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Solution to Exercise 4.4

*4.4 Consider the random variables 1 and z2, which are bivariate normal with
x1 ~ N(0,0%), x5 ~ N(0,03), and correlation p. Show that the expectation
of z1 conditional on zg is p(c1/02)x2 and that the variance of z1 conditional
on 3 is o3(1 — p?). How are these results modified if the means of 1 and zo
are pu1 and po, respectively?

By the definition of the correlation coefficient,

Cov(zy,x2)

(Var(:z:l)Var(xg))l/2 ’

from which we deduce that Cov(z1,z2) = poyos. Thus 1 and x5 are bivariate
normal with mean zero and covariance matrix

o[ )

pPO102 05
At this point, the fastest way to proceed is to note that 2 = AA', with

A |- P2 poy
0 g9 )

It follows that ;1 and x5 can be expressed in terms of two independent stan-
dard normal variables, z; and zo, as follows:

21 =01(1 — p*) %21 + por1ze, and xp = 0929,
from which we find that 1 = o1(1 — p2)1/221 + (po1/o2)xa, where z; and o
are independent, since x5 depends only on zo, which is independent of z; by
construction. Thus E(z; | z2) = 0, and it is then immediate that E(zq | z2) =
p(o1/02)xs. For the conditional variance, note that

x1 — E(x1 |22) = 01(1 — p2)1/2z1,

of which the variance is 02 (1 — p?), as required.

If the means of z; and x5 are pu; and po, respectively, then we have
x1 = +o1(1 — p2)1/221 + poi1ze, and To = g + 0929, (54.01)

where z; and zo are still independent standard normal variables. Since zo =
(xg — p2) /o2, we find that

E(z1 [22) = p1 + p(o1/02) (w2 — pi2)- (54.02)
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It remains true that 21 — E(z1 | 22) = 01(1 — p?)'/221, and so the conditional
variance is unchanged.

The factorization of §2 as AA" is somewhat tricky unless one applies Crout’s
algorithm directly. A clumsier, but more direct, way to proceed is to note
that 2 'z is distributed as x?(2), and can thus be expressed as the sum
of the squares of two independent standard normal variables. By x we mean
the vector with x; and x5 as the only two components. By brute force, one
can compute that

0-1_ 1 a% —po102
T 5202(1 — p2) | — 2 ’
oios( p?) L—poi102 01
so that
_ 1
x' Q' = 5 (ng% —2poi027122 + Jf:pg).

oto3(1—p?)

By the operation of “completing the square,” the right-hand side of this equa-
tion becomes

o2(1 — p?) ((371 - (pal/Uz)wz)Q + :E% (0?/0% - pQUf/ag))

2
_ (951 - (P01/02)I2) n <ﬂ)2
o 1/2 :
(o7 (1—p%) o2
The two variables of which the squares are summed here can now be identified
with 2z and 29 of (S4.01), and the rest of the argument is as above.

Since the above calculations are all either tricky or heavy, it is convenient
to have a simpler way to rederive them when needed. This can be done by
making use of the fact that, from (S4.02), the conditional expectation of x; is
linear (more strictly, affine) with respect to xo. Therefore, consider the linear
regression

r1 = a+ fxs + u. (54.03)

If both x1; and x5 have mean 0, it is obvious that & = 0. The population
analog of the standard formula for the OLS estimator of § tells us that

. COV($1,LL‘2) . pPO102 . pPO1

6=

Var(zo) 02 o3

Thus we see that o
1 ="La, +u (54.04)

02
It is then immediate that E(xy | x2) = p(01/02)x2. The conditional variance
follows by the same argument as above, and it can also be seen to be simply

the variance of u in (S4.04).
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