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Solution to Exercise 13.18

*13.18 Consider the GARCH(1, 1) model with conditional variance given by equa-
tion (13.78). Calculate the unconditional fourth moment of the stationary
distribution of the series u; generated as u; = ote¢ with &4 ~ NID(0,1). It
may be advisable to begin by calculating the unconditional fourth moment
of the stationary distribution of o;. What is the necessary condition for the
existence of these fourth moments? Show that, when the parameter d; is zero,
this condition becomes 3a3 < 1, as for an ARCH(1) process.

Since u; = o4&y, and the fourth (central) moment of &, is 3, the unconditional
fourth moment of u; must be 3E(c¢). Thus, we need to calculate E(co}), the
unconditional fourth moment of the stationary distribution of o4, which we
will call my4.

From equation (13.78), we see that
my = B(ag + aqui_q + 6107 1)% (513.23)
The quantity of which we wish to take the expectation here is
ap + afuy_y + 01oy_g + 2a0(anui_y +8107_1) + 20181u7_107 ;.
Evidently, E(c}_;) = E(o}) = my. Since u; = o4&, we have that
4

_ 4 4 2 _ 2 2
Upy =0y 16,1 and  up_ g =0p 67 .

Therefore,
E(uf ;) =3my and E(u? ;02 ;)= my.

Moreover, the unconditional expectations of both u? ; and o2 ; are just o2
Thus equation (S13.23) becomes

my = 3&%7714 + 5%m4 +2a101my + Oé% + 2&0(041 + 51)0’2.

Rearranging this equation and using the result (13.79), we obtain

)
ma(l — 3at — 62 —20161) = ol +20¢(Q)al—+1.
1 — 1 —51

A bit more algebra yields

21—|—061—|—(51

m4(1 — (Oél + 51)2 — 20&%) = aom.
—t1 — 01

Therefore,
ag(l+ay +01)/(1 —ar —d1)
1-— (a1+51)2—20¢% '

my = (S13.24)
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As we saw earlier, the unconditional fourth moment of u; is just 3 times this
quantity.

A necessary condition for the existence of both fourth moments is that the
denominator of the expression for m, in equation (S13.24) be positive. When
61 = 0, this condition becomes

1—-af—2af=1-3a3 >0,

which is another way of stating the condition 3a3 < 1 that is required for an
ARCH(1) process to have an unconditional fourth moment.
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