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Solution to Exercise 11.21

*11.21 In terms of the notation of the DCAR, regression (11.42), the probability IT;
that y+ = j, j = 0,...,J, for the nested logit model is given by expres-
sion (11.40). Show that, if the index i(j) is such that j € A;;), the partial
derivative of Il;; with respect to 0;, evaluated at 0, = 1 for k = 1,...,m,
where m is the number of subsets Ay, is

Ol
50, = I (05)ivt5 — E yvy). (S11.26)
(2

leA;

Here vy = —VV,}j,Bj + hyi(j), where hy; denotes the inclusive value (11.39) of
subset A;, and §;; is the Kronecker delta.

When 6, =1, k =1,...,m, the nested logit probabilities reduce to the multi-
nomial logit probabilities (11.34). Show that, if the II;; are given by (11.34),
then the vector of partial derivatives of I1;; with respect to the components
of Bl is TIyj Wy (85 — I y).

From equation (11.40), we have

exp(W4;87/0;)) exp(8;(j) i)

I, = - : (S11.27)
Y ZleAiU)eXp(MIBl/ei(j)) > k=1 €xp(Ohr)
where, from (11.39),
hys = log(Zexp(Vthﬁl/Gi)). (S11.28)
lEA;
Recall from Exercise 11.17, that, when 6, =1 for k =1,...,m, we have
3]

i, — — P (WiuB) (S11.29)

Sigexp(Wup')

Suppose first that i # i(j). Then the first big fraction in (S11.27) does not
depend on 6;. Since the only one of the #; on which hy; depends is 6;, the
numerator of the second big fraction in (S11.27) does not depend on 6; either.

The only term in the denominator of the second fraction that depends on 6;
is exp(0;h¢;), and the derivative of this term with respect to 6; is

Ohy;
exp(Bihe;) (hm 5 ) (S11.30)
Thus we can see from (S11.28) that
) 1 , l l 01‘
Ohy; >iea, WuBl exp(Wyu8'/6;) (S11.31)

90; - @ Zngi eXp(WtzBl/%)
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To compute the derivative at 6, =1, £k = 1,...,m, we note that the denomi-
nator of the second fraction, evaluated at 0, = 1, reduces to

i exp(hy) = i exp log< Z exp(VV,gl,Bl)>
k=1 k=1

leAy

m J
=3 exp(Wuf) =) exp(WyB').  (S11.32)
=0

k=11€Ay

Thus when 65, = 1, the derivative 0ll;;/00;, for i # j(i), is the whole expres-
sion (S11.27), evaluated at 0 = 1, divided by the negative of the denominator
given in (S11.32), and multiplied by the derivative (S11.30), which is also eval-
uated at 6, = 1.

Using (S11.31) for Ohy;/96;, we find that
01l B
99; 1g,—1
ZleAieXp<vv;Sl:8l) (h ZleAi MZIBZ eXp(Wftlﬁl)>
t ti — :
TS exp(Wy 8l > iea, xp(WupBl)

(S11.33)
— 1

From equation (S11.29), we see that the ratio of the two summations imme-
diately following the factor of II;; on the right-hand side of (S11.33) is, since
everything is now evaluated at 6, = 1, equal to ), a4, Hu. If we next look
at the ratio of the two summations in the large parentheses at the end of the
expression, we see that the denominator cancels with the numerator of the
ratio outside the parentheses. What is left of the product of the two ratios is

therefore l l
>iea, WuB' exp(Wy ') _ Z Wi,
Z{:O exp(MZIBZ) I€A;

where we make use of (S11.29). Putting together these last two simplifications,
we find that (S11.33) reduces to

OIL,
00,

= 1y Z Iy (—he + WaBh). (S11.34)
Or=1 leA;

Recall that, in the question, we made the definition
vij = ~WeiB + i),

If | € A;, then i(l) = i, and vy = —W; 8" + hy;. Thus the right-hand side of
equation (S11.34) is just —Ily; >, 4 Ty, as given in (S11.26).

If i = i(j), there are three other contributions to the derivative. The first,
coming from the numerator of the first big fraction in (S11.27), is the whole
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expression (evaluated at 6 = 1) multiplied by —W;; 37, that is —I1;;W;;37.
The second, coming from the numerator of the second big fraction, is the
whole expression multiplied by the derivative of 8; hy;. The third, coming from
the denominator of the first fraction, is the whole expression divided by the
negative of that denominator, multiplied by the derivative of the denominator
at 0, = 1, which is — ZleAiVthﬁl exp(Wy;8'). Thus this third contribution
is II;; times
ZZGAZ- Vth/Bl eXP(VVtzﬁl)

ZleAi exp(Wy ')

The derivative of 0;hs; at 0; = 1 is hy; + Ohy;00;, and this has already been
calculated; it is the expression in large parentheses at the end of (S11.33).
Thus the sum of the second and third contributions is just II;;hs;. Adding in
the first contribution gives Il;;(hy — I/thﬁj) = II;jvy, since i(j) = 4. This is
just the term in (S11.26) that is multiplied by the Kronecker delta d;(;;, and
so (S11.26) is now seen to be fully correct.

3)is

For the second part of the question, the probabilities are given by expression
(S11.29), which we rewrite here for convenience:

W..03
o = —2Wl’) = (S11.29)
leo eXp(Wizﬁ )
When j # [, the derivative of the numerator is 0. Therefore
o, — W, 37 W, 8HW,
t] — eXp( t]ﬁ )eXp( tlﬁ) tl — _Ht]Htlml (81135)

op! (X exp(Wyu )Y

for j # 1. When j = [, the derivative of the numerator is exp(W;;37)W,;.
Therefore, there are two terms instead of one, and we see that

Tl :exp( 187) iz exp (Wu3')) Wi — 1L, Wy,

o (3o exp (Wa8'))
= Htj“/;Ej - Htjl_-[tj“/tj = Htj(l — Htj)V[/}j. (81136)

Using the Kronecker delta, the results (S11.35) for the case in which j # [
and (S11.36) for the case in which 7 = [ can be written more compactly as

oIl
0B

which is what we were asked to show.

=1 Wy (6 — I1y), (S11.37)
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