eigenvalues are distinct,
then two (or more) eigenvectors may correspond to one and the same eigen-
value. When that happens, these two eigenvectors span a space that is or-
thogonal to all other eigenvalues by the reasoning just given. Since any linear
combination of the two eigenvectors will also be an eigenvector correspond-
ing to the one eigenvalue, one may choose an orthogonal set of them. Thus,
whether or not all the eigenvalues are distinct, eigenvectors may be chosen to
be orthonormal, by which we mean that they are mutually orthogonal and
each has norm equal to 1. Thus the eigenvectors of a real symmetric matrix
provide an orthonormal basis.

Let U =[@x; -+ @] be amatrix the columns of which are an orthonor-
mal set of eigenvectors of A, corresponding to the eigenvalues \;, i = 1,...,n.
Then we can write the eigenvalue relationship (A.28) for all the eigenvalues
at once as

AU = UA, (A.30)

where A is a diagonal matrix with \; as its i*" diagonal element. The itP
column of AU is Ax;, and the i*? column of UA is \;x;. Since the columns of
U are orthonormal, we find that U TU = I, which implies that UT =U~'. A
matrix with this property is said to be an orthogonal matrix. Postmultiplying
(A.30) by UT gives

A=UAU". (A.31)

This equation expresses the diagonalization of A.



