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Solution to Exercise 13.6

*13.6 Show that the method illustrated in Section 13.2 for obtaining the auto-
covariances of an ARMA(1,1) process can be extended to the ARMA(p, q)
case. Since explicit formulas are hard to obtain for general p and ¢, it is
enough to indicate a recursive method for obtaining the solution.

An ARMA(p, q) process with no constant term can be written as
P q
U = Zpiut_i + & + Z Qi Er—j. (S13.12)
i=1 j=1

If we multiply this equation by u; and take expectations, we get

D q
2
Vg = E piv; + o + E QjW;.
i=1 j=1

Similarly, if we multiply equation (S13.12) by u;—; and take expectations, we
obtain the equation

p q
v = § Pivi—1 + E o Wj—1,
i=1 j=1

and if we multiply it by u;—o and take expectations, we obtain the equation

p q
Vg = E PivVji—2| + E o Wi—2.
i=1 j=2

Notice that, in the first summation, we sum over all = 1,...,p while, in the
second, we sum only over j = 2,...,q. The absolute values appear in the first
summation because v);_o| is the expectation of u; su;—;. We can continue
in this fashion, multiplying equation (S13.12) by u;—; for [ > 0 and taking
expectations, to obtain the general result that

p q
v = Zpiv‘i,” + Z Wi, (S13.13)
i=1 =l

where it is understood that, if [ > ¢, the second sum is zero. Note that, for
[ < p, only the v; for ¢ = 0,...,p appear in this equation.

In order to find the w;, we need to multiply equation (S13.12) by €;—; and
take expectations. For [ = 0, we get

w():O'EQ.
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Forl =1, we get
w1 = P1Wo + Oé10'82.

Both of these equations are exactly the same as we got in the ARMA(1,1)
case. For | = 2, we get

2
W = P1W1 + p2Wp + Q20 .

Thus, it is clear that, for arbitrary [ > 1, the w; are determined by the
recursion

!

2

wy = E piwl—; + oz,
i=1

where a; = 0 for [ > ¢. Starting with wg = 02, we can solve this recursion
for the w;. The solutions can then be plugged into the first p 4+ 1 of equations
(S13.13) and those equations solved to obtain vy through v,. Once we have
vo through v, and wg through wy, equations (S13.13) can then be used to

generate the autocovariances recursively for lags greater than p.
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