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Solution to Exercise 8.5

*8.5 Under the usual assumptions of this chapter, including (8.16), show that the
plim of

2Q(Bo.y) = = (y — XBo) Pw (y — XPo)

is zero if y = X3¢ + w. Under the same assumptions, along with the asymp-
totic identification condition that Sxryy (Sywrw ) “Swrx has full rank,
show further that plimn~1Q(8,y) is strictly positive for 8 # Bo.

When y = X3, + u, the probability limit of n=1Q(8,y) is

plim £ Q(Bo,y) = plim - u' Py u (S8.02)
—1
— <plim luTW) (phm lWTW) <plim lWTu).

A standard assumption for the IV estimator to be consistent is (8.16), accord-
ing to which plimn~'W'Tu = 0. It is also assumed that plimn~'WTW =
SwTw, which is a nonsingular matrix. Under these assumptions, the second
line of (S8.02) implies that

plim L Q(Bo,y) = 0"}y, 0 = 0.

n—oo
This answers the first part of the question.
When y = X3y + u, we see that

y—XB=XBo+u—-XB=u+X(Bo - B).
Therefore, the criterion function can be written as

Q(Bo,y) = u'Pwu +2u'PwX(Bo — B) + (Bo — B)' X "PwX(Bo — B).

We have just seen that the plim of n~! times the first term here is zero. By
a similar argument, so is the plim of n~! times the second term. Therefore,

plim ~Q(By,y) = plim (8 — B) "X "PwX (8o — B).
This can be written as the product of three probability limits:
—1
.1 1 .1
(plim (80 — )XW ) (plim W W) ( plim W X(8, ~ 5)).
Using the definitions of SxTw, Swrx, and Sy, we conclude that
plim -~ Q(8o,¥) = (Bo — B) Sx w (Swrw) ™ Swix (8o — B).

n—oo

If the matrix Sxryw (Swrw ) 'Swrx has full rank, as we have assumed,
this is a positive definite quadratic form. Therefore, the probability limit of
n~rQ(Bo,y) must be positive whenever 3 # (3.
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